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Preface

A considerable part of the vast development in Mathematical Finance over
the last two decades was determined by the application of stochastic methods.
These were therefore chosen as the focus of the 2003 School on “Stochastic
Methods in Finance”. The growing interest of the mathematical community in
this field was also reflected by the extraordinarily high number of applications
for the CIME-EMS School. It was attended by 115 scientists and researchers,
selected from among over 200 applicants. The attendees came from all conti-
nents: 85 were Europeans, among them 35 Italians.

The aim of the School was to provide a broad and accurate knowledge of
some of the most up-to-date and relevant topics in Mathematical Finance.
Particular attention was devoted to the investigation of innovative methods
from stochastic analysis that play a fundamental role in mathematical mod-
eling in finance or insurance: the theory of stochastic processes, optimal and
stochastic control, stochastic differential equations, convex analysis and dual-
ity theory.

The outstanding and internationally renowned lecturers have themselves con-
tributed in an essential way to the development of the theory and techniques
that constituted the subjects of the lectures. The financial origin and mo-
tivation of the mathematical analysis were presented in a rigorous manner
and this facilitated the understanding of the interface between mathematics
and finance. Great emphasis was also placed on the importance and efficiency
of mathematical instruments for the formalization and resolution of financial
problems. Moreover, the direct financial origin of the development of some
theories now of remarkable importance in mathematics emerged with clarity.
The selection of the five topics of the CIME Course was not an easy task be-
cause of the wide spectrum of recent developments in Mathematical Finance.
Although other topics could have been proposed, we are confident that the
choice made covers some of the areas of greatest current interest.

We now propose a brief guided tour through the topics chosen and through
the methodologies that modern financial mathematics has elaborated to unveil
Risk beneath its different masks.



VI Preface

We begin the tour with expected utility maximization in continuous-time
stochastic markets: this classical problem, which can be traced back to the
seminal works by Merton, received a renewed impulse in the middle of the
1980’s, when the so-called duality approach to the problem was first devel-
oped. Over the past twenty years, the theory constantly improved, until the
general case of semimartingale stochastic models was finally tackled with great
success. This prompted us to dedicate one series of lectures to this traditional
as well as very innovative topic:

“Utility Maximization in Incomplete Markets”, Prof. Walter Schachermayer,
Technical University of Vienna.

This course was mainly focused on the mazximization of the expected utility
from terminal wealth in incomplete markets. A part of the course was dedi-
cated to the presentation of the stochastic model of the market, with particular
attention to the formulation of the condition of No Arbitrage. Some results of
convex analysis and duality theory were also introduced and explained, as they
are needed for the formulation of the dual problem with respect to the set
of equivalent martingale measures. Then some recent results of this classical
problem were presented in the gemeral context of semi-martingale financial
models.

The importance of the above-mentioned analysis of the utility maximization
problem is also revealed in the theory of asset pricing in incomplete markets,
where the agent’s preferences have again to be given serious consideration,
since Risk cannot be completely hedged. Different notions of “utility-based”
prices have been introduced in the literature since the middle of the 1990’s.
These concepts determine pricing rules which are often non-linear outside
the set of marketed claims. Depending on the utility function selected, these
pricing kernels share many properties with non-linear valuations: this bordered
on the realm of risk measures and capital requirements. Coherent or convex
risk measures have been studied intensively in the last eight years but only
very recently have risk measures been considered in a dynamic context. The
theory of non-linear expectations is very appropriate for dealing with the
genuinely dynamic aspects of the measures of Risk. This leads to the next
topic:

“Nonlinear expectations, nonlinear evaluations and risk measures”, Prof.
Shige Peng, Shandong University.

In this course the theory of the so-called “ g-expectations” was developed, with
particular attention to the following topics: backward stochastic differential
equations, F-expectation, g-martingales and theorems of decomposition of E-
supermartingales. Applications to the theory of risk measures in a dynamic
context were suggested, with particular emphasis on the issues of time consis-
tency of the dynamic risk measures.

Among the many forms of Risk considered in finance, credit risk has received
major attention in recent years. This is due to its theoretical relevance but
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certainly also to its practical implications among the multitude of investors.
Credit risk is the risk faced by one party as a result of the possible decline
in the creditworthiness of the counterpart or of a third party. An overview of
the current state of the art was given in the following series of lectures:

“Stochastic methods in credit risk modeling: valuation and hedging”, Prof.
Tomasz Bielecki, Illinois Institute of Technology.

A broad review of the recent methodologies for the management of credit risk
was presented in this course: structural models, intensity-based models, mod-
eling of dependent defaults and migrations, defaultable term structures, copula
based models. For each model the main mathematical tools have been described
in detail, with particular emphasis on the theory of martingales, stochastic
control, Markov chains. The written contribution to this volume involves, in
addition to the lecturer, two co-authors, they too are among the most promi-
nent current experts in the field.

The notion of Risk is not limited to finance, but has a traditional and dom-
inating place also in insurance. For some time the two fields have evolved
independently of one another, but recently they are increasingly interacting
and this is reflected also in the financial reality, where insurance companies
are entering the financial market and viceversa. It was therefore natural to
have a series of lectures also on insurance risk and on the techniques to control
it.

“Financial control methods applied in insurance”, Prof. Christian Hipp, Uni-
versity of Karlsruhe.

The methodologies developed in modern mathematical finance have also met
with wide use in the applications to the control and the management of the
specific risk of insurance companies. In particular, the course showed how the
theory of stochastic control and stochastic optimization can be used effectively
and how it can be integrated with the classical insurance and risk theory.

Last but not least we come to the topic of partial and asymmetric information
that doubtlessly is a possible source of Risk, but has considerable importance
in itself since evidently the information is neither complete nor equally shared
among the agents. Frequently debated also by economists, this topic was an-
alyzed in the lectures:

“Partial and asymmetric information”, Prof. Kerry Back, University of St.
Louis.

In the context of economic equilibrium, a survey of incomplete and asymmet-
ric information (or insider trading) models was presented. First, a review of
filtering theory and stochastic control was introduced. In the second part of the
course some work on incomplete information models was analyzed, focusing
on Markov chain models. The last part was concerned with asymmetric in-
formation models, with particular emphasis on the Kyle model and extensions
thereof.
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As editors of these Lecture Notes we would like to thank the many persons
and Institutions that contributed to the success of the school. It is our plea-
sure to thank the members of the CIME (Centro Internazionale Matematico
Estivo) Scientific Committee for their invitation to organize the School; the
Director, Prof. Pietro Zecca, and the Secretary, Prof. Elvira Mascolo, for their
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Our special thanks go to the lecturers for their early preparation of the ma-
terial to be distributed to the participants, for their excellent performance in
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Incomplete and Asymmetric Information in
Asset Pricing Theory

Kerry Back

John M. Olin School of Business
Washington University in St. Louis
St. Louis, MO 63130
back@olin.wustl. edu

These notes could equally well be entitled “Applications of Filtering in Finan-
cial Theory.” They constitute a selective survey of incomplete and asymmetric
information models. The study of asymmetric information, which emphasizes
differences in information, means that we will be concerned with equilibrium
theory and how the less informed agents learn in equilibrium from the more
informed agents. The study of incomplete information is also most interesting
in the context of economic equilibrium.

Excellent surveys of incomplete information models in finance [48] and of
asymmetric information models [10] have recently been published. In these
notes, I will not attempt to repeat these comprehensive surveys but instead
will give a more selective review.

The first part of this article provides a review of filtering theory, in par-
ticular establishing the notation to be used in the later parts. The second
part reviews some work on incomplete information models, focusing on recent
work using simple Markov chain models to model the behavior of the market
portfolio. The last part reviews asymmetric information models, focusing on
the Kyle model and extensions thereof.

1 Filtering Theory

Let us start with a brief review of filtering theory, as exposited in [33]. Note
first that engineers and economists tend to use the term “signal” differently.
Engineers take the viewpoint of the transmitter, who sends a “signal,” which
is then to be estimated (or “filtered”) from a noisy observation. Economists
tend to take the viewpoint of the receiver, who observes a “signal” and then
uses it to estimate some other variable. To avoid confusion, I will try to avoid
the term, but when I use it (in the last part of the chapter), it will be in the
sense of economists.

K. Back et al.: LNM 1856, M. Frittelli and W. Runggaldier (Eds.), pp. 1-25, 2004.
(© Springer-Verlag Berlin Heidelberg 2004



2 Kerry Back

We work on a finite time horizon [0,7] and a complete probability space
(£2, A, P). The problem is to estimate a process X from the observations
of another process Y. In general, one considers estimating the conditional
expectation E[f(X;)|F}) ], where {F}} is the the filtration generated by Y’
augmented by the P—null sets in A, and f is a real-valued function satisfying
some minimal regularity conditions but otherwise arbitrary. By estimating
E[f(X)|F}] for arbitrary f, one can obtain the distribution of X; conditional
on F.

For any process 0, we will use the conventional notation 6, to denote
E[0,|FY]. More precisely, 6, denotes for each t a version of E[0;|F)] chosen
so that the resulting process (t,w) — 04 (w) is jointly measurable.

Let W be an n—dimensional Wiener process on its own filtration and define
Fi to be the o—field generated by (X, Ws; s < t) augmented by the P—null
sets in A. We assume for each t that F; is independent of the o—field generated
by (W, — Wy;t < u < v < T), which simply means that the future changes
in the Wiener process cannot be foretold by X. Henceforth, we will assume
that all processes are {F; }—adapted.

The Wiener process W creates the noise that must be filtered from the
observation process. Specifically, assume the observation process Y satisfies

dY, = hydt +dWy; Yy =0 (1)

where h is a jointly measurable R"—valued process satisfying E fOT |hel|? dt <
0.
Assume X takes values in some complete separable metric space, define
ft = f(Xt),and assume
dfy = gu dt + dMy, (2)

for some jointly measurable process g and right-continuous martingale M
such that EfOT lge|?dt < oo. If X is given as the solution of a stochastic
differential equation and f is smooth, the processes g and M can of course be
computed from It6’s formula. We assume further that E[f?] < oo for each ¢
and E [ || foh|? dt < oo.

The “innovation process” is defined as

dZy = dY;, — hy dt
= (hy — hy) dt + dW, (3)

with Zy = 0. The differential dZ is interpreted as the innovation or “surprise”
in the variable Y, which consists of two parts, one being the error in the
estimation of the drift h; and the other being the random change dW.

The main results of filtering theory, due to Fujisaka, Kallianpur, and Ku-
nita [22], are the following.

1) The innovation process Z is an {F; }-Brownian Motion.
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2) For any separable L?-bounded {F} }-martingale H, there exists a jointly

measurable {F} }-adapted R"-valued process ¢ such that F fOT | & ]2
dt < oo, and

dH, =Y ¢}, dZ}.
i=1

3) There exist jointly measurable adapted processes o such that d[M, W], =
atdt, fori=1,...,N.
4) f evolves as

~ o~ ~ A !/
dfe = gedt + (fht_ftht+dt) dZy, (4)
where ﬁlt denotes E[fih:|FY].

Part (1) means in particular that Z is a martingale; thus the innovations
dZ are indeed “unpredictable.” Given that it is a martingale, the fact that it
is a Brownian motion follows from Levy’s theorem and the fact, which follows
immediately from (3), that the covariations are d(Z*, Z7) = dt if i = j and 0
otherwise. Part (2) means that the process Z “spans” the {F} }-martingales
(which would follow from {FY } = {F#}, though this condition does not hold
in general). Part (3) means that the square-bracket processes are absolutely
continuous, though in our applications we will assume M and the W are
independent, implying o = 0 for all 3.

Part (4) is the filtering formula. The estimate f is updated because f is ex-
pected to change (which is obviously captured by the term g; dt) and because
new information from dZ is available to estimate f. The observation process
Y (or equivalently the innovation process Z) is useful for estimating f due to
two factors. One is the possibility of correlation between the martingales W
and M. This is reflected in the term é&; dZ;. The other factor is the correlation
between f and the drift h; of Y. This is reflected in the term (fh, — ftﬁt) dZ;.
Note that ﬁlt — ftﬁt is the covariance of f; and h, conditional on ]—"tY . The
formula (4) generalizes the linear prediction formula

cov(z,y)

T )

(y_y)a

which yields & = F[z|y] when x and y are joint normal.
We consider two applications.

1.1 Kalman-Bucy Filter

2

Assume X is distributed normally with variance o and

dXt = aXt dt + dBt,
dY, = cX; dt + dW,,
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where B and W are independent real-valued Brownian motions that are in-
dependent of Xg. In this case, the distribution of X; conditional on .7-'75Y is
normal with deterministic variance Y. Moreover,

dX; = aXydt + cXy dZ, (5)

where the innovation process Z is given by

dZ, = dY; — X, dt. (6)
Furthermore,
Y’
yae™ —
Y= —— 7
t ve)‘t—i—l ) ( )

where a and — 3 are the two roots of the quadratic equation 1+2az—c?z? = 0,
with both a and 3 positive, A = ¢*(a+ ) and v = (62 + 3)/(a—0?). One can
consult, e.g., [33] or [41] for the derivation of these results from the general
filtering results cited above. In the multivariate case, an equation of the form
(5) also holds, where X, is the covariance matrix of X; conditional on FY . In
this circumstance, the covariance matrix evolves deterministically and satisfies
an ordinary differential equation of the Riccati type, but there is in general
no closed-form solution of the differential equation.

1.2 Two-State Markov Chain

A very simple model that lies outside the Gaussian family is a two-state
Markov chain. There is no loss of generality in taking the states to be 0 and
1, and it is convenient to do so. Consider the Markov chain X satisfying

dX; = (1 - X;_)dN? — X;_ dN}, (8)

where X;_ = limsy4 X5 and the IV ¢ are independent Poisson processes with
parameters A\’ that are independent of X(. This means that X stays in each
state an exponentially distributed amount of time, with the exponential dis-
tribution determining the transition from state i to state j having parameter
Af. This fits in our earlier framework as

dXt = gt dt + th,
where

g =1 =X, )\ =X, A and
dM; = (1 — X;_)dM? — X;_ dM},

with M? being the martingale M} = N} — \it.
Assume

dY; = h(X,_)dt + AW, (9)
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where W is an n—dimensional Brownian motion independent of the N and
Xo. Thus, the drift vector of Y is h(0) or h(1) depending on the state X;_.
In terms of our earlier notation, hy = h(X;_).

Write m; for Xt. This is the conditional probability that X; = 1. The
general filtering formula (4) implies®

dry = [(1 = 7)A° — A dt + 7 (1 — 7)) [(1) — R(0)] dZ;,  (10)
where the innovation process Z is given by
dZy = dYy — [(1 = m)h(0) + mh(1)] dt. (11)

This is a special case of the results on Markov chain filtering due to Wonham
[47].

Note the similarity of (10) with the Kalman-Bucy filter (5): h(1)—h(0) is
the vector c¢ in the equation

dY; = h(X,_)dt + dW,
= [(1 = X;—)h(0) + X;—h(1)] dt + dW;
= h(0) dt + cX;— dt + dW;,

and (1 — ) is the variance of X; conditional on F" .

2 Incomplete Information

2.1 Seminal Work

Early work in portfolio choice and market equilibrium under incomplete in-
formation includes [16], [19], and [23]. These papers analyze models of the
following sort. The instantaneous rate of return on an asset is given by

% = pusdt + o dW, where

dpe = £(0 — pu) dt + ¢ dB

and W and B are Brownian motions with a constant correlation coefficient
p, and where g is normally distributed and independent of W and B. It is
assumed that investors observe S but not p; i.e., their filtration is the filtration
generated by S (augmented by the P—null sets). The innovation process is

az =B g o aw,
(o2

which is an {F;}-Brownian motion. Moreover, we can write

! Note that (4) implies 7 is continuous and then from bounded convergence we
have m; = F [Xt,|]-'ty}, so g: = (1 — 7rt))\0 —mA .
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% = [ dt +odZ. (12)
Because fi is observable (adapted to {F}), this is equivalent to a standard
complete information model, and the portfolio choice theory of Merton applies
to (12). This is a particular application of the separation principle for optimal
control under incomplete information, and in fact the primary contribution of
these early papers was to highlight the role of the separation principle.

These early models were interpreted as equilibrium models by assuming
the returns are the returns of physical investment technologies having con-
stant returns to scale, as in the Cox-Ingersoll-Ross model [12]. In other words,
the assets are in infinitely elastic supply. We will call such an economy a “pro-
duction economy,” though obviously it is a very special type of production
economy. In this case, there are no market clearing conditions to be satisfied.
Equilibrium is determined by the optimal investments and consumption of
the agents. Given an equilibrium, prices of other zero net supply assets can
be determined—for example, term structure models can be developed. How-
ever, the set of such models that can be generated by assuming incomplete
information is the same as the set that can be generated with complete in-
formation, given the equivalence of (12) with complete information models.
In particular, the Kalman-Bucy filtering equations imply particular dynamics
for f1, but one could equally well assume the same dynamics for p and assume
1 is observable.

2.2 Markov Chain Models of Production Economies

In Gaussian models (with Gaussian priors) the conditional covariance ma-
trix of the unobserved variables is deterministic. This means that there is no
real linkage between Gaussian incomplete information models and the well-
documented phenomenon of stochastic volatility. Detemple observes in [17]
that, within a model that is otherwise Gaussian, stochastic volatility can be
generated by assuming non-Gaussian priors. However, more recent work has
focused on Markov chain models.

David in [13] and [14] studies an economy in which the assets are in in-
finitely elastic supply, assuming a two-state Markov chain for which the tran-
sition time from each state is exponentially distributed as in Section 1.2. In
David’s model, there are two assets (i = 0, 1), with

ds?
S’i

= pH (X)) dt + o' dW?,

where W° and W1 are independent Brownian motions, X; € {0,1}, and
po(z) = pt(1—=x). Set pa = p°(0) and pp = p¥(1). Then when X, = 0, the
growth rates of the assets are p, for asset 0 and py, for asset 1, and the growth
rates of the assets are reversed when X;_ = 1. With complete information in
this economy, the investment opportunity set is independent of X;_. However,
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with incomplete information, investors do not know for certain which asset is
most productive. Suppose, for example, that p, > pp. Then asset 0 is most
productive in state 0 and asset 1 is most productive in state 1. The filtering
equation for the model is (10), with observation process Y = (Y, Y1), where

. dlogS; (X)) o :
dy; = =82 :<“( ! )_%) dt + dW".

o ot

In terms of the innovation processes (the following equations actually define
the innovation processes), we have

0

QU
‘g\m

= [(1 — M)l + 7rt,ub] dt + 0% dz°,
11 = [tha +(1- 71'75)/.1,1,] dt + o' dz?'.

U
195}

)

As in [16], [19] and [23], this is equivalent to a complete information model in
which the expected rates of return of the assets are stochastic with particular
dynamics given by the filtering equations, but the volatilities of assets are
constant.

David focuses on the volatility of the market portfolio, assuming a rep-
resentative investor with power utility. The weights of the two assets in the
market portfolio will depend on 7; (e.g., asset 0 will be weighted more highly
when 7, is small, because this means a greater belief that the expected return
of asset 0 is p1y > pp). Assume for example that o' = o2. Then, due to diver-
sification, the instantaneous volatility of the market portfolio will be smallest
when the assets are equally weighted, which will be the case when m = 1/2,
and the volatility will be higher when 7; is near 0 or 1. Therefore, the market
portfolio will have a stochastic volatility. Using simulation evidence, David
shows that the return on the market portfolio in the model can be consistent
with the following stylized facts regarding asset returns.

1) Excess kurtosis: the tails of asset return distributions are “too fat” to be
consistent with normality.

2) Skewness: large negative returns occur more frequently than large positive
returns.

3) Covariation between returns and changes in conditional variances: large
negative returns are associated with a greater increase in the conditional
variance than are large positive returns.

2.3 Markov Chain Models of Pure Exchange Economies

Arguably, a more interesting context in which to study incomplete information
is an economy of the type studied by Lucas in [40], in which the assets are
in fixed supply. This is a “pure exchange” economy, in which the essential
economic problem is to allocate consumption of the asset dividends. In this
case, the prices and returns of the assets are determined in equilibrium by the
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market-clearing conditions and hence will be affected fundamentally by the
nature of information.

David and Veronesi (see [44], [45] and [15]) study models of this type
and discuss various issues regarding the volatility and expected return of the
market portfolio. Their models are variations on the following basic model.
Assume there is a single asset, with supply normalized to one, which pays
dividends at rate D. Assume

D _ (X ) db+ o dW, (13)

D,
where X is a two-state Markov chain with switching between states occurring
at exponentially distributed times, as in Section 1.2. Here W is a real-valued
Brownian motion independent of X. Investors observe the dividend rate D
but do not observe the state X;_, which determines the growth rate of divi-
dends. We may also assume investors observe a process

dH; = ap(X;_)dt + oy dW?, (14)

where W? is a real-valued Brownian motion independent of W' and Xy. The
process H summarizes any other information investors may have about the
state of the economy.

The filtering equations for this model are the same as those described
earlier, where we set

P (DI e (i )
op OH oD OH

In terms of the innovation process Z = (Z*, Z?), we have

e = [map(1) + (1 = m)ap(0)] dt + op dZ’, (15)
dH = [may (1) + (1 — m)ag(0)] dt + oy dZ°, (16)

and the conditional probability 7; evolves as

dﬂ't = [(1 - 7Tt)>\0 - 7Tt>\1] dt
ap(1) —ap(0) ,on  en() — au(0)

dz*| . (17)
oD OH

+ 71'75(1 — 71'75)

Note that (15) and (17) form a Markovian system in which the growth rate

of dividends is stochastic. From here, the analysis is entirely standard. It is
assumed that there is a representative investor? who is infinitely-lived and who
maximizes the expected discounted utility of consumption u(e¢;), with discount
rate . The representative investor must consume the aggregate dividend in

2 For the construction of a representative investor, see for example [20].
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equilibrium, and the price of the asset is determined by his marginal rate of
substitution. Specifically, the asset price at time ¢ must be

0 efé(sft)u/(Ds)
= E —Dsd
& Uz w'(Dy) ’

7Tt7Dt:| . (18)
In the case of logarithmic utility, we obtain S; = D;/J, so the asset return
is given by

dS;

5 = [map(1) 4+ (1 = m)ap(0)] dt + op dZ'.

This is essentially the same as the early models on incomplete information,
because we have simply specified the expected return

map(1l) + (1 — 7 )ap(0)

as a particular stochastic process.
The case of power utility u(c) = ¢7/v is more interesting. Note that for
s >t we have from (13) that

DY = DY I {[en(Xas)~0% /2] datop dW} }

Using this, equation (18) yields

S, =D;E U e = DY ds
t

=D} {(1 —m)E U e =Y DY ds
t

X =10/}

t

ﬂ-taDt:|

X, = O,Dt]

+ mE / e 6T DY ds
LJt

X~

xi=1]}.

Due to the time-homogeneity of the Markovian system (15) and (17), the
conditional expectations in the above are independent of the date ¢. Denoting
the first expectation by Cy and the second by C, we have

+ mE /Oo e~ 0(s—1) oy ff{ [op(Xa-)—0} /2] daton dWal} ds

LJt

St = Dt{(l - Wt)CO + 71'7501}.

This implies
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s dD  (C'—C%dr  (C'—C%)d(D,7)
5 =D T Um0+ x0T T D1 =)0 + 0] (19)
= something dt + op dZ*
n {(C1 - C%7r(1 —7)
(=m0 +7C1
y [OZD(I) —op(0) o as) —as(0) Lo
oD gs

The factor
(Ct - CH7r(1 —7)

(1-m)CO% + nCH

introduces stochastic volatility. Thus, stochastic volatility can arise in a model
in which the volatility of dividends is constant.

There are obviously other ways than incomplete information to introduce
a stochastic growth rate of dividends in a Markovian model similar to (15)
and (17). However, this approach leads to a very sensible connection between
investors’ uncertainty about the state of the economy and the volatility of
assets. Note that the factor m(1 — m;) in the numerator of (20) is the con-
ditional variance of X;—it is largest when 7; is near 1/2, when investors are
most uncertain about the state of the economy, and smallest when 7, is near
zero or one, which is when investors are most confident about the state of
the economy. Thus, the volatility of the asset is linked to investors’ confidence
about future economic growth.

Veronesi actually assumes in [44] that the level of dividends (rather than
the logarithm of dividends) follows an Ornstein-Uhlenbeck process as in (13)
and he assumes the representative investor has negative exponential utility
(i.e., he assumes constant absolute risk aversion rather than constant relative
risk aversion). David and Veronesi study in [15] the model described here but
assume the representative investor also has an endowment stream. They show
that the model can generate a time-varying correlation between the return
and volatility of the market portfolio (for example, sometimes the correlation
may be positive and sometimes it may be negative) and use the model to
generate an option pricing formula for options on the market portfolio. Time-
varying correlation has been noted to be necessary to reconcile stochastic
volatility models with market option prices. In the David-Veronesi model, it
arises quite naturally. When investors believe they are in the high growth state
(7¢ is high), a low dividend realization will lead to both a negative return on
the market and an increase in volatility, because it increases the uncertainty
about the actual state (i.e., it increases the conditional variance m:(1 — m)¢).
Thus, volatility and returns are negatively correlated in this circumstance. In
contrast, if investors believe they are in the low growth state (m; is low), a low
dividend realization will lead to a negative return and a decrease in volatility,
because it reaffirms the belief that the state is low, decreasing the conditional

(20)
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variance 7(1 — 7). Thus, volatility and returns are positively correlated in
this circumstance.

In [45], Veronesi studies the above model but assuming there are n states
of the world rather than just two. One way to express his model is to let the
state variable X; take values in {1,...,n} with dynamics

dX, = (i— X, )dN},
i=1

where the N? are independent Poisson processes with parameters A. This
means that X jumps to state i at each arrival date of the Poisson process N?,
independent of the prior state (in particular, X stays in state ¢ if X;— =4 and
AN} = 1). The process N = Y | N* is a Poisson process with parameter
A=>"" A" Conditional on AN, = 1, there is probability A’/ that AN; =
and therefore probability A\*/A that X; = 4, independent of the prior state X;_.
Define X} = 1¢{x,=i}- Then E [X§| ]—'ty], which we will denote by 7, is the
probability that X; = i conditional on F} . The distribution of X; conditional
on FY is clearly defined by the mi. The process X} is a two-state Markov
chain with dynamics

dX!=(1- X} )dN} — X! dN;", (21)

where N=% = _Zj# th is a Poisson process with parameter )\‘_i = Zj# N,
because, if X* is in state 0, it exits at an arrival time of N*, and, if it is
in state 1, it exits at an arrival time of N~% . Equation (21) is of the same
form as equation (8), and, therefore, the dynamics of 7% are given by the
filtering equation (10) for two-state Markov chains. The resulting formula for
the dynamics of the asset price S is a straightforward generalization of (19).

2.4 Heterogeneous Beliefs

Economists often assume that all agents have the same prior beliefs. A ratio-
nale for this assumption is given by Harsanyi in [29]. To some, this rationale
seems less than compelling, motivating the analysis of heterogeneous prior be-
liefs. A good example is the Detemple-Murthy model [18]. This model is of a
single-asset Lucas economy similar to the one described in the previous section
(but with the unobservable dividend growth rate being driven by a Brownian
motion instead of following a two-state Markov chain). Instead of assuming a
representative investor, Detemple and Murthy assume there are two classes of
investors with different beliefs about the initial value of the dividend growth
rate. Finally, they assume each type of investor has logarithmic utility and
the investors all have the same discount rate. The focus of their paper is the
impact of margin requirements, which limit short sales of the asset and limit
borrowing to buy the asset. This is an example of an issue that cannot be ad-
dressed in a representative investor model, because margin requirements are
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never binding in equilibrium on a representative investor, given that he simply
holds the market portfolio in equilibrium. In a frictionless complete-markets
economy one can always construct a representative investor, but that is not
necessarily true in an economy with margin requirements or other frictions
or incompleteness of markets. In the absence of a representative investor, it
can be difficult to compute or characterize an equilibrium, but this task is
considerably simplified by assuming logarithmic utility, because that implies
investors are “myopic”—they hold the tangency portfolio and do not have
hedging demands. However, if all investors have logarithmic utility, then het-
erogeneity must be introduced through some other mechanism than the utility
function. The assumption of incomplete information and heterogeneous priors
is a simple device for generating this heterogeneity among agents. Basak and
Croitoru study in [8] the effect of introducing “arbitrageurs” (for example,
financial intermediaries) in the model of Detemple and Murthy. Jouini and
Napp discuss in [36] the existence of representative investors in markets with
incomplete information and heterogeneous beliefs.

Another way to introduce heterogeneity of posterior beliefs is to assume
investors have different views regarding the dynamical laws of economic pro-
cesses. As an example, consider the economy with dividend process (13) and
observation process (14). We might assume some investors believe the Brow-
nian motions W' and W?2 are correlated while others believe they are inde-
pendent, or more generally we may assume investors have different beliefs
regarding the correlation coefficient. Scheinkman and Xiong study a similar
model in [42], though in their model there are two assets. To each asset there
corresponds a process D satisfying (13), though D(¢) is interpreted as the
cumulative dividends paid between 0 and ¢ instead of the rate of dividends at
time ¢. To each asset there also corresponds an observation process of the form
(14). There are two types of investors. One type thinks the observation pro-
cess associated with the first asset has positive instantaneous correlation with
its cumulative dividend process while the other type thinks the two Brownian
motions are independent. The reverse is true for the second asset. Scheinkman
and Xiong intepret this as “overconfidence,” with each investor weighting the
innovation process for one of the assets too highly when updating his beliefs.
They link this form of overconfidence to speculative bubbles, the volume of
trading, and the “excess volatility” puzzle.

3 Asymmetric Information

3.1 Anticipative Information

Recently, a literature has developed using the theory of enlargement of filtra-
tions to study the topic of “insider trading.” See [9], [25], [26], [31], [34], [38]
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and the references therein. One starts with asset prices of the usual form?
dsi
S

= pi dt + o} dW}, (22)

on the horizon [0,7] where the W* are correlated Brownian motions on the
filtered probability space (£2, F, {F:}, P). Then one supposes there is an Fr—
measurable random variable Y (with values in ** or some more general space)
and an “insider” has access to the filtration {G;}, which is the usual augmen-
tation of the filtration {F;, V o—(Y)}. By “access to the filtration,” I mean
that the insider is allowed to choose trading strategies that are {G; }—adapted.

Some interesting questions are (1) does the model make mathematical
sense—i.e., are the price processes {G; }-semimartingales? (2) is there an ar-
bitrage opportunity for the insider? (3) is the market complete for the insider?
(4) how much additional utility can the insider earn from his advance knowl-
edge of Y? (5) how would the insider value derivatives? .... For the answer
to the first question, the essential reference is [32]. In [9], Baudoin describes
the setup I have outlined here as the case of “strong information” and also
introduces a concept of “weak information.”

The study of anticipative information can be useful as a first step to de-
veloping an equilibrium model. Because the insider is assumed to take the
price process (22) as given (unaffected by his portfolio choice) the equilibrium
model would be of the “rational expectations” variety described in the next
section. If one does not solve for an equilibrium, the assumed price dynamics
could be quite arbitrary. Suppose for example that there is a constant riskless
rate r and the advance information Y is the vector of asset prices Sp. Then
there is an arbitrage opportunity for the insider unless

Sj=erTNgy,

for all ¢ and ¢, which of course cannot be the case if the volatilities o are
nonzero. One might simply say that this is not an acceptable model and adopt
hypotheses that exclude it. However, the rationale for excluding it must be a
belief that exploitation of arbitrage opportunities tends to eliminate them. In
other words, buying and selling by the insider would be expected to change
market prices. This is true in general and not just in this specific example. The
idea that market prices reflect in some way and to some extent the information
of economic agents is a cornerstone of finance and of economics in general. In
the remainder of this article, we will discuss equilibrium models of asymmetric
information.

3.2 Rational Expectations Models

The term “rational expectations” means that agents understand the mapping
from the information of various agents to the equilibrium price; thus they make

3 Assume either that there are no dividends or that the S; represent the prices of
the portfolios in which dividends are reinvested in new shares.
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correct inferences from prices (see [27]). The original rational expectations
models were “competitive” models in the sense that agents were assumed to
be “price takers,” meaning that they assume their own actions have no effect
on prices. Now the term is generally reserved for competitive models, and I
will use it in that sense. We will examine strategic models, in which agents
understand the impact of their actions on prices, in the next sections.

An important rational expectations model is that of Wang [46]. Wang
studies a Lucas economy in which the dividend rate D; of the asset has dy-
namics

dD; = (II; — kDy) dt + bp dW, (23)

where W is an R3valued Brownian motion. Moreover, it is assumed that

for a constant 1. It is also assumed that there is a Cox-Ingersoll-Ross-type
asset (i.e., one in infinitely elastic supply) that pays the constant rate of
return 7. There are two classes of investors, each having constant absolute
risk aversion.

One class of investors (the “informed traders”) observes D and II. The
other class (the “uninformed traders”) observes only D. As described thus
far, the model should admit a “fully revealing equilibrium,” in which the
uninformed traders could infer the value of II; from the equilibrium price of
the asset. This equilibrium suffers from the “Grossman-Stiglitz paradox”—in
reality it presumably costs some effort or money to become informed, but
if prices are fully revealing, then no one would pay the cost of becoming
informed; however, if no one is informed, prices cannot be fully revealing (and
it would presumably be worthwhile in that case for someone to pay the cost
of becoming informed). Wang avoids this outcome by the device introduced
by Grossman and Stiglitz in [28]: he assumes the asset is subject to supply
shocks that are unobserved by all traders. The noise introduced by the supply
shocks prevents uninformed traders from inverting the price to compute the
information I1; of informed traders.* Specifically, Wang assumes the supply
of the asset is 1 + @, where

d6; = —ae@ dt + be dW. (25)

The general method used to solve rational expectations models is still that
described by Grossman in [27], even though Grossman did not assume there
were supply shocks and obtained a fully revealing equilibrium. The trick is to
consider an “artificial economy” in which traders are endowed with certain
additional information. One computes an equilibrium of the artificial economy

4 In fact, this type of mechanism was first introduced by Lucas [39], who assumes
the money supply is unobservable in the short run, and hence real economic
shocks cannot be distinguished from monetary shocks, leading to real effects of
monetary policy in the short run.
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and then shows that prices in this artificial economy reveal exactly the ad-
ditional information traders were assumed to possess. Thus, the equilibrium
of the artificial economy is an equilibrium of the actual economy in which
traders make correct inferences from prices.

In Wang’s artificial economy, the informed traders observe © as well as D
and I7. The uninformed traders observe a linear combination of @ and II as
well as D. In the equilibrium of the artificial economy, the price reveals the
linear combination of © and II, given knowledge of D. This implies that it
reveals © to the informed traders, given that they are endowed with knowl-
edge of I and D. Therefore, the equilibrium of the artificial economy is an
equilibrium of the actual economy.

Specifically, Wang conjectures that the equilibrium price S; is a linear
combination of Dy, Il;, ©; and II , where II denotes the expectation of IT
conditional on the information of the uninformed traders. For this to make
sense, one has to specify the filtration of the uninformed traders, and in the ar-
tificial economy it is specified as the filtration generated by D and a particular
linear combination of IT and ©. Let this linear combination be

Ht = OLHt + ﬂ@t (26)

Then the observation process of the uninformed traders in the artificial econ-
omy is Y; = (D, H) and the unobserved process they wish to estimate is IT.
For the equilibrium of the artificial economy to be an equilibrium of the actual
economy, we will need S; to be a linear combination of D;, H; and ﬁt; ie.,

St :(S—F’YDt—FHHt—F)\IAYt (27)

Conditional on ]—"tY , II; is normally distributed with mean ﬁt and a de-
terministic variance. Wang derives an equilbrium in which S; is a linear com-
bination of Dy, II;, ©; and ﬁt with time-invariant coefficients by focusing on
the steady-state solution of the model. Specifically, he assumes the variance
of Ily is the equilibrium point of the ordinary differential equation that the
variance satisfies.

Given the specification of the price process (26)—(27) and the filtering
formula, it is straightforward to calculate the demands of the two classes of
traders. The market clearing equation is that the sum of the demands equals
O;. This is a linear equation that must hold for all values of Dy, II;, ©; and
I1,. Imposing this condition gives the equilibrium values of av, 3, 8, 7, x and .

In addition to the usual issues regarding the expected return and volatility
of the market portfolio, Wang is able to describe the portfolio behavior of the
two classes of investors; in particular, uninformed traders tend to act as “trend
chasers,” buying the asset when its price increases, and informed traders act
as “contrarians,” selling the asset when its price increases.
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3.3 Kyle Model

The price-taking assumption in rational expectations models is often problem-
atic. In the extreme case, prices are fully revealing, and traders can form their
demands as functions of the fully revealing prices, ignoring the information
they possessed prior to observing prices. But, if traders all act independently
of their own information, how can prices reveal information? Moreover, as
mentioned earlier, full revelation of information by prices would eliminate the
incentive to collect information in the first place.

The price-taking assumption is particularly problematic when information
is possessed by only one or a few traders. Consider the case of a piece of
information that is held by only a single trader. In general, the equilibrium
price in a rational expectations model will reflect this information to some
extent. Moreover, traders are assumed to make correct inferences from prices,
so the trader is assumed to be aware that his information enters prices. But
how can he anticipate that the price will reflect his private information, when
he assumes that his actions do not affect the price? In [30], Hellwig describes
this as “schizophrenia” on the part of traders.

These issues do not arise in strategic models, in which agents are assumed
to recognize that their actions affect prices and it is only through their actions
that private information becomes incorporated into prices. The most promi-
nent model of strategic trading with asymmetric information is due to Kyle
[35]. Kyle’s model has been applied on many occasions, beginning with [1], to
study various issues in market microstructure.

The Kyle model focuses on a single risky asset traded over the time pe-
riod [0, T7]. Tt is assumed that there is also a riskless asset, with the risk-free
rate normalized to zero. Unlike models described previously in which the sin-
gle risky asset is interpreted as the market portfolio, with the dividend of
the asset equaling aggregate consumption, the Kyle model is not a model of
the market portfolio. In fact, the risk of the asset is best interpreted as id-
iosyncratic, because investors are assumed to be risk neutral. As in [28] it is
assumed that the supply of the asset is subject to random shocks, which we in-
terpret as resulting from the trade of “noise traders.” The noise traders trade
for reasons that are unmodeled. For example, they may experience liquidity
shocks (endowments of cash to be invested or desires for cash for consump-
tion) and for that reason are often called “liquidity traders.” In addition to
one or more strategic traders and the noise traders, it is assumed that there
are competitive risk-neutral “market makers,” who are somewhat analogous
to the uninformed traders in Wang’s model. The market makers observe the
net demands of the strategic traders and noise traders and compete to fill
their demands. As a result of their competition (and their risk neutrality and
the fact that the risk-free rate is zero), the transaction price is always the
expectation of the asset value, conditional on the information of the market
makers, i.e., conditional on the information in the history of orders.
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It is assumed that the information asymmetry is erased by a public an-
nouncement at date 7. Since this eliminates the “lemons problem,” all posi-
tions can be liquidated at this announced value. Denote this value by v. From
now on, we will adopt the normalization that 7' = 1. In the remainder of this
section, we will describe the single-period model in [35], in which there is a
single informed trader.

In this model, there is trading only at date 0, and consumption occurs at
date 1. The asset value v is normally distributed with mean v and variance
o2. The informed trader observes v and submits an order z(v). Noise traders
submit an order z that is independent of v and normally distributed with
mean zero and variance o2. Market makers observe y = x + z and set the
price equal to p = E[v|z(v) + z]. The informed trader wishes to maximize his
expected profit, which is Elx(v — p)]. We search for a “linear equilibrium,” in
which the price is set as p = ¥ + Ay and the insider’s trade is z = n(v — v),
for constants A and 7. An equilibrium is defined by

1) Given x = n(v — ), pricing satisfies Bayes’ rule; i.e., o + Ay = E[v|y], and
2) Given p = ¥ + My, the insider’s strategy is optimal; ie.n(v — o) =
argmax, E[z(v — 70— Az + 2))].

Condition (1) implies

cov(v,y) _ moy
~ ovar(y) P02+ o2
and condition (2) implies
1
n= N
The solution of these two equations is
n= 7z and A= v
o 20,

A slightly more general definition of a linear equilibrium would allow the
constants in the affine pricing rule and trading strategy to be of general form,
but it is easily seen that the equilibrium obtained here is unique within that
class also.

Kyle defines the reciprocal of A as the “depth” of the market. It measures
the number of shares that can be traded causing only a unit change in the
price. Of interest is the fact that the depth of the market is proportional to
the amount of noise trading as measured by o, and inversely proportional
to the amount of private information as measured by o,. Thus, markets are
deeper in this model when uninformed trading is more prevalent and when
the degree of information asymmetry is smaller.

Kyle analyzed a discrete-time multiperiod version of the model, assuming
the variance of noise trades in each period is 02 At, where At is the length of
each period. He showed that the equilibria converge to the equilibrium of a
continuous-time model in which the noise trades arrive as a Brownian motion
with volatility o, .
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3.4 Continuous-Time Kyle Model

The continuous-time version of the model was formalized and generalized in
[2]. Subsequent generalizations appear in [3], [4], [5], [6], [7], [11], and [37].
In the continuous-time model, given that the risk-free rate is assumed to be
zero, the budget equation (self-financing condition) for the informed trader is
dW = X dS, where W denotes his wealth, X is the number of shares he holds,
and S is the price. Let C' = W — XS denote the amount of cash he holds.
Assuming X and S are continuous semimartingales (on the interval [0,1) at
least) and applying It&’s formula to W = X.S + C, we obtain

dW =dC+ X dS + SdX +d(X,S),
so the budget equation implies
dC = -SdX — d{X, S).

It is common in the finance literature to write the differential of the sharp
bracket process (X, S) as dS dX. Adopting this notation, we can write

dC = —SdX — dSdX = —(S + dS) dX.

Thus, we can interpret the change in the cash position as equaling the cost
of shares purchased, where the number of shares purchased is dX and the
price paid is S + dS, which can be interpreted as the price prevailing at
the end of the infinitesimal period dt. This interpretation has nothing to do
with insider trading. We are simply interpreting the usual budget equation.
This intepretation is well understood and in fact is the motivation for the
continuous-time budget equation.

However, this application of Itd’s formula (integration by parts) is useful
for analyzing the choice problem of the insider in the Kyle model. Specifically,
we are assuming the insider can sell his shares for the known value v at date
1. This will create a jump in his cash position at date 1 equal to vX;_ (where,
as usual, X;_ denotes limgy; X;). Normalizing both the number of shares he
owns at date 0 and his initial cash to be zero, his wealth at date 1 will equal

1— 1—
Cl = UX1, —/ St dXt —/ d<X, S>t
0 0
1—
:/ (’U—St)dXt—<X,S>1_,
0

_/1<U_st>dxt—<x,5>17
0

the last equality being a result of the equality S = v.

In addition to the advance information about the asset value v, the other
distinctive characteristic of the insider’s portfolio choice problem is that he
understands that market prices react to his trades. Specifically, we assume
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S, = ¢y dt + N dY3, (28)

for some stochastic processes ¢ and A > 0, where Y = X 4+ Z and 7 is the
Brownian motion of noise trades. This implies

(X, 8),_ = /01_ A d(X, X + /01_ A d(X, Z).

In [2], it is shown that it is strictly suboptimal to have

1—
/ )\td<X,X>t>07
0

which implies that optimal X must be finite variation processes. This is quite
different from the Merton model. However, in the Merton model, there is no
term of the form f017 At d(X, X):, because Merton (and almost all subsequent
authors) studied a price-taking investor.

Equilibrium requires that the insider’s strategy X be optimal, given the
pricing rule (28), and that the pricing rule satisfy S; = E[v|F}]. It turns out
that in equilibrium the insider’s strategy is absolutely continuous, so dX; =
0: dt for some stochastic process § and the insider’s final wealth is fol (v —
S;)0; dt. Moreover, in equilibrium, the observation process Y is an {F} }-
Brownian motion, which means that, up to scaling by 1/c,, the observation
process equals the innovation process.

Under the larger filtration of the insider, Y is a Brownian bridge. This
is feasible because the insider controls Y via dY = 0;dt + dZ. The Brow-
nian bridge terminates at a value dependent on v, and the Brownian mo-
tion/Brownian bridge distinction completely characterizes the information
asymmetry in equilibrium. The market makers understand that Y is a Brow-
nian bridge on the insider’s filtration, but they do not know the value at
which it will terminate. Integrating over the distribution of possible terminal
values converts the Brownian bridge into a Brownian motion. Note the simi-
larity with a model of anticipative information when the private signal of the
insider is the vector Wy of terminal values of the Brownian motions in (22).

One point worth noting is that when the insider is risk-neutral, it is not
actually necessary to assume he knows the value at which the asset can be
liquidated at date 1. His expected profit from trading is the same whether v is
the actual liquidation value or merely the conditional expectation of the lig-
uidation value given his information at date 0. Likewise, the filtering problem
of the market makers is the same when v simply denotes the expected value
of the asset conditional on the insider’s information. This equivalence does
not hold when the insider is risk averse, because then the number of shares he
wishes to hold at date 1 is affected by the remaining risk regarding the liqui-
dation value. The continuous-time Kyle model with a single informed trader
having negative exponential utility is analyzed in [7] and [11]. The equilibrium
price in that case is of the form S; = H(t,U;) where U; = fg k(s) dY; for a
deterministic function & (in the risk-neutral case, k = 1).
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3.5 Multiple Informed Traders in the Kyle Model

Here we will discuss the continuous-time Kyle model with multiple informed
traders developed in [6]. Their work builds on the analysis in [21] of a discrete-
time model with multiple traders. In the model of [6] — herafter BCW — there
are N risk-neutral traders who observe signals 3 at date 0. The signals are
assumed to be joint normally distributed with the liquidation value, and the
joint distribution is assumed to be symmetric in the y. As noted at the
end of the previous section, the interesting value is not really the liquidation
value but rather the conditional expectation of the liquidation value, in this
case conditional on all the signals of the traders. Denote this value by v.
Because of the joint normality, v is an affine function of the y* and, by affinely
transforming the yi, we can assume v = Zivzl yi.

BCW search for a linear equilibrium. Defining Y = Z + Zivzl X? “linear-
ity” means that the price evolves as

dS; = ¢(t) dt + A(t) dYs, (29)

for some deterministic functions ¢ and A and trading strategies take the form
dX} = 6! dt, where _ _
0; = a(t)Se + B(t)y". (30)

for some deterministic functions a and .
Given trading strategies of this type, the observation process of market
makers is
dY; = Na(t)Sy dt + B(t)vdt + dZ,

which is equivalent (because S by definition is {F} }-adapted) to observing
a process with dynamics B(t)v dt + dZ;, so estimation of v by the market
makers is a simple Gaussian filtering problem as in Section 1.1. Let 0 denote
the solution to this filtering problem.

Equilibrium requires S = 9. Equating the coefficients in the dynamics
of ¥ given by the Kalman-Bucy filtering equation (5) to the proposed linear
dynamics (29) for S, it can easily be seen that we must have « = —3/N and
¢ = 0. Thus, in any linear equilibrium,

dS; = \(t)dY:, and (31)
dY;, = B(t)[v — 0] dt + dZ,. (32)

Equation (32) means that the observation process Y is (up to rescaling by
1/0.) the innovation process for the market makers, and, as in the single-
trader model, Y is an {FY }-Brownian motion. Moreover, the Kalman-Bucy
filtering theory implies that A is a specific functional of 3.

The novelty of this model, relative to Kyle’s model with a single informed
trader, is that each trader is trying to estimate the signals of others and each
knows that others are trying to estimate his signal, etc. Denote trader ’s
estimate of v at time ¢ by ©¢. This estimate is based on the signal y* and on
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having observed the price up to date ¢t. Due to the proposed linear dynamics
for the price, observing the price allows the trader to infer Y and therefore,
because he also knows X', he can infer Z + X%, where X" = 3, X7.
Thus, trader i’s observation process is

dZ; + dX;" = (N = D)a(t)S, dt + Bty dt + dZ,, (33)

p—

where y ' = ot y?, and observing this is equivalent to observing a process

with dynamics 3(t)y~¢ dt+dZ;. Hence calculating y/:’ is again a simple Gaus-
sian ﬁlterig_g\ problem, and trader i’s estimate of the value is then given by
9¢ = y' + y~%. The innovation process for trader i (up to scaling by 1/0,) is
W defined by

—

AW} = B(t) [y‘i - y{’} dt + dZ, = B(t) [v — 0] dt + dZ;. (34)

It is worthwhile to point out that the simplicity of the filtering problems
is due to the assumption that each trader plays a strategy of the form (30).
Given the results of the single-trader model, it might have been more natural
to guess a strategy of the form 0] = n(t) [0} — S;]. However, to start with
such a guess would make the analysis of the filtering impossible. To compute
¢, we would need to know the dynamics of @] for all j # 4, because these
variables would appear in the observation process of trader i. However, to
know the dynamics of 9], we would need to know the dynamics of 9, because
this would appear in the observation process of trader j. This circularity
is known in economics (cf. [43]) as the “forecasting the forecasts of others”
problem. The circularity does not arise when trading strategies are specified
as functions of signals rather than as functions of estimates. However, the
existence of an equilibrium with strategies of the form (30) is something that
requires verification. Foster and Viswanathan first showed that this approach
works in the discrete-time version of the model they studied in [21], and BCW
extend this to continuous time. Moreover, BCW show that in equilibrium it
is indeed true that 6§ = n(t) [6; — S;] for some function 7, as I have suggested
one might conjecture.

The control problems of the informed traders are not as simple as the
filtering problems. Assuming absolutely continuous strategies, the objective
function of trader i is

E Uol(u — 5,)6: dt‘ y] =E Uol(@;‘ — 5,)6: dt} . (35)

The trader’s strategy does not influence his estimate o} of the asset value. As
mentioned above, the state variable 0; evolves as

s = (1) AW, (36)

where «y is a function that is given to us by filtering theory (as a functional
of #) and W* is the innovation process defined in (34). However, the trader’s
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strategy does affect the price S; as specified in (31). Note that equation (32)
for dY must hold in equilibrium, but we cannot assume it here, because each
trader has the option to deviate from his equilibrium strategy, and we must
prove that such deviations are not optimal. We assume that all traders j # ¢
play strategies of the form (30). Thus, (31) implies

dSy = \(t) |0; dt + > _ 0] dt + dZ,
J#i
= A(t) |0;dt + > {a(t)S; dt + B(t)y’ dt} + dZ,
L J#i
= A(t) [0} dt + (N=1)a(t)S(t) dt + B(t)y ™" dt + dZy] .

Now substituting from (34) we have

dSy = A(t) [0} dt + (N—T)a(t)S ()t di + Bty dt + aw;]
= A(t) [0} dt + (N=1)a(t)S()t dt + B(t){0f — y* } dt + dW[] (37)

The objective is to be maximized subject to the state dynamics (36) and (37)
over all processes 0% adapted to the trader’s filtration. Note that the objective
function (35) and state dynamics (36) and (37) define a Markovian control
problem involving a single Brownian motion W°.

A key characteristic of the control problem, as in the single-trader model, is
that both the instantaneous reward (9} —S;)6; and the state variable dynamics
are linear in the control #%. This implies that the control problem has a certain
degeneracy. In order for the HJB equation to be satisfied, the coefficient of
0% in the maximization problem must be zero and the remaining terms in
the problem must add to zero. Letting J(¢, S, %) denote the value function,
setting the coefficient of 0} to be zero yields

0.
— S+ A5z =0. (38)

The condition that the remaining terms sum to zero is

oJ
a—+)\{ —lozS—l-ﬂ[U —y dt}as
9%J 0*J 0*J
2 —
2 (A 552+ 595 T ()2 > 0- (39)

Differentiating equation (26) in S yields a pde for 9.J/0S. However, the deriva-
tives of 0.J/9S can be calculated in terms of A and its derivative from (8), and
substituting these expressions into the pde for 9J/9S eliminates the deriva-
tives of 0J/0S and reduces the pde to the following condition:
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d (1 ON—1, ., 2N-2_\,
(S_U)%<X)+< NV Y g S>ﬂ—0. (40)
Here we have imposed for the strategies 6/ (j # i) that « = —3/N, as

was noted is necessary for equilibrium. Equation (40) is a linear restriction
on the state variables (S,%). The usual verification theorem shows indeed
that a strategy is optimal if and only if it controls the state variables to
satisfy this linear restriction at all times. Thus, because of the local linearity
of the problem, the usual first-order condition from the HJB equation does not
determine the optimal control, but the optimal control is determined by the
HJB equation via this dimensionality reduction. The feasibility of controlling
the state variables to satisfy this linear restriction depends of course on the
fact that there is only a single Brownian motion driving both state variables.

To obtain a symmetric equilibrium, we need the strategy (30) assumed
to be played by traders j # i to be optimal for trader i also. Thus, we need
this strategy to imply that equation (40) holds at all times. BCW show that
there is a unique function § (with ¢ = 0 in (29) and @« = —3/N in (30)
and with A the functional of § implied by the Kalman-Bucy filtering theory)
for which this is true. Specifically, they show that the equilibrium conditional
variance of v given {F} } is obtained from the inverse of the incomplete gamma
function, and the other components of the equilibrium are simple functions of
this conditional variance.

An important characteristic of the equilibrium is that the depth of the
market reduces to zero at the terminal date, due to a relatively large degree
of asymmetric information remaining near the end of the trading period. This
contrasts with the single-trader Kyle model with a normal distribution, in
which the depth is constant over time and the asymmetric information disap-
pears linearly in time. BCW also show that there is no linear equilibrium if
the insiders’ signals are perfectly correlated.
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1 Introduction

The goal of this work is to present a survey of recent developments in the
area of mathematical modeling of credit risk and credit derivatives. Credit
risk embedded in a financial transaction is the risk that at least one of the
parties involved in the transaction will suffer a financial loss due to decline
in the creditworthiness of the counter-party to the transaction, or perhaps of
some third party. For example:

e A holder of a corporate bond bears a risk that the (market) value of the
bond will decline due to decline in credit rating of the issuer.

e A bank may suffer a loss if a bank’s debtor defaults on payment of the
interest due and (or) the principal amount of the loan.

e A party involved in a trade of a credit derivative, such as a credit default
swap (CDS), may suffer a loss if a reference credit event occurs.

e The market value of individual tranches constituting a collateralized debt
obligation (CDO) may decline as a result of changes in the correlation
between the default times of the underlying defaultable securities (i.e., of
the collateral).

The most extensively studied form of credit risk is the default risk — that
is, the risk that a counterparty in a financial contract will not fulfil a con-
tractual commitment to meet her/his obligations stated in the contract. For

* The first author was supported in part by NSF Grant 0202851.
** The third author was supported by KBN Grant PBZ-KBN-016/P03/1999.

K. Back et al.: LNM 1856, M. Frittelli and W. Runggaldier (Eds.), pp. 27-126, 2004.
(© Springer-Verlag Berlin Heidelberg 2004



28 T.R. Bielecki, M. Jeanblanc, and M. Rutkowski

this reason, the main tool in the area of credit risk modeling is a judicious
specification of the random time of default. A large part of the present text
will be devoted to this issue, examined from different perspectives by various
authors.

Our main goal is to present the most important mathematical tools that
are used for the arbitrage valuation of defaultable claims, which are also known
under the name of credit derivatives. We decided to examine the important
issue of hedging credit risk in a separate work (see the forthcoming paper by
Bielecki et al. (2004)).

These lecture notes are organized as follows. First, in Chapter 1, we provide
a concise summary of the main developments within the so-called structural
approach to modeling and valuation of credit risk. This was historically the
first approach used in this area, and it goes back to the fundamental papers
by Black and Scholes (1973) and Merton (1974). Since the main object to
be modeled in the structural approach is the process representing the total
value of the firm’s assets (for instance, the issuer of a corporate bond), this
methodology is frequently termed the value-of-the-firm approach in financial
literature.

Chapter 2 is devoted to the intensity-based approach, which is also known
as the reduced-form approach. This approach is purely probabilistic in nature
and, technically speaking, it has a lot in common with the reliability theory.
Since, typically, the value of the firm is not modeled, the specification of the
default time is directly related to the likelihood of default event conditional
on an information flow. More specifically, the default risk is reflected either by
a deterministic default intensity function, or, more generally, by a stochastic
intensity.

The final chapter provides an introduction to the area of modeling depen-
dent credit migrations and defaults. Arguably, this is the most important and
the most difficult research area with regard to credit risk and credit deriva-
tives. We describe the case of conditionally independent default time, the
copula-based approach, as well as the Jarrow and Yu (2001) approach to the
modeling of dependent stochastic intensities. We conclude by summarizing one
of the approaches that were recently developed for the purpose of modeling
term structure of corporate interest rates.

Acknowledgments
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the proofs of mathematical results that are presented in the text. For the
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and within distinct setups, and thus we decided not to provide specific cre-
dentials in most cases. We hope that respective authors and the readers will
be understanding in this regard.

2 Structural Approach

In this chapter, we present the structural approach to modeling credit risk (as
already mentioned in the introduction, it is also known as the value-of-the-
firm approach). This methodology directly refers to economic fundamentals,
such as the capital structure of a company, in order to model credit events (a
default event, in particular). As we shall see in what follows, the two major
driving concepts in the structural modeling are: the total value of the firm’s
assets and the default triggering barrier.

2.1 Basic Assumptions

We fix a finite horizon date T* > 0, and we suppose that the under-
lying probability space ({2, F,P), endowed with some (reference) filtration
F = (F+)o<t<T*, is sufficiently rich to support the following objects:

e The short-term interest rate process r, and thus also a default-free term
structure model.

e The firm’s value process V, which is interpreted as a model for the total
value of the firm’s assets.

e The barrier process v, which will be used in the specification of the default
time 7.

e The promised contingent claim X representing the firm’s liabilities to be
redeemed at maturity date T' < T™.

e The process C, which models the promised dividends, i.e., the liabilities
stream that is redeemed continuously or discretely over time to the holder
of a defaultable claim.

e The recovery claim X representing the recovery payoff received at time T,
if default occurs prior to or at the claim’s maturity date 7.

e The recovery process Z, which specifies the recovery payoff at time of de-
fault, if it occurs prior to or at the maturity date 7T

Defaultable Claims
Technical Assumptions

We postulate that the processes V, Z, C' and v are progressively measurable
with respect to the filtration F, and that the random variables X and X
are Fpr-measurable. In addition, C' is assumed to be a process of finite vari-
ation, with Cy = 0. We assume without mentioning that all random objects
introduced above satisfy suitable integrability conditions.
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Probabilities P and P*

The probability P is assumed to represent the real-world (or statistical) prob-
ability, as opposed to the martingale measure (also known as the risk-neutral
probability). The latter probability is denoted by P* in what follows.

Default Time

Let us denote by 7 the random time of default. It is essential to emphasize
that the various approaches to valuing and hedging of defaultable securities
differ between themselves with regard to the ways in which the default event
— and thus also the default time 7 — are modeled. In the structural approach,
the default time 7 will be typically defined in terms of the value process V
and the barrier process v. We set

T=inf{t>0:t€7 and V; < v}

with the usual convention that the infimum over the empty set equals +o0.
The set 7 is assumed to be a Borel measurable subset of the time interval
[0,T] (or [0,00) in the case of perpetual claims). In particular, depending on
the model and the purpose we may have that 7 = {T'} as in the classical
Merton model, or that 7 = {T1,T5,...,T,} if default can only happen (or,
rather, can be declared) at some discrete time instants, such as the coupon
payment dates. In most cases we have either 7 = [0,7] or 7 = [0,00). In
classic structural models, the default time 7 is given by the formula:

T=inf{t>0:t€[0,T] and V; <5(¢)},
where 7 : [0, 7] — Ry is some deterministic function, termed the barrier.
Predictability of Default Time

Typically, the random variable 7 is defined in such a way that it is an F-
stopping time. Since the underlying filtration F in most structural models is
generated by a standard Brownian motion, 7 will be an F-predictable stopping
time (as any stopping time with respect to a Brownian filtration). The latter
property means that within the framework of the structural approach there
exists a sequence of increasing stopping times announcing the default time; in
this sense, the default time can be forecasted with some degree of certainty.

In some structural models, the value process V is assumed to follow a
jump diffusion, in which case the default time is not predicable with respect
to the reference filtration, in general. Some other structural models are con-
structed so that the barrier process is not adapted to the reference filtration
F, neither it is adapted to some ‘enlarged’ filtration, denoted by G in the next
chapter. Consequently, 7 is not predictable with respect to G in these models.
Also, in general, this will be the case if the value process is a discontinuous
semimartingale.
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Remarks. Later in this article, we shall discuss the so-called intensity-based
approach to modeling credit risk. In this alternative approach, the default time
will not be a predictable stopping time with respect to the ‘enlarged’ filtration,
in general. In typical examples, the filtration G will encompass some Brownian
filtration F, but G will be strictly larger than F. At the intuitive level, in the
intensity-based approach the occurrence of the default event comes as a total
surprise. For any date ¢, the default intensity 7; will specify the conditional
probability of the occurrence of default over an infinitesimally small time
interval [t, ¢ + dt].

Recovery Rules

If default does not occur before or at time T', the promised claim X is paid in
full at time T. Otherwise, depending on the market convention, either (1) the
amount X is paid at the maturity date T, or (2) the amount Z, is paid at time
7. As a matter of fact, in reality, the recovery payment may also be distributed
over time. However, for the modeling purposes it suffices to consider recovery
payment only at default time or at maturity, as other possibilities can be
reduced to the above by means of forward or backward discounting. In the
case when default occurs at maturity, i.e., on the event {7 = T'}, we postulate
that only the recovery payment X is paid. In a general setting, we consider
simultaneously both kinds of recovery payoff, and thus a generic defaultable
claim is formally defined as a quintuple (X, C, X, Z, 7).

Remarks. The above notation emphasizes the role of the default time 7 in
the definition of a generic defaultable claim. Within the structural framework
it would be more appropriate to denote the defaultable claim as a sextuple
(X,C,X,Z,V,v), since 7 is defined in terms of V and v.

Risk-Neutral Valuation Formula

Suppose that our financial market model is arbitrage-free, in the sense that
there exists a martingale measure (risk-neutral probability) P*, meaning that
price process of any tradeable security, which pays no coupons or dividends,
becomes an F-martingale under P*, when discounted by the savings account

B, given as
t
B; = exp (/ rudu).
0

We introduce the jump process H; = 1, <4, and we denote by D the process
that models all cash flows received by the owner of a defaultable claim. Let
us denote ~

XUT) = XU rory + Xl pracry

Definition 2.1. The dividend process D of a defaultable contingent claim
(X,C, X, Z, 1), which settles at time T, equals
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Dy = XY (D) Lysmy +/

(1— H,)dC, +/ Z, dH,.
10,1]

10,¢]

It is apparent that D is a process of finite variation, and

/ (1 — Hu) dCc, = / ]l{.,.>u} dc, = CT—]]'{TSt} + Ct:[l{7>t}.
10,t] 10,t]

Note that if default occurs at some date ¢, the promised dividend Cy; — C;_,
which is due to be paid at this date, is not received by the holder of a default-
able claim. Furthermore, if we set 7 At = min {r, ¢} then

/ ZydH, = TAt]I{TSt} = Z‘r]l{‘rgt]w
10,¢]

Remarks. In principle, the promised payoff X could be incorporated into
the promised dividends process C. However, this would be inconvenient, since
in practice the recovery rules concerning the promised dividends C' and the
promised claim X are different, in general. For instance, in the case of a
defaultable coupon bond, it is frequently postulated that in case of default
the future coupons are lost, but a strictly positive fraction of the face value is
usually received by the bondholder.

We are in the position to define the ex-dividend price S; of a defaultable
claim. At any time ¢, the random variable S; represents the current value of
all future cash flows associated with a given defaultable claim.

Definition 2.2. For any date t € [0, T[, the ex-dividend price of the default-
able claim (X,C, X, Z, 1) is given as

S, :Bt]E]p*(/ B;'dD,
J6.7]

Fi)- (1)

In addition, we always set S7 = X%(T). In the next chapter, we shall
use the same definition of the price, but with the probability measure P*
substituted with Q, and the filtration I replaced by G.

It needs to be emphasized that we are not concerned here with the issue of
completeness of our market. In particular, we are not concerned in this article
whether the relevant pricing measures are unique or not. For the study of
pricing and hedging of credit risk in incomplete markets we refer to Bielecki
et al. (2004a) and (2004b).

Defaultable Zero-Coupon Bond

Assume that C =0, Z =0 and X = L for some positive constant L > 0. Then
the value process S represents the arbitrage price of a defaultable zero-coupon
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bond (also known as the corporate discount bond) with the face value L and
recovery at maturity only. In general, the price D(¢,T') of such a bond equals

D(t,T) = By Ep+ (B (L1 751y + Xl (r<ry) | F).
It is convenient to rewrite the last formula as follows:
D(t,T) = LB, Ep- (Bz' (L (rs7y + 0(T) L <1y) | F2),

where the random variable 6(T) = X /L represents the so-called recovery rate
upon default. It is natural to assume that 0 < X < L so that 6(T) satisfies
0 < 4(T) < 1. Alternatively, we may re-express the bond price as follows:

D(t,T) = L(B(t, T) = B Ep+ (By ' w(T){r<ry | ft))7

where

B(t,T) = B, Ep+(B;" | Fy)

is the price of a unit default-free zero-coupon bond, and w(T") = 1—4§(T) is the
writedown rate upon default. Generally speaking, the time-t value of a corpo-
rate bond depends on the joint probability distribution under P* of the three-
dimensional random variable (Br,d(T), 7) or, equivalently, (B, w(T), 7).

Ezample 2.1. Merton (1974) postulates that the recovery payoff upon default
equals X = V, where the random variable Vi is the firm’s value at maturity
date T of a corporate bond. Consequently, the random recovery rate upon
default equals 6(T) = Vp/L, and the writedown rate upon default equals
w(T)=1-Vr/L.

Ezpected Writedowns

For simplicity, we assume that the savings account B is non-random — that
is, the short-term rate r is deterministic. Then the price of a default-free
zero-coupon bond equals B(t,T) = Bthl, and the price of a zero-coupon
corporate bond satisfies

D(t,T) = Ly(1 —w*(t,T)),

where L; = LB(t,T) is the present value of future liabilities, and w*(¢,T) is
the conditional expected writedown rate under P*. Tt is given by the following
equality:

w*(t,T) = Ep- (w(T)Lr<7y | F)-

Notice that we may set w(T') = 0 on the event {7 > T'}.
The conditional expected writedown rate upon default equals, under P*,

x _ Ep- (w(T)]l{rgT} \ft) _ w*(t,T)

w * ¥ )
K P*{r <T|F} 2
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where p; = P*{r < T | F;} is the conditional risk-neutral probability of default.
Finally, let 0; = 1 —w} be the conditional expected recovery rate upon default
under P*. In terms of p;, §; and p;, we obtain

D(t,T) = Li(1 — p) + Lp;6; = Li(1 — pjw;).

If the random variables w(T') and 7 are conditionally independent with respect
to the o-field F; under P, then we have w; = Ep~(w(T) | F).

FEzample 2.2. In practice, it is common to assume that the recovery rate is
non-random. Let the recovery rate (") be constant, specifically, 6(T) = ¢ for
some real number §. In this case, the writedown rate w(T) = w =1 — 4 is
non-random as well. Then w*(¢,T) = wp; and w} = w for every 0 < t < T.
Furthermore, the price of a defaultable bond has the following representation

D(t,T) = Li(1 — p;) + 0Lpf = Le(1 — wpy).

We shall return to various recovery schemes later in the text.

2.2 Classic Structural Models

Classic structural models are based on the assumption that the risk-neutral
dynamics of the value process of the assets of the firm V are given by the
SDE:

dVy =V, ((r—n)dt—l—avth*), Vo > 0,

where x is the constant payout (dividend) ratio, and the process W* is a
standard Brownian motion under the martingale measure P*.

Merton’s Model

We present here the classic model due to Merton (1974).

Basic assumptions. A firm has a single liability with promised terminal
payoff L, interpreted as the zero-coupon bond with maturity 7T and face value
L > 0. The ability of the firm to redeem its debt is determined by the total
value Vr of firm’s assets at time 7". Default may occur at time 7" only, and the
default event corresponds to the event {Vp < L}. Hence, the stopping time 7
equals

T = TH{VT<L} + OOII{VTZL}‘

Moreover C =0, Z =0, and
XUT) = Vrllgvpery + Ly, >1)
so that X = V. In other words, the payoff at maturity equals

Dy =min (Vy, L) = L —max (L — Vr,0) =L — (L —Vp)*.
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The latter equality shows that the valuation of the corporate bond in Merton’s
setup is equivalent to the valuation of a European put option written on the
firm’s value with strike equal to the bond’s face value. Let D(t,T') be the price
at time ¢ < T of the corporate bond. It is clear that the value D(V;) of the
firm’s debt equals

D(V;)=D(t,T)=LB(t,T)— P,

where P; is the price of a put option with strike L and expiration date T. It
is apparent that the value E(V;) of the firm’s equity at time ¢ equals

E(V;) =V, = D(V;) =V; — LB(t,T) + P; = C,

where C; stands for the price at time ¢ of a call option written on the firm’s
assets, with the strike price L and the exercise date T. To justify the last
equality above, we may also observe that at time 7" we have

E(VT) == VT — D(VT) = VT — min (VT, L) = (VT — L)+

We conclude that the firm’s shareholders are in some sense the holders of a
call option on the firm’s assets.

Merton’s Formula

Using the option-like features of a corporate bond, Merton (1974) derived
a closed-form expression for its arbitrage price. Let N denote the standard
Gaussian cumulative distribution function:

1 T
N(z) = E/ e /2 du, VazeR.

Proposition 2.1. For every 0 <t < T the value D(t,T) of a corporate bond
equals

D(t,T) = Vie "T"ON(—d (V;, T —t)) + LB, T)N(d_(V;, T — 1))
where
In(V;/L) + (1" — K+ %U%)(T —t)
oyyV T—1t ’
The unique replicating strategy for a defaultable bond involves holding at any

time 0 < t < T the ¢}Vi units of cash invested in the firm’s value and
#? B(t, T) units of cash invested in default-free bonds, where

d:t(Vt,T—t) =

¢f = "TTIN(=dy (i, T - 1))

and D(t,T) — ¢V,
ﬁ=——§€7fl=LNw4WJ—w>
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Credit Spreads

For notational simplicity, we set x = 0. Then Merton’s formula becomes:
D(t,T)=LB(t,T)(N(d — oy VT —t) + I,N(—d)),

where we denote I'y = V;/LB(t,T) and

_ In(V;/L) + (r+ 0% /2)(T —t)
O’V\/T—t '

Since LB(t,T) represents the current value of the face value of the firm’s debt,
the quantity Iy can be seen as a proxy of the asset-to-debt ratio V;/D(t,T).
It can be easily verified that the inequality D(¢,T) < LB(t,T) is valid. This
property is equivalent to the positivity of the corresponding credit spread (see
below).

Observe that in the present setup the continuously compounded yield
r(t,T) at time ¢t on the T-maturity Treasury zero-coupon bond is constant,
and equal to the short-term rate r. Indeed, we have

d=dV;, T —t)

B(t,T) — e_r(t’T)(T_t)B(t,T) — e—r(T—t).

Let us denote by 7¢(¢, T) the continuously compounded yield on the corporate
bond at time ¢ < T, so that

D(t,T) = Le " :D)(T—1)

From the last equality, it follows that

InD(t,T)—1InL

A, T) =
r(t,T) T_1

For t < T the credit spread S(t,T) is defined as the excess return on a de-
faultable bond:
1 LB(t,T)

S(t,T)=rdt,T)—rt,T) = 7 DT

In Merton’s model, we have

I (N(d=ovVT —1) + [,N(=d))
T—t

St,T)= > 0.

This agrees with the well-known fact that risky bonds have an expected re-
turn in excess of the risk-free interest rate. In other words, the yields on
corporate bonds are higher than yields on Treasury bonds with matching
notional amounts. Notice, however, when t tends to T, the credit spread in
Merton’s model tends either to infinity or to 0, depending on whether Vp < L
or Vp > L. Formally, if we define the forward short spread at time T as
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FSSy =1im S(t,T)
1T

then
0, ifwe{Vy>L},

FSS =
(W) {oo7 ifw e {Vr < L}.

Black and Cox Model

By construction, Merton’s model does not allow for a premature default, in
the sense that the default may only occur at the maturity of the claim. Several
authors put forward structural-type models in which this restrictive and unre-
alistic feature is relaxed. In most of these models, the time of default is given
as the first passage time of the value process V to either a deterministic or a
random barrier. In principle, the bond’s default may thus occur at any time
before or on the maturity date 7. The challenge is to appropriately specify
the lower threshold v, the recovery process Z, and to explicitly evaluate the
conditional expectation that appears on the right-hand side of the risk-neutral
valuation formula

S, :Bt]E]p*(/ B,'dD,| 7).

Jt,T7]
which is valid for ¢ € [0,T[. As one might easily guess, this is a non-trivial
mathematical problem, in general. In addition, the practical problem of the
lack of direct observations of the value process V largely limits the applica-

bility of the first-passage-time models based on the value of the firm process
V.

Corporate Zero-Coupon Bond

Black and Cox (1976) extend Merton’s (1974) research in several directions,
by taking into account such specific features of real-life debt contracts as:
safety covenants, debt subordination, and restrictions on the sale of assets.
Following Merton (1974), they assume that the firm’s stockholders receive
continuous dividend payments, which are proportional to the current value of
firm’s assets. Specifically, they postulate that

dV; :W((r—n)dt+ovth*), Vo > 0,

where the constant x > 0 represents the payout ratio, and oy > 0 is the
constant volatility. The short-term interest rate r is assumed to be constant.

Safety covenants. Safety covenants provide the firm’s bondholders with the
right to force the firm to bankruptcy or reorganization if the firm is doing
poorly according to a set standard. The standard for a poor performance
is set by Black and Cox in terms of a time-dependent deterministic barrier
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o(t) = Ke "T=% ¢ € [0,T], for some constant K > 0. As soon as the value
of firm’s assets crosses this lower threshold, the bondholders take over the
firm. Otherwise, default takes place at debt’s maturity or not depending on
whether Vp < L or not.

Default time. Let us set

o(t), fort < T,
Vy =
! L, fort ="T.

The default event occurs at the first time ¢ € [0, 7] at which the firm’s value
V, falls below the level v, or the default event does not occur at all. The
default time equals (inf ) = +o00)

r=inf{t€[0,T]:V; < v}

The recovery process Z and the recovery payoff X are proportional to the
value process: Z = 35V and X = (1 Vr for some constants 31, 82 € [0,1]. The
case examined by Black and Cox (1976) corresponds to 81 = B2 = 1.

To summarize, we consider the following model:
X=L C=0,Z=06V, X=0Vr, T=7A%,
where the early default time T equals
T=inf{t€[0,T) : V; <o(t)}
and 7 stands for Merton’s default time: 7 = Ty, <y + 0ol v >1y-
Bond Valuation

Similarly as in Merton’s model, it is assumed that the short term interest rate
is deterministic and equal to a positive constant r. We postulate, in addition,
that 9(¢t) < LB(t,T) or, more explicitly,

Kei,y(Tft) < Le*T’(Tft)’ Vit e [O7T],

so that, in particular, K < L. This condition ensures that the payoff to
the bondholder at the default time 7 never exceeds the face value of debt,
discounted at a risk-free rate.

PDE approach. Since the model for the value process V' is given in terms of
a Markovian diffusion, a suitable partial differential equation can be used to
characterize the value process of the corporate bond. Let us write D(¢,T) =
u(V4, t). Then the pricing function u = u(v,t) of a defaultable bond satisfies
the following PDE:

w(v,t) + (r — K)oy (v, ) + $050%Up (v, ) — ru(v,t) =0
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on the domain
{(v,) ERL xRy : 0<t<T,v>Ke T8}
with the boundary condition
u(Ke‘"’(T_t),t) = By Ke 7T

and the terminal condition u(v,T) = min (8yv, L).

Probabilistic approach. For any ¢ < T the price D(¢,T) = u(V;,t) of a
defaultable bond has the following probabilistic representation, on the set
{r>t}={7>1t}

D(t,T) = Ep- (Le_T(T_t)Il{;ZT, Vr >L} ‘ ft)
+ Ep- (ﬂlvTe_T(T_t)]l{'FZT, Vr<L} ‘ 7t>
+ Ep- (Kﬂge*WT**)e*“**t)n{t<;<T} ‘ ]—"t).
After default — that is, on the set {7 <t} = {7 < t}, we clearly have
D(t,T) = Bo0(r)B (7, T)B(t,T) = K foe YT (=),

To compute the expected values above, we observe that:

e the first two conditional expectations can be computed by using the for-
mula for the conditional probability P*{V, > z, 7 > s| F;},

e to evaluate the third conditional expectation, it suffices employ the con-
ditional probability law of the first passage time of the process V to the
barrier o(t).

Black and Cox Formula

Before we state the bond valuation result due to Black and Cox (1976), we
find it convenient to introduce some notation. We denote

2
O-V’

AN

—r—k—1
=r—rK-—73

1_2
T— K== 50y,

V=v—vy=
and a = 1?0‘;2. For the sake of brevity, in the statement of Proposition 2.2 we
shall write o instead of oy . As already mentioned, the probabilistic proof of
this result is based on the knowledge of the probability law of the first pas-
sage time of the geometric (exponential) Brownian motion to an exponential
barrier.

Proposition 2.2. Assume that 0?4+ 202(r —v) > 0. Prior to bond’s default,
that is: on the set {T > t}, the price process D(t,T) = u(V;,t) of a defaultable
bond equals
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D(t,T) = LB(t,T)(N (h1(Vy, T — 1)) — RF*N (ha(V3, T — 1))
+ B1Vee "I (N (hy(V;, T — t)) — N (ha(V, T — 1))
+ A Vee FTOR2T2(N (hs(Vy, T — 1)) — N (he(Ve, T — 1))
+ BoVi(RUTEN (e (V, T — 1)) + R{ N (hs(Vs, T — 1)),
where Ry =0(t)/ Vi, 0 =a+ 1, ( = 072/02 + 202%(r — ) and

In (Vi;/L) + v(T — t)

h(Vi, T —t) = —— 7
ha(Vi, T — 1) = (0 = ?\(/LTV%): WT 1)
ha(Ve. T —t) = ln@/Vt);\Z;_ctr?)(T =0}
ha(Vi T — 1) = 1’“(K/Vt>a— (;J_F:Q)(T—Q

hs(Vi, T — 1) = v (t) — ln(LUV%)TJr_(: +o)(T 1)
he(Vi, T — 1) = Ino(t) — 1n(fi‘\/;)T+__(:+Uz)(T B t)7
he (Ve T — ) = 2 (v(t)/?\)/;—iQ(T 0

hs(V T — t) = 2 (@(t>/;/t\)/T—_f(T 1)

Special Cases

Assume that 31 = 2 = 1 and the barrier function v is such that K = L.
Then necessarily v > r. It can be checked that for K = L we have D(t,T) =
D;y(t,T) + D3(t,T) where:

Di(t,T) = LB(t,T)(N (hi(V;, T —t)) — R}*N (ha(Vi, T — 1)))
Ds(t,T) = Vy(R{TN (hy(Vi, T — 1)) + R} N (hs(V;, T — 1))).
Case v = r. If we also assume that v = r then ( = —o 20, and thus
ViRV = LB(,T), V,RY"° =V,R**! = LB(t,T)R*"
It is also easy to see that in this case

_ In(Vi/L) + (T — 1)

VT =) VT =1

= _h7(‘/taT - t)a

while
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ha(V T — 1) = Ino%(t) — In(LV;) + v(T — t) (VT — 1),
oVT —1t

We conclude that if 9(t) = Le=""=Y = LB(t,T) then D(t,T) = LB(t,T).
This result is quite intuitive. A corporate bond with a safety covenant repre-
sented by the barrier function, which equals the discounted value of the bond’s
face value, is equivalent to a default-free bond with the same face value and
maturity.

Case v > r. For K = L and v > r, it is natural to expect that D(¢,T)
would be smaller than LB(t,T). It is also possible to show that when ~ tends
to infinity (all other parameters being fixed), then the Black and Cox price
converges to Merton’s price.

Further Developments

The Black and Cox first-passage-time approach was later developed by, among
others: Brennan and Schwartz (1977, 1980) — an analysis of convertible bonds,
Kim et al. (1993) — a random barrier and random interest rates, Nielsen et al.
(1993) — a random barrier and random interest rates, Leland (1994), Leland
and Toft (1996) — a study of an optimal capital structure, bankruptcy costs
and tax benefits, Longstaff and Schwartz (1995) — a constant barrier and
random interest rates.

Optimal Capital Structure

We consider a firm that has an interest paying bonds outstanding. We assume
that it is a consol bond, which pays continuously coupon rate c¢. Assume that
r > 0 and the payout rate s is equal to zero. This condition can be given
a financial interpretation as the restriction on the sale of assets, as opposed
to issuing of new equity. Equivalently, we may think about a situation in
which the stockholders will make payments to the firm to cover the interest
payments. However, they have the right to stop making payments at any time
and either turn the firm over to the bondholders or pay them a lump payment
of ¢/r per unit of the bond’s notional amount.

Recall that we denote by E(V;) (D(V;), resp.) the value at time ¢ of the
firm equity (debt, resp.), hence the total value of the firm’s assets satisfies
Vi = E(V;) + D(V,).

Black and Cox (1976) argue that there is a critical level of the value of
the firm, denoted as v*, below which no more equity can be sold. The critical
value v* will be chosen by stockholders, whose aim is to minimize the value of
the bonds (equivalently, to maximize the value of the equity). Let us observe
that v* is nothing else than a constant default barrier in the problem under
consideration; the optimal default time 7* thus equals 7* =inf {t > 0: V; <
v*}.

To find the value of v*, let us first fix the bankruptcy level v. The ODE
for the pricing function u® = u* (V) of a consol bond takes the following
form (recall that o = oy )
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%V202u‘°/°‘/ +rVuy +c—ru>™ =0,

subject to the lower boundary condition u® (%) = min (7, ¢/r) and the upper
boundary condition

lim w3 (V) =0.

V—oo

For the last condition, observe that when the firm’s value grows to infinity, the
possibility of default becomes meaningless, so that the value of the defaultable
consol bond tends to the value ¢/r of the default-free consol bond. The general
solution has the following form:

ux(V) = i + KV 4+ KoV,

where a = 2r/0? and K, Ky are some constants, to be determined from
boundary conditions. We find that K; = 0, and

7t — (¢/r)o”, ifv < c/r,
Ky = e
0, ifo > ¢/r.

Hence, if 7 < ¢/r then

uoo(‘/t) — ; + (60(—&-1 _ gﬁa) tha

02 (- (8 (8)

It is in the interest of the stockholders to select the bankruptcy level in such
a way that the value of the debt, D(V;) = u®(V%), is minimized, and thus the
value of firm’s equity

or, equivalently,

¢
E(V;)=Vi=D(\V;) =V, — ;(1—@5)—5@

is maximized. It is easy to check that the optimal level of the barrier does not
depend on the current value of the firm, and it equals
c « c

ra+1 :r+02/2'

*

Given the optimal strategy of the stockholders, the price process of the firm’s
debt (i.e., of a consol bond) takes the form, on the set {7* > t},

c 1 c atl
DYV,) =S — [—% _
(V1) raV® <r+02/2>

* c * * %
D (W):;(I_Qt)+v q

« (V" O‘f 1 c ¢
“=\w) “veUrez)

or, equivalently,

where
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Further Developments

We end this section by remarking that other important developments in the
area of optimal capital structure were presented in the papers by Leland
(1994), Leland and Toft (1996), Hilberink and Rogers (2002) and Christensen
et al. (2002). It is probably worth noting that Hilberink and Rogers (2002)
model the firm value process as a diffusion with jumps. The reason for this ex-
tension was to eliminate an undesirable feature of previously examined models,
in which short spreads tend to zero when a bond approaches maturity date.

2.3 Stochastic Interest Rates

In this section, we assume that the underlying probability space (£2, F,P),
endowed with the filtration F = (F;)¢>0, supports the short-term interest
rate process r and the value process V. The dynamics under the martingale
measure P* of the firm’s value and of the price of a default-free zero-coupon
bond B(t,T) are

dVi = Vi ((re — (1)) dt + o(t) W)

and
dB(t,T) = B(t,T)(r¢ dt + b(t,T) dW;")

respectively, where W* is a d-dimensional standard Brownian motion. Fur-
thermore,  : [0,7] — R, 0 : [0,7] — R* and b(-,T) : [0,T] — R? are assumed
to be bounded functions. The forward value Fy(t,T) = V;/B(t,T) of the
firm satisfies under the forward martingale measure Py (see eg. Musiela and
Rutkowski (1997), page 309, for definition of the forward martingale measure)

dFy (t,T) = —k(t)Fy (t,T)dt + Fy (¢, T)(o(t) — b(t,T)) dW,"

where the process W = Wy — fg b(u,T)du,t € [0,T], is a d-dimensional
SBM under Pr. For any t € [0, 7], we set

Fy(t,T) = Fy (t,T)e™ I (v,

Then
dFy(t,T) = F§(t,T)(a(t) — b(t,T)) dW}.

Furthermore, it is apparent that F{}(T,T) = Fyv(T,T) = Vr. We consider the
following modification of the Black and Cox approach:

X=L, Zi =03V, X =5V, r=if{t€[0,T]:V; < v},
where (32, 31 € [0,1] are constants, and the barrier v is given by the formula

. KB(t,T)eld ®wdu fory < T,
"L fort =T,
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with the constant K satisfying 0 < K < L. Let us denote, for any ¢t < T

T T
k(t,T) = /75 k(u)du, o2t T)= /75 lo(u) — b(u, T)|* du

where | - | is the Euclidean norm in R?. For brevity, we write F; = F{i(t,T),
and we denote

M+ (ta T) = H(ta T) + %02(t7 T)7 - (ta T) = H(ta T) - %02 (ta T)
The following result extends Black and Cox valuation formula for a corporate
bond to the case of random interest rates.
Proposition 2.3. For any t < T, the forward price of a defaultable bond
Fp(t,T)= D(t,T)/B(t,T) equals on the set {T >t}
L(N(ill(Fta t7 T)) - (Ft/K)e_m(t,T)N(iLQ(FM ta T)))

+ B1Fe "D (N (hg(Fy, t,T)) — N (ha(F, 1, T)))

+ /BIK(N(ES(FU t, T)) - N(iLG(Fh t, T)))

+ Bo K Ty (Fy,t,T) + o Fre "1 g (Fy,t,T),

where
b (Bt T) = 2 (Ft/f()th’;+(t’T)7
ha(F 1) = 2K 1n£ftT))+ (1)
ha(Fyt,T) = 2/ it();;;‘ “.1)
ha(Fy,t,T) = In (K/it():Tq (t’T),
ha(Fo 1) — 2K ln(fé’F;))-i- 7 (tT)
ho(Fy,t,T) = U/ 12():T7;+(t’T),

and for any fired 0 <t < T and F; > 0 we set

(ln(K/Ft) +K(t,T) £ %UQ(LU)) _

o(t,u)

T
Je(Fy,t,T) = / e T) gN
t

In the special case when x = 0, the formula of Proposition 2.3 covers as a
special case the valuation result established by Briys and de Varenne (1997). In
some other recent studies of first passage time models, in which the triggering
barrier is assumed to be either a constant or an unspecified stochastic process,
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typically no closed-form solution for the value of a corporate debt is available,
and thus a numerical approach is required (see, for instance, Kim et al. (1993),
Longstaff and Schwartz (1995), Nielsen et al. (1993), or Sai-Requejo and
Santa-Clara (1999)).

2.4 Credit Spreads: A Case Study

In the case of full information and Brownian filtration, the stopping time
7 is predictable. This is no longer the case when we deal with incomplete
information (as in Duffie and Lando (2001)), or when an additional source of
randomness is present. We present here a formula for credit spreads arising
in a special case of a totally inaccessible time of default. For a more detailed
study we refer to Babbs and Bielecki (2003).

We postulate that the value process V is a geometric Brownian motion
with a drift, that is, we set V; = ¥, where ¥; = ut + ocW;. Let v € (0,1)
denote a random default barrier. Specifically v is a random variable defined

n (2, F,P*) and independent of W*. We define the default time as

r=inf{t>0:V,<v}=inf{t>0: ¥ <},

where ¢ = Inv. It is clear that we also have 7 = inf {t > 0: ¥; < ¢}, where
U* is the running minimum of the process ¥: ¥ =inf {¥, : 0 < s < t}. It is
well known that (¥, %*) is a strong Markov process.

We choose the Brownian filtration as the reference filtration, i.e., we set
F = F"". This means that we assume that the value process V' (hence also
the process ¥) is perfectly observed. In addition, we suppose that the bond
investor can observe the occurrence of the default time. Thus, he can observe
the process Hy = l{;<4) = Lypr<yy. We denote by H the natural filtration
of the process H. The information available to the investor is represented by
the (enlarged) filtration G = F v H.

Let us denote by G(z) the cumulative distribution function under P* of
the barrier 1. We assume that G(z) > 0 for z < 0 and that G admits the
density g with respect to the Lebesgue measure (note that g(z) = 0 for z >
0). In addition, we assume that the default time 7 and interest rates are
independent under P*. Then, it is possible to establish the following result
(see Giesecke (2002) or Babbs and Bielecki (2003)). Note that the process ¥*
is decreasing, so that the integral with respect to this process is a (pathwise)
Stieltjes integral.

Proposition 2.4. Under the assumptions stated above, and additionally as-
suming L=1,Z =0 and X = 0, we have that for every t <T

T 9(¥;) *
avy
Jt)-

S, T) = ~1{r>4) 77— InEp- ( Io ewh

T
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In the next chapter, we shall introduce the notion of a hazard process of
a random time. For the default time 7 defined above, the F-hazard process I’
exists and is given by the formula

t
gWr) .
Iy = — dv;,.
' /0 G(7;)

This process is continuous, and thus the default time 7 is a totally inaccessible
stopping time with respect to the filtration G.

2.5 Comments on Structural Models

We end this chapter by commenting on merits and drawbacks of the structural
approach to credit risk.

Advantages

e An approach based on the volatility of the total value of the firm. The
credit risk is thus measured in a standard way. The random time of default
is defined in an intuitive way. The default event is linked to the notion of
the firm’s insolvency.

e Valuation and hedging of defaultable claims rely on similar techniques as
the valuation and hedging of exotic options in the standard default-free
Black-Scholes setup.

e The concept of the distance to default, which measures the obligor’s lever-
age relative to the volatility of its assets value, may serve to reflect credit
ratings.

e Dependent defaults are easy to handle through correlation of processes
corresponding to different names.

Disadvantages

e A stringent assumption that the total value of the firm’s assets can be eas-
ily observed. In practice, continuous-time observations of the value process
V' are not available. This issue was recently addressed by Crouhy et al.
(1998) and Duffie and Lando (2001), who showed that a structural model
with incomplete accounting data can be dealt with using the intensity-
based methodology.

e An unrealistic postulate that the total value of the firm’s assets is a trade-
able security.

e This approach is known to generate low credit spreads for corporate bonds
close to maturity. It requires a judicious specification of the default barrier
in order to get a good fit to the observed spread curves.
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Other issues

e A major problem with applying structural models is the difficulty with the
estimation of the volatility of assets value. For the classical Merton’s model,
there exists a simple formula that relates this volatility to the volatility of
the firm’s equity, which in principle can be easily estimated. However, no
such simple expression exists in case of first-passage-time models. Certain
market-oriented technologies, such as CreditGrades, attempt to produce
such a formula.

e Structural models discussed above were at most one-factor models, with
the only factor being the short-term interest rate. Two- and three-factor
structural models have also been developed and closed-form valuation for-
mulae were derived in some special cases.

3 Intensity-Based Approach

A major motivation for the intensity-based approach (also known as the
reduced-form approach) was to model a credit event as an unpredictable event,
meaning that the date of its occurrence is a totally inaccessible stopping time
with respect to an underlying filtration. The modeling of a default time is
essentially reduced to the specification of the so-called hazard process with
respect to some reference filtration. Under some circumstances, this is equiv-
alent to the modeling of a default time in terms of its intensity process. The
name reduced-form approach was probably well justified in the early stages
of development of this approach when, typically, only exogenously given in-
tensities were considered. However, it is possible to link a hazard process to
economic fundamentals of a firm, such as the total asset value process, so that
the hazard process can be specified endogenously.

The intensity-based approach to modeling of credit risk, was studied by,
among others, Jarrow and Turnbull (1995), Jarrow et al. (1997), Duffie et al.
(1996), Duffie (1998a), Lando (1998a), Duffie and Singleton (1999), Elliott et
al. (2000), Schénbucher (2000a, 2000b), Bélanger et al. (2001), Jamshidian
(2002), Collin-Dufresne et al. (2002), Brigo and Alfonsi (2003) and Chen and
Filipovié (2003a, 2003b).

3.1 Hazard Function

Before going deeper in the analysis of the reduced-form approach, we shall
first examine a related technical question. Suppose we want to evaluate a
conditional expectation Ep(ll{,~sY |Gt), where 7 is a stopping time on a
probability space (£2,G,P), with respect to some filtration G = (G;);>0 and
Y is an integrable, G;,-measurable random variable for some s > t.

In financial applications, it is quite natural and convenient to model the
filtration G as G = F V H, where H is the filtration that carries full infor-
mation about default events (that is, events such as {r < t}), whereas the
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reference filtration F carries information about other relevant financial and
economic processes, but, typically, it does not carry full information about
default event. The first question we address is how to compute the expecta-
tion Ep(1l{,-4Y |G;) using the intensity of 7 with respect to F.

Hazard Function of a Random Time

In this section, we study the case where the reference filtration F is triv-
ial, so that it does not carry any information whatsoever. Consequently, we
have that G = H. Arguably, this is the simplest possible setup within the
intensity-based approach; nevertheless, it is sometimes used in practical fi-
nancial applications, as it leads to relatively easy calibration of the model.
Most of the results obtained in this section can be considered as prototypes
for the results presented in the remaining sections of this chapter, where the
reference filtration is no longer assumed to be trivial.

We start by recalling the notion of a hazard function of a random time. Let
7 be a finite, non-negative random variable on a probability space (£2,G,P),
referred to as the random time. We assume that P{7 = 0} = 0 and 7 is
unbounded: P{r >t} > 0 for every t € R;.

The right-continuous cumulative distribution function F of 7 satisfies
F(t) =P{r <t} <1 for every t € Ry. We also assume that P{T < o0} =1,
so that 7 is a Markov time.

We introduce the right-continuous jump process H; = I;<4 and we
write H = (H;):>0 to denote the (right-continuous and P-completed) filtration
generated by the process H. Of course, 7 is an H-stopping time.

We shall assume throughout that all random variables and processes that
are used in what follows satisfy suitable integrability conditions. We begin
with the following simple and important result.

Lemma 3.1. For any G-measurable (integrable) random variable Y we have

Ep(l{;>nY)
Ep(Y | Hi) = Tir<nyBp(Y | 7) + Tirspy ﬁ (2)
For any Hy-measurable random variable Y we have
Ep(L(r~Y)
Y =l Bp(Y | 7) + Lrapy ﬁ, (3)

that is, Y = h(r) for a Borel measurable h : R — R which is constant on the
interval ]t, ool

The hazard function is introduced through the following definition.

Definition 3.1. The increasing right-continuous function I : Ry — Ry given
by the formula
I't)=-In(1-F()), VteR,,

is called the hazard function of a random time 7.
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If the distribution function F' is an absolutely continuous function, i.e., if
we have

Fi = [ 10 du
for some function f:R; — Ry, then we have
Fit)=1—e 10 =1 _ ¢ Jor(wdu
where we set

__f®

It is clear that v : Ry — R is a non-negative function and it satisfies
fooo ~v(u) du = oo. The function ~ is called the hazard rate or intensity of 7.
Sometimes, in order to emphasize relevance of the measure P the terminology
P-hazard rate and P-intensity is used.

The next two results follow from Lemma 3.1 and Definition 3.1.

Corollary 3.1. For any G-measurable random variable Y we have
Ep(Il(r>syY [He) = Lirsye” DBp(lrs YY),

Corollary 3.2. Let Y be Hoo-measurable, so thatY = h(r) for some function
h:Ry — R. If the hazard function I' is continuous then

Be(Y [ M) = Lircah(r) + Lrsey [ Bu)e™ ™" dr(u)
t

If, in addition, the random time 7 admits the hazard rate function - then
we have

Ep(Y | He) = Lir<pph(7) + Dirsyy / h(w)y(u)e™ [0 v gy,
t

In particular, for any ¢ < s the last formula yields:
P{T > s | Ht} = ]1{T>t} e j.ts ~(v) dv
and
P{t <7 <s|H} = 11{T>t}(1 e Ik v(v)dv)_
Associated Martingales

Two particular processes associated with a random time 7 are martingales
with respect to the filtration H. The first result is general, that is, it holds for
an arbitrary (possibly discontinuous) hazard function I
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Lemma 3.2. The process L given by the formula

1-H,
L t) = Irapge” ™ = (1 - Hy)e™

TI1-F(t
is an H-martingale. Equivalently,

F(s) = F(t)

]E[P’(Hs — H; ‘Ht) = 11{7'>t} 1_7}7@)

Notice that in the next result the hazard function I" of 7 is assumed to be

continuous.

Lemma 3.3. Assume that F' (and thus also the hazard function I') is a con-
tinuous function. Then the process

Mt:Ht—F(t/\T)

is an H-martingale.

Change of a Probability Measure

Let P* be any probability measure on ({2, Hs), which is equivalent to P.
Then there exists a Borel measurable function h : Ry — R, such that the
Radon-Nikodym density of P* with respect to P equals

oo = —5 =

h(r) >0, P-as. (4)

In particular, we have
Ep(h(7)) = / h(u)dF(u) =1.
]0,00]

Obviously, we have P*{r = 0} = 0 and P*{7 > t} > 0 for every t € R;. The
cumulative distribution function F* of 7 under P* is given by

F*(t) = P*{r <t} = Bp(lL{rsiyh(r)) = /]O ) h(w) dF (u).

If the cumulative distribution function F' (and thus F*) is continuous, then
from

one deduces that
Ar(t) = OOh(t)dF(t) _ h(t) dF(t) _ @df(t),

S, hw)dF () g(t)(1 = F()  g(t)
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where we set
gt) = O Bp (1o ph(r)) = 7@ / h(u) dF (u)
t

=el'® / h(uw)e "™ dr(u).
¢

Proposition 3.1. Let P* and P be two equivalent probability measures on
(2, Hso). Assume that the hazard function I' of T under P is continuous.
Then the hazard function I'* of T under P* is also continuous and

dr(t) = (1 + k(t)) dl'(t),
where K(t) = ht) 1= _ft°° h(uw)e= (W dr (u) — h(t)e=T'®
e S he T ()

In particular, I'* is absolutely continuous if and only if I' is, and the intensity
function of T under P* equals v*(t) = (1 + &(t))v(¢).

Radon-Nikodym Density Process

Let P and P* be equivalent probability measures on (2, Hs,). We introduce
the non-negative P-martingale n by setting

dP*

dP |,

N = = Ep(nec | Ht) = Ep(h(7) | Hy).

The process 7 is termed the Radon-Nikodym density process of P* with respect
to P (given the filtration H). Notice that

M= Lgregh(T) + Ly el / h(u) dF (u),

Jt,00]

so that n; = M < h(7) + Lr5439(t). Tt is not difficult to check that

=1+ /}o,t]“‘(“) ~ g(w)) dM, (5)

Remarks. Representation (5) is a special case of a more general result.
Consider the martingale MY = Ep(x(7)|H;) for some integrable function
X : Ry — R, and denote

gX(t) = " WEp (L, 5y x(T)).

Then, setting ¥ = x — ¢X¥ and assuming that the cumulative distribution
function F' is continuous, we have
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MY = MY + / % (u) dM,. (6)
10,1]

Taking care of the jump of the process 1 at time 7, one can also prove that
the process 7 solves the following SDE:

=1 —|—/ Nu—k(uw) dM,,. (7)
10,¢]

It is not difficult to find an explicit solution to this equation, specifically,

tAT
m= (4 Lpepr(m) e (= [ st drw). (s)
0
Note that equation (7) is a special case of equation (9) that appears in the

following version of a classical result.

Lemma 3.4. Let Y be a process of finite variation. Consider the linear SDE
Zi=1+ / Zu_ dY,. )
10,¢]

The unique solution Zy = E(Y), called the Doléans exponential of Y, equals

&) =e" J[ (1+AY,)e 2"

0<u<t

Equivalently, we have

&)=e" ] (1+A4v) (10)

O<u<t

where Y€ is the path-by-path continuous part of Y, that is,

Y=Y, — Y AV

O<u<t

Since the process 7 satisfies (7), it is clear that it can be represented as

follows:
n =& (/ K(u) dMu).
]Oa']

Thus, expression (8) for the random variable 7, can also be obtained from
(10), upon setting dY;, = x(u) dM,,. Notice also that equality (10) is merely
a special case of the general formula for the Doléans exponential. Proposition
3.1 is a very special case of Girsanov’s theorem (see, for instance, Elliott
(1982), Protter (2003), or Revuz and Yor (1999)). Equality (6) is in turn a
particular case of the predictable representation theorem (see Kusuoka (1999)
or Blanchet-Scalliet and Jeanblanc (2003)).
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Martingale Hazard Function

In view of the martingale property established in Lemma 3.3, the following
definition is natural.

Definition 3.2. A function A : Ry — R is called a martingale hazard function
of a random time 7 with respect to the filtration H if and only if the process
H; — A(t A7) is an H-martingale.

Remarks. Since the bounded, increasing process? H is constant after time
T, its compensator is constant after 7 as well. This explains why the function
A has to be evaluated at time t A 7, rather than at time ¢.

It happens that the martingale hazard function can be found explicitly. In
fact, we have the following

Proposition 3.2. The unique martingale hazard function of T with respect
to the filtration H is the right-continuous increasing function A given by the

formula
B dF(u) dP{r < u}
At) = /]o . A

] I—F(’LL—) 10,t] 1—P{T<u}.

Observe that the martingale hazard function A is continuous if and only
if F'is continuous. In this case, we have A(t) = —In (1 — F(t)). We conclude
that the martingale hazard function A coincides with the hazard function I"
if and only if F' is a continuous function. In general, we have

T — =A%) H (1 — AA(u)),

0<u<t

where A°(t) = A(t) — > << AA(u) and AA(u) = A(u) — A(u—).

Defaultable Bonds: Deterministic Intensity

In order to value a defaultable claim, we need, of course, to specify the unit
in which we would like to express all prices. Formally, this is done through a
choice of a discount factor (a numeraire). For the sake of simplicity, we shall
take the savings account

By=elomd  wieo, T, (11)

as the numeraire, where r is the short-term interest rate process. We also
postulate that some probability measure Q* is a martingale measure relative
to this numeraire. This assumption means, in particular, that the price of
any contingent claim Y which settles at time 7' is given as the conditional
expectation By Eg-(B;'Y | Gy).

4 The process H is thus a bounded H-submartingale.
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We shall now apply some results obtained earlier in this section, but using
a martingale measure Q*, rather than an unspecified probability measure P.
In accordance with our assumption that the reference filtration is trivial, we
also assume that:
(i) the default time T admits the Q*-intensity function ~(t),
(ii) the short-term interest rate r(t) is a deterministic function of time.

In view of the latter assumption, the price at time ¢ of a unit default-free
zero-coupon bond of maturity 7" equals

B(t,T) = e J{ r)dv,

In the market practice, the interest rate (more precisely, the yield curve) can
be derived from the market price of the zero-coupon bond. In a similar way,
the hazard rate can be deduced from the prices of the corporate zero-coupon
bonds, or from market values of other actively traded credit derivatives.

In view of our notation for defaultable claims adopted in Chapter 1, for
the corporate unit discount bond we have C =0 and X = L = 1. Recall that
(since the reference filtration is assumed trivial) we have that G = H.

Zero Recovery. Consider first a corporate zero-coupon bond with unit face
value, the maturity date T, and zero recovery at default (that is, X =0 and
Z = 0). Formally, the bond can thus be identified with a claim of the form
17> 7) which settles at T'. It is clear that a corporate bond with zero recovery
becomes worthless as soon as default occurs. Its time-t price is defined as

D°t,T) = B, Eg+(By ' L7513 He).

Consequently, in view of the results of Section 3.1, the price DY(t,T) can
be represented as follows: DU(t,T) = L.~ D(t,T), where D°(¢,T) is the
bond’s pre-default value, and is given by the formula

Do(t7T) — e j'tT(T(’L))+’Y(U))dU — B(t,T)67 ftT ’Y(v)dv.

Fractional Recovery of Par Value (FRPV). According to this conven-
tion, we have X = 0 and the recovery process Z satisfy Z, = & for some
constant recovery rate § € [0,1]. This means that under FRPV the bond-
holder receives at time of default a fixed fraction of the bond’s par value.

Using Corollary 3.2, it is easy to check that the pre-default value D?(t,T')
of a unit corporate zero-coupon bond with FRPV equals

T
Dg(t,T) _ 5/ eI ;(v)dvv(u) du + e I ?(v)dv7
t

where 7 = r 4 7 is the default-risk-adjusted interest rate. Since the fraction
of the par value is received at the time of default, in the case of full recovery,
that is, for § = 1, we do not obtain the equality D’ (¢, T) = B(t,T), but rather
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the inequality D°(t,T) > B(t,T) (at least when the interest rate is strictly
positive, so that B(t,T) < 1 for t < T).

Fractional Recovery of Treasury Value (FRTV). Assume now that X =
0 and that the recovery process equals Z; = 6B(t,T). This means that the
recovery payoff at the time of default 7 represent a fraction of the price of the
(equivalent) Treasury bond. The price of a corporate bond which is subject
to this recovery scheme equals

Sy =B, T)(0Q"{t <7 < T|He} +Q {7 >T|H}).

Let us denote by D° (t,T) the pre-default value of a unit corporate bond
subject to the FRTV scheme. Then

T
D5(t,T) = / (SB(t,T)e‘ft" ’v(v)dv,y(u) du + e—_[tT 7(v)dv
t
or, equivalently,
D§ (t, T) = B(t7 T) (6(1 — e~ .ftT ’Y(U)dv) +e ftT ’y(v)dv) )

In the case of full recovery, that is, for § = 1, we obtain ﬁé(t,T) = B(¢,T),
as expected.

Remarks. Let us stress that similar representations can be derived also in the
case when the reference filtration F is not trivial, and under the assumption
that market risk and credit risk are independent — that is:

(i) the default time admits the F-intensity process =,

(ii) the interest rate process r is independent of the filtration F.

3.2 Hazard Processes

In the previous section, it was assumed that the reference filtration F carries
no information. However, for practical purposes it is important to study the
situation where the reference filtration is not trivial. This section presents
some results to this effect.

We assume that a martingale measure Q" is given, and we shall examine
the valuation of defaultable contingent claims under this probability measure.
Note that the defaultable market is incomplete if there are no defaultable
assets traded in the market that are sensitive to the same default risk as the
defaultable contingent claim we wish to price. Thus, the martingale measure
may not be unique. Another important question is the relationship between
the actual probability and a martingale measure, that is, the specification of
market prices for risk (see Duffee (1999) or Jarrow et al. (2002)). We shall
provide some discussion of the latter issue.
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Hazard Process of a Random Time

Let 7 : £2 — R, be a finite, non-negative random variable on a probability
space (£2,G,P). Assume that G; = F; V H; for some reference filtration F, so
that G = F vV H. We thus place ourselves here in a more general setting than
in Section 3.1.

We start be extending some definitions and results to the present frame-
work. We denote Fy = P{r < t|F;}, so that G; = 1—F; = P{r > ¢ | F;} is the
survival process with respect to F. It is easily seen that F' is a bounded, non-
negative, F-submartingale. As a submartingale, this process admits a Doob-
Meyer decomposition as Fy = Z; + A; where A is an F-predictable increasing
process. Assume, in addition, that F; < 1 for every t € R,.

Definition 3.3. The F-hazard process I' of a random time 7 is defined through
the equality 1 — F; = e~ '*, that is, I} = —InG;.

Notice that the existence of I" implies that 7 is not an F-stopping time.
Indeed, if the event {7 > t} belongs to the o-field F, for some ¢ > 0 then
P{r > t|F;} = N~y > 0 (P-almost surely), and thus 7 = oo.

If the hazard process is absolutely continuous, so that I; = fot Yy du, for
some process 7, then + is called the F-intensity of 7. Note that this is the case
only if the process I is increasing (and thus + is always non-negative). Note
that if the reference filtration F is trivial, then the hazard process I is the
same as the hazard function I'(+). In this case, if I" is absolutely continuous,
then we have v = v(t).

Terminal Payoff

The valuation of the terminal payoff X%(T) is based on the following gen-
eralization of Lemma 3.1, which first appeared in Dellacherie (1972) (see
Page 122 therein). We return here to our original question: how to compute
Ep(ll{;55Y |G;) for an Fi-measurable random variable Y7

Lemma 3.5. For any G-measurable (integrable) random variable Y and arbi-
trary s >t we have
Ep(lir>sY | Ft)

Bp(Lir>aY1G) = Loy —pr 3173

If, in addition, Y is Fs-measurable then
Ep(l(r5)Y |Gr) = Lirnny Bp(e" ™Y | F).

Assume t~hat Y is Gi-measurable. Then tNhere exists an Fi-measurable random
variable Y such that T~ Y = TonY.

The latter property can be extended to stochastic processes: for any G-
predictable process X there exists an F-predictable process X such that the
equality M~y Xy = 11{7>t})~(t is valid for every t € R, that is, both processes
coincide on the random interval [0, 7].
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Recovery Process

The following extension of Corollary 3.2 appears to be useful in the valuation
of the recovery payoff Z, (recall that this payoff occurs at time 7).

Lemma 3.6. Assume that the hazard process I' is a continuous, increasing
process, and let Z be a bounded, F-predictable process. Then for anyt < s we
have

Bp(Z:1 1<rcat 190 = s Be ([ Zuc™ T dn| 7).
t

Promised Dividends

To value the promised dividends C' that are paid prior to 7, it is convenient
to make use of the following result.

Lemma 3.7. Assume that the hazard process I' is continuous. Let C be a
bounded, F-predictable process of finite variation. Then for every t < s

]E]P(/]t,s](l - H,)dC, gt) = ]l{r>t} EP(/]7§73] elt—Tu ac, ‘}_t)

Valuation of Defaultable Claims

From now on, we assume that 7 is given on a filtered probability space
(2,G,Q"), where G = FVH and Q"{r > t|F} > 0 for every t € Ry so
that the F-hazard process I' of 7 under Q" is well defined. A default time 7
is thus a G-stopping time, but it is not an F-stopping time.

The probability Q is assumed to be a martingale measure relative to a
savings account process B, which is given by (11) for some F-progressively
measurable process . In some sense, this probability, and thus also the F-
hazard process I' of T under Q*, are given by the market via calibration.

The ex-dividend price S; of a defaultable claim (X, C, X.Z, T) is given by
Definition 2.2, with P* substituted with Q* and F replaced by G. We postulate,
in particular, that the processes Z and C' are F-predictable, and the random
variables X and X are Fp-measurable and Gp-measurable, respectively.

Using Lemmas 3.5-3.7 and the fact that the savings account process B is
F-adapted, it is easy to derive a convenient representation for the arbitrage
price of a defaultable claim in terms of the F-hazard process I'.

Proposition 3.3. The value process of a defaultable claim (X, C, X, Z, T) ad-
mits the following representation for t <T

Sy = 1g;>1G; "By Eg- (/ B (G, dC, — Z,dG.,)
Jt.,T]

+ LGy B Egr (GrBr ' X | F) + B Egr (Br ' - <y X | Gr).

ft)“r
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If the hazard process I' is an increasing, continuous process, then

St = oy BiEgy |, Bl O+ Z,dT)
t,

+ 1>y BrEge (B;leF‘_FTX ‘ .7-}) + By Eg- (B;lll{ng}X ’ gt)~

%)

Remarks. Note that we have both conditioning with respect to F; and G;
in the valuation formula. However, assuming that X is Fr-measurable, and
that any F-martingale is also a G-martingale (the financial interpretation of
this condition is examined in some detail in Section 3.2), the value process of
(X,C,X,Z,7) can also be represented as follows, for t < T,

St = oG BiBge ([ BN (GudCy = Z,dG)
Xy

+ 1o Gy ' BiEg- (GrB: (X — X) | Fi) + BiEg- (Bf' X | 7).

F t) +
Under the present assumptions, the hazard process I" is always increasing (see
(H.3) in Section 3.2). If, in addition, I" is continuous then we have
S, = T r51 Bt Eg- ( / Bl =Tu (dC, + Z, dI) ]-"t>
1t,77]

+ ]1{-r>t}Bt]EQ* (B;lertfrT(X —X) |.7:t) —|—BtIEQ* (B;1X|.7:t)-

The second formula in Proposition 3.3 yields the following result.

Corollary 3.3. Assume that the F-hazard process I' is a continuous, in-
creasing process. Then the wvalue process of a defaultable contingent claim
(X,C,X,Z,7) coincides with the value process of a claim (X,C’,X,O,T),
where we set Cy = Cy + fot Zydl,.

Let us now consider the case when the default time admits a stochastic
intensity v with respect to IF. The valuation formula of Proposition 3.3 now
takes the following form (we set X = 0 here)

Sy = rory Ege ( / e~ J Tt (G0 4, Z, du) ‘]—"t)
1t,T]
+ L5y Eg- (67 o) dv x ‘ ft)-
To get a more concise representation for the last expression, we introduce the

default-risk-adjusted interest rate 7 = r + v and the associated default-risk-
adjusted savings account B, given by the formula

t
Bt :exp(/ fudu) = Be't.
0
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Although B, does not represent the price of a tradeable security, it has similar
features as the savings account B; in particular, Bisan F-adapted, continuous
process of finite variation. In terms of the default-risk-adjusted savings account
B, we obtain the following representation for the price S

T
Sy = {54y B Ege (/ B, 'dc, +/ B ' Zyry du+ B' X ‘ }‘t).
1t,T] t
It is noteworthy that the default time 7 does not appear explicitly in the
conditional expectation in the right-hand side of the last formula.

Alternative Recovery Rules

Now we will continue the study of a defaultable claim (X, C, X, Z, 7). Similarly
as in the case of a corporate bond, the price of a generic defaultable claim
depends on the choice of a recovery scheme. Formally, each recovery scheme
corresponds to a specific choice of the recovery process Z.

Fractional Recovery of Par Value

We need to assume here that the par value (or the face value) of a defaultable
claim is well defined. Denoting by L the constant representing the par value
of the claim, and by § the recovery rate of the claim, we set Z; = dL. We
thus deal here with a defaultable claim of the form (X, C, X, 6L, 7). The ex-
dividend price of this claim equals (for X = 0)

Sy = By Eg- (/ B, '((1 = Hy)dCy + 0LdH,) + By X1 o1y ‘ gt).
1t.T]
Consequently, by virtue of Proposition 3.3, it can be represented as follows

Sy =1~ Gy "By Eg- (/ B, '(G,dC, —5LdG,) + GrB;'X ’}‘t),

1t,T1

where G is the survival process of 7 with respect to the reference filtration F.
In the case of a continuous and increasing F-hazard process I', the last formula
yields the following expression for the pre-default value D?

DP = Uory By B (/ B (dC, + 0L dl,) + B7'X ‘ ]—"t),
16.7)

where B is the default-risk-adjusted savings account. As already observed in
Corollary 3.3, if the F-hazard process I' is a continuous, increasing process,
we may set Z = 0 and substitute the promised dividends process C' with the
process C't = Cy+ dLI;. In the next result, the assumption that X =0is not
needed.
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Corollary 3.4. The claims (X, C,X,éL,T) and (X,C’—i—éLF,X',O,T) are es-
sentially equivalent if the F-hazard process I is a continuous, increasing pro-
cess.

Assume now that the default time 7 admits the F-intensity process «. Then
we have
~ ~ ~ T ~ ~
D} =1(,+yB Eg- (/ B tdC, + 6L/ B 'y, du+ Bi'X ’]-"t).
Jt,7] t

If, in addition, the sample paths of the process C are absolutely continuous
functions, so that we have Cy = fot ¢y du, then

T
D? = Iir>0 B Eg- (/ B (cy +6Lvy,)du+ B X ‘ .7-})
¢

T
= oy B Egr (/ By ewyy 4+ 0Ly du+ Br' X | F),
t

where the last equality holds, provided that v > 0. We may choose here, with-
out loss of generality, F-predictable versions of processes ¢ and ~. In view of
the considerations above, we are in a position to state the following corollary,
which furnishes still another equivalent representation of a defaultable claim
with fractional recovery of par value.

Corollary 3.5. Assume that C; = fot cudu and I, = fot Yo du with v > 0.
Then a defaultable claim (X, C’,X,(SL,T) is equivalent to a defaultable claim

(X,0,X,Z,7) with the recovery process Zy = 6L + cyy; '
Fractional Recovery of No-Default Value

In case of a general defaultable claim, the counterpart of the fractional re-
covery of Treasury value scheme is more aptly termed the fractional recov-
ery of no-default value. In this scheme, it is assumed that the owner of a
defaultable claim receives at time of default a fixed fraction of the market
value of an equivalent non-defaultable security. By definition, the no-default
value (also called the Treasury value by some authors) of a defaultable claim
(X,C,0,Z,7) is equal to the expected discounted value of the promised divi-
dends C and the promised contingent claim X, specifically:

U, = B, Eg- (/[m B,'dC, + By'X | G,).

Notice that U includes also the dividends paid at time ¢. When valuing a de-
faultable claim (X, C,0, Z, 7) with the fractional recovery of no-default value,
we set Z; = 6Uy. Put more explicitly, the ex-dividend price equals S; = I} +12,
where
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gt)

2 = B,Eg (/ B, 00 dH, + B X1 zary | G1).
Je.11

I} = B,Eg- (/ B;'(1 - H,)dC,
16,7

and

The following result yields a convenient representation for .S.

Proposition 3.4. For any t <T', the ex-dividend price of a defaultable claim
(X,C,0,0U,7) equals Sy = ]1{T>t}((1 — 0)Df + 6U;), where the process DY,
which equals

D° =GB, E@*(/

B;'G, dC, + GrBy'X ] }}),
Je.1]

represents the pre-default value of a defaultable claim (X, C,0,0,7) with zero
recovery, and the process Uy is given by the following expression:

U= BiEg ([ B dC.+Br'X | 7).

1t,T7

Fractional Recovery of Pre-Default Value

Under the fractional recovery of pre-default value (also known as the fractional
recovery of market value) scheme, the owner of a defaultable claim receives
at time of default a fraction of its pre-default (market) value. Formally, this
corresponds to an assumption that the recovery process satisfies Z; = 6;5;_,
where ¢ is a given F-predictable process taking values in [0,1], and S; is the
value of a claim at time ¢. We shall consider claims of the form (X, 0,0, Z, 1),
where Z; = 6;5;_. Using the definition of the ex-dividend price, we obtain the
following equation for S

St = BiBgr (B, 0:S; Nperer) + Br' Xl (rory | 1), (12)

which can be interpreted as a backward stochastic differential equation
(BSDE).

Assume that the BSDE (12) admits a unique solution, so that the price
process S is well defined. Since G = F V H, it is clear that we have Sy =
]1{T>t}‘§t for some F-adapted process S. Obviously, we may thus substitute
S,_ with S;_ in (12), and thus we also have

T
Si = (s BiEq: / B 6,8 du+ B X | 7).
t

provided that 7 has the F-intensity . We conclude that the pre-default value
process S necessarily satisfies the following BSDE:

T
S; = B, Egy (/ B; 16,8,y du+ B3t X ‘ }‘t). (13)
t



62 T.R. Bielecki, M. Jeanblanc, and M. Rutkowski
Proposition 3.5. Assume that equations (12)-(13) admit unique solutions S
and S. Then the process S is given by the formula
Sy = BtEQ*(BE X|F)
with .
B, = exp (/0 (ru + (1 — 0u)Yu) du)

and the value of a defaultable claim, which is subject to the fractional recovery
of pre-default value with Zy = 6;S;—, is equal to Sy = 1 (+~}S;.

Remarks. Existence and uniqueness of solutions to (12)-(13) may sometimes
be deduced from general results on BSDEs (for instance when F is the Brow-
nian filtration and 7 is obtained through the canonical construction presented
in Section 3.2). We do not go into details here.

General Recovery of Pre-Default Value

A more general recovery scheme is produced by postulating that the recovery
process Z is defined through the equality Z; = p(t, S;—), where the recovery
function p(t, s) is jointly continuous with respect to the variables (¢,s) €
[0,T] x R, and Lipschitz continuous with respect to s. Moreover, it is natural
to postulate that p(t,0) = 0 for every ¢t € [0, T].

Assume that S is the unique solution to the BSDE:

St = BiBg- (B 'p(r, S, ) <rsry + Br' Xl pomy [G1), (1)

or equivalently, to the equation
S = Ege (/tT (p(tt, Su)hu — 70 S0 ) dut + X1 oy ‘ gt).
Also, assume that S is the unique solution to the BSDE
S, =B, IEQ*</T By 'p(u, Sy)yu du + Br' X ‘_7-}) (15)
t
or, equivalently, to the equation
S, = Eg- (/tT (p(u, Su)vu — (ru + 7u)Su) du + X ’ ]-"t).

The following result shows that the solution S to the BSDE represents the
pre-default value of a defaultable claim, which is subject to a recovery at
default with the recovery process of the feedback form Z; = p(¢, S;_).

Proposition 3.6. Let the default time T have the F-intensity v. Assume that
equations (14)-(15) admit unique solutions S and S. Then S; = ]1{T>t}St

Remarks. We conclude this section by mentioning that Bélanger et al. (2001)
derive several interesting relationships between values of defaultable claims
that are subject to alternative recovery schemes.
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Defaultable Bonds: Stochastic Intensity

Consider a defaultable zero-coupon bond with the par (face) value L and
maturity date 7. First, we shall re-examine the following recovery schemes:
the fractional recovery of par value and the fractional recovery of Treasury
value (recall that these schemes were already studied in Section 3.1 in the case
of deterministic intensity). Subsequently, we shall deal with the fractional
recovery of pre-default value. In this section, we assume that 7 has the F-
intensity -y.

Fractional Recovery of Par Value

Under this scheme, a fixed fraction of the face value of the bond is paid
to the bondholders at the time of default. Formally, we deal here with a
defaultable claim (X,0,0, Z,7), which settles at time T, with the promised
payoff X = L, where L stands for the bond’s face value, and with the recovery
process Z = 0L, where ¢ € [0,1] is a constant. The value at time ¢ < T of the
bond is given by the expression

St = LB Eq+ (6B "Wiyer<ry + By irary | Gr).

If 7 admits the F-intensity -, the pre-default value of the bond equals
~ ~ T ~ ~
D°(t,T) = LB, Eg- (5/ B 'y, du+ B! ’ }'t). (16)
t

Remarks. The above setup is a special case of the fractional recovery of par
value scheme with a general F-predictable recovery process Z; = &y, where the
process d; satisfies d; € [0, 1] for every ¢ € [0,T]. A general version of formula
(16) reads

T
DO(t,T) :LBtIEQ*(/ B 6y du+ Byt ’}'t).
t

Fractional Recovery of Treasury Value

Here, in the case of default, the fixed fraction of the face value is paid to bond-
holders at maturity date T'. A corporate zero-coupon bond is now represented
by a defaultable claim (X, 0,0, Z, 7) with the promised payoff X = L and the
recovery process Zy = OLB(t,T). As usual, B(t,T) stands for the price at
time ¢t of a unit zero-coupon Treasury bond with maturity 7. The corporate
bond is now equivalent to a single contingent claim Y, which settles at time
T and equals
Y = L(Irory + 0l rry).

The price of this claim at time ¢ < T equals

S¢ = LB Eq- (Bi'(61r<ry + Lirary) | Gr)
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or, equivalently,
Sy = LB, Eg- (6B 'B(1,T)1y<r <1y + By ' Lrary | G) -

The pre-default value D%(¢,T) of a defaultable bond with the fractional re-
covery of Treasury value equals

T
t
Again, the last formula is a special case of the general situation where Z; = §;,
with some predictable recovery ratio process d; € [0, 1).
Fractional Recovery of Pre-Default Value

Assume that &; is some predictable recovery ratio process §; € [0,1) and let
us set X = L. By virtue of Proposition 3.5, we conclude that the pre-default
value of the bond equals

Fi).

Dg/[(th) = LEqg- (67 JE (ru+(1=68:)yu)du

Choice of a Recovery Scheme

A challenging practical problem is the calibration of statistical properties of
both the recovery process § and the intensity process . According to a re-
cent study by Guha (2003), the empirical evidence strongly suggests that the
amount recovered at default is best modeled by the recovery of par value
scheme. However, Bakshi et al. (2001) conclude that recovery concept that
specifies the amount recovered as a fraction of appropriately discounted par
value, that is, the fractional recovery of Treasury value, has broader empirical
support.

Martingale Hazard Process

We now briefly discuss the relationship between the hazard process of a ran-
dom time, and the so-called F-martingale hazard process of a random time,
which is of interest in the martingale approach to credit risk modeling. The
next result is valid for any F-hazard process I

Lemma 3.8. The process
Ly =Tgope’ = (1— Hye't, VieRy,
is a G-martingale.

If the F-hazard process I" of 7 is continuous and of finite variation (hence,
increasing), then it defines the compensator of the jump process H, as the
following result shows.
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Proposition 3.7. Let the F-hazard process I' of T be a continuous, increasing
process. Then the process My = Hy — I'iar, t € Ry, is a G-martingale.

The last result suggests the following definition.

Definition 3.4. An F-predictable, right-continuous and increasing process A
(with Ag = 0) is called an F-martingale hazard process of a random time 7 if
and only if the process Hy — A+ is a G-martingale.

In the martingale approach, the F-martingale hazard process A is used,
rather than the F-hazard process I'. An important issue thus arises: provide
sufficient conditions for the equality A =TI

Properties of A

Condition (G). The process F; = Q*{r < t|F;} admits a modification with
increasing sample paths (thus I' is increasing as well).

Proposition 3.8. Assume that (G) holds. If the process A

A _/ dF, _/ dQ*{T < u|Fu.}
! 10,t] I—Fu, 10,t] I—Q*{T <U‘fu}

1s F-predictable, then A is the F-martingale hazard process of the random time
7. If we additionally assume that the filtration F supports only continuous
martingales, and if the F-martingale hazard process A is continuous, then the
F-hazard process I is also continuous, and we have I' = A.

If (G) fails to hold, we have the following more general result.

Proposition 3.9. The F-martingale hazard process of T equals

dF,
b [
jo.e) 1= Fu-

where ' denotes the F-compensator of the F-submartingale F'; that is, the
unique F-predictable, increasing process, such that F' — F is an F-martingale.

A counter-example given in Elliott et al. (2000) shows that if condition
(G) is not assumed, the continuity of processes I" and A is not sufficient for
the equality I = A to hold.

Martingale Hypothesis

The valuation results for defaultable claims, established in Sections 3.2-3.2,
are valid when G = FV H for some reference filtration F. Note that the choice
of I is basically unrestricted. The only assumption which is always imposed
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is that Gy = Q"{7 > t|F;} > 0 for every t € Ry. As already mentioned, this
condition implies that 7 is not an F-stopping time.

Remarks. Note that if we consider only defaultable claims that settle prior
to or at some fixed date T, it is enough to assume the strict positivity of
the survival process G; for ¢ € [0,7]. Under this assumption, 7 is not an
F-stopping time, unless the inequality 7 > T holds Q*-almost surely.

Typically, a reference filtration F represents the information flow in a
model of a financial market without default. It is thus essential to ensure
that the Brownian motion (or, more generally, an F-martingale) with respect
to F remains a Brownian motion with respect to G (a G- martingale). We shall
now introduce suitable assumptions related to the conditional independence
of the two filtrations F and H.

(H.1) For any t € R, the o-fields F and G; are conditionally independent
given F;. Equivalently, for any ¢t € R, and any bounded, F.,-measurable
random variable ¢ we have: Eg- (¢ | G;) = Eq- (£ | Fe).

(H.2) For any t € Ry, the o-fields Fo, and H; are conditionally independent
given Fy.

(H.3) For any t € Ry and any u < ¢, we have
QYr <u|F}=Q{r <u|Fs}-

It is known that condition (H.2) (as well as (H.3)) is equivalent to (H.1).
We shall thus refer to them collectively as hypotheses (H).

The next definition describes a specific link between the two filtrations, F
and G, under a given probability measure Q. It should be stressed that the
martingale invariance property introduced in this definition is not preserved,
in general, under an equivalent change of a probability measure (for a counter-
example, see Section 3.2).

Definition 3.5. We say that a filtration F has the martingale invariance prop-
erty with respect to a filtration G if every F-martingale is also a G-martingale.

Hypothesis (H.1) (or, equivalently, (H.2) or (H.3)) is equivalent to the
martingale invariance property of F with respect to G.

Lemma 3.9. A filtration F has the martingale invariance property with re-
spect to a filtration G if and only if condition (H.1) is satisfied.

Financial Interpretation

We stated above that the martingale invariance property is essential. We shall
argue that there are good reasons for this claim:
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e First, the martingale invariance property ensures the compatibility of
default-free and defaultable market models. Let us call the financial mar-
ket that encompasses both default-free and defaultable securities — the full
market. The relevant information for this market is carried by the full fil-
tration G. Suppose that for the default-free sub-market, the one that only
admits non-defaultable securities, the relevant information is carried by
the reference filtration F. Thus, properly discounted prices of default-free
securities should naturally be F-martingales. However, these prices should
also be relevant for the full market, and so they should be G-martingales
as well. Thus, from the arbitrage pricing point of view, the martingale
invariance hypothesis is indeed a very natural requirement.

e Second, there is an obvious computational advantage of models in which
the hypotheses (H) hold. This comes from the fact that conditioning with
respect to the larger o-fields can be replaced with conditioning with respect
to smaller o-fields. Frequently, the (smaller) filtration F is a Markovian
filtration (i.e., it is generated by some Markov process), which allows for
utilizing Markovian properties.

Remarks. (i) In the next section, we shall present the so-called canonical con-
struction of a full market, for which the martingale hypothesis is satisfied. It
should be acknowledged that the construction presented is the next section is
only the most basic example of a construction of a default time. More sophisti-
cated variants and non-trivial extensions of this construction will be presented
later, specifically, in Section 4.2 (conditionally independent defaults), Section
4.3 (copula-based approach), Section 4.4 (dependent intensities), and Section
4.8 (conditionally Markov credit migrations). To conclude, in most existing
reduced-form models of credit risk a certain form of hypotheses (H) is satis-
fied, at least for a judicious choice of a probability measure and a reference
filtration.

(ii) It should be made clear that in some models the reference filtration F
carries full information about credit events, including default events. These,
typically, are models where credit events are given in terms of some factor
processes. For example, a structural model with a constant default barrier
is such a model. In these models, we manifestly have that G = F in which
case the hypotheses (H) are trivially satisfied (but 7 is typically an F-stopping
time, and thus the F-hazard process is not well defined).

Canonical Construction

A random time obtained through the canonical construction has certain spe-
cific features that are not necessarily shared by all random times with a given
F-hazard process I

Assume that we are given an F-adapted, right-continuous, increasing pro-
cess I' defined on a probability space (£2,F,P*) such that I = 0 and
I'so = 400. To construct a random time 7 such that I" is the F-hazard process
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of 7, we enlarge the underlying probability space 2. This means that I" will
be the F-hazard process of 7 under a certain extension Q* of P*.

Let £ be a random variable, defined on some probability space (2, F,Q),
and uniformly distributed on the interval [0,1] under Q. We consider the
product space 2 = 2 x 2 with the o-field G = Foo ® F and the probability
measure Q* = P* ® Q. The latter equality means that for any events A € Fo
and B € F we have Q*(4 x B) = P*(4)Q(B).

Define the random time 7 : {2 — R, by setting

(@,0) =inf{teRy : e @ < ¢y =inf{t e Ry : [}(@) > 0(©) },

where the random variable # = —In ¢ has a unit exponential law under Q.
Let us find the conditional survival process

Gt =S Q*{T >t | ft}

Since {7 >t} = {¢ < e It} and I} is Foo-measurable, we obtain
QUr>t|Fal =Q{e < et | Food = Q€ < €"}oup, =€ 12,
Consequently, we have
= Q{7 > t| i} =B {Q*{r > t| Fuc} | It} =%,

and thus G is an F-adapted, right-continuous, and decreasing process. Thus
I' is the F-hazard process of T under Q*. In addition, we obtain the following
property of the canonical construction:

QY7 <t|Fuo} =Q{r < t|F}.
Consequently, for any two dates 0 < u <t
QUr <u|Fu} =Q{r <u|F}=Q{r <u|F,} =e "

The latter equality shows the conditional independence under Q* of the o-
fields H; and Fi, given Foo. It is clear that (H.3), and thus also (H.1)-(H.2),
hold. This concludes our analysis of the canonical construction of 7.

Let us observe that in fact working under (H.1) is essentially equivalent
to the canonical construction. Recall that (H.1) is equivalent to (H.3), which
reads: for any ¢t € Ry and any v <t we have

QYr <u|F}=Q{r <u|Fs}- (17)

Suppose that we are given a filtered probability space (£2,G,Q"), and 7 is an
G-stopping time such that for a certain subfiltration F C G we have

Q{r>t|Fl =€t VteR,, (18)
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for some F-adapted, continuous, strictly increasing process I'. Then there
exists a random variable 6 : 2 — R, with exponential law under Q*, which
is independent of the o-field F, and such that

T(w) =inf {t e Ry : [}(w) > O(w) }.
To establish this property, it is enough to set § = .. Indeed, we then have
{6 >t} ={IF >t} ={7 > A},

where A = I'"! is the inverse of I, so that Iy, =t for every t € Ry. In view
of (18) and the fact that A; is Foo-measurable, we obtain for every ¢t € Ry

QOS> t| Food =Q {7 > Ay | Foo} = T4t =7t
as expected. Finally, it is clear that

r=inf{teRy: I >I,}=inf{teRy: I} >0}

Remarks. It is worthwhile to observe that Q" {7 > t | F } is deterministic if
and only if the default time is independent of F,. In this case, we have

QYr > t|Fuo} =Q{r > t| F} = Q{7 > t}.

Kusuoka’s Counter-Example

We shall now present a counter-example, due to Kusuoka (1999), which shows
that the martingale invariance property introduced in Definition 3.5 is not
necessarily preserved, in general, under an equivalent change of a probability
measure.

First, we postulate that under the original probability measure Q the ran-
dom times 71, 75 are independent random variables, with exponential laws with
parameters A; and Ag, respectively. Next, for a fixed T' > 0, we introduce an
equivalent probability measure Q* on (£2,G) by setting

dQ*

@ =nNr Q—a.s.

where n;, t € [0,T], satisfies
2
77t:1+2/ Nu— Ky, M,
i—1 /10,
with
) ) tAT;
0



70 T.R. Bielecki, M. Jeanblanc, and M. Rutkowski

where H} = I;7,<¢), and the auxiliary processes k! and k2 satisfy

[e%1 (&%)
Ii% = Il{.,.z<t} ()\—1 — 1), H? = ]1{7-1<t} ()\_2 — 1).

Note that the process &' (k?, resp.) is H2-predictable (H'-predictable, resp.),
where H' is the filtration generated by H'. It is easily seen that

) tAT; )
Hg—/ Nt du, i = 1,2,
0

are H' V H?-martingales, where
N =M1 = HY) + o HY = MUg,apy + ol <,

and
N2 =X(1— HY) +aoH} =Xl sy + ol <4y

This means that the H?-martingale intensity A7 of default time 7, under Q*
jumps from A\; to aj after 7. The second default time has an analogous
property. It can be checked by straightforward calculations that we have

Q {r > s|H} VHE} # Ly B (e 4 | 1),

Let G = H' VH? and let F = H? play the role of the reference filtration. The
martingale invariance property of F with respect to G under Q* is equivalent
to the following statement: for any bounded, H2 -measurable random variable
¢, the equality Eg- (¢ | Hi V HE) = Eg-(£|H7) is satisfied for every t € Ry
(see condition (H.1)).

It is possible to check by direct calculations, that the last condition fails
to hold in Kusuoka’s example under Q* (although, obviously, this condition is
satisfied under Q in view of the assumed independence of 71 and 75 under Q).
This example is closely related to the valuation of basket credit derivatives,
e.g., the first-to-default claims (see Chapter 4).

Change of a Probability

Until now, we have worked under a martingale measure Q*, which was associ-
ated with the choice of the savings account as a numeraire. We shall now relate
Q™ to the statistical (or real-world) probability that will be denoted by Q in
what follows. Since at this stage we do not impose any specific restrictions on
the choice of Q, we adopt the following definition.

Definition 3.6. For a fixed horizon date T* > 0, the statistical probability Q
is an arbitrary probability measure on (2, Gr«) equivalent to Q*.



Modeling and Valuation of Credit Risk 71

We denote by 77 the Radon-Nikodym density process of Q with respect to
Q* and the filtration G, so that

. dQ

= g* g, = B (ir-1G0), Ve [0,T7]. (19)

t

Of course, the process n = 1/7 represents the density of Q* with respect to

Q, that is,

1

dQ =—, VYtel0,T"].

KT h
Let us first consider the following general question: how does the hazard
process behave under an equivalent change of a probability measure?
To examine this question, let us consider an arbitrary equivalent change
of a probability measure on ({2, Gr+). To be more specific, we postulate that
a probability measure Q is given by

_dQ
N = d@* g

= Eq-(ir+|Gt), Vte[0,T"].
Let us define
Gi=1-F=1-0Q{r <t|FR} = Qr > |7}

and let us set I; = —In G, (provided, of course, that Gy > 0). Notice that the
Bayes rule combined with the tower rule for conditional expectations yields
(we use the property F; C G;)

Eo-(ir-Uirsy [ Fr) _ Eor (ellgrsny [ Fr)
]EQ*(ﬁT*|ft) ]EQ*(ﬁt|ft) .

—@{T>t|.7:t}:

Lemma 3.10. If the density process 7 is F-adapted then we have I, = T}. In
general, the density process 1 is G-adapted and we have

Gy = Eq- (ML {70y | )
Eq- (7 | Ft)
The F-hazard process I of T under Q exists if and only if F-hazard process I'

of T under Q" is well defined. In other words, Gy > 0 for every t € Ry if and
only if G¢ >0 for everyt € Ry.

(20)

To check the last statement, observe that, by virtue of Lemma 3.5, we have
Nelrsyy = ftll{7>t} for some F;-measurable random variable §t Slnce N is

strictly positive, it is clear that §t has this property as well. Thus
G, = Eq- (gtl{r>t} | Fe) _ &G
Eg- (7¢ | F+) Eg- (7¢ | F+)

Although Lemma 3.10 is too general to yield a sufficiently explicit expressions
for practical purposes, it will nevertheless prove useful in what follows.

> 0.
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Statistical Probability

To get more explicit representations for the hazard process under a statisti-
cal probability (or, more generally, under an arbitrary equivalent probability
measure), which generalize some results of Section 3.1, we shall work from
now on under the following assumptions:

(M.1) Reference filtration. We have G = F Vv H], where the reference fil-
tration FF is generated by some Brownian motion W*.

(M.2) Martingale invariance. A Brownian motion W* is also a martingale
(and thus a Brownian motion) with respect to G under Q™.

(M.3) Regularity of the hazard process. We assume that the hazard
process I' of 7 under Q" is a continuous, increasing process.

The subsequent auxiliary result is an immediate consequence of a suitable
version of the predictable representation theorem (see, for instance, Corollary
5.2.4 in Bielecki and Rutkowski (2002)).

Proposition 3.10. Assume that (M.1)-(M.3) hold. Then the density process
7} of the statistical probability Q with respect to Q™ admits the following integral
representation

t t
= 1+/ & AW +/ Cu dMy,
0 0
where My = Hy — Iiar s a (purely discontinuous) G-martingale under Q™.

Since the density process 7 defined by (19) is strictly positive, its dynamics
can also be put in the form of a SDE:

t t
N =1 _/0 Tu—Bu AW +/0 Tu—Fou A My, (21)

where § and k > —1 are some G-predictable processes. It is well known that
SDE (21) has a unique solution ), which is given by the explicit formula (cf.

Section 3.1) '
i=e( = [ mawi)e( [ wian).

where the first term is the classic Doléans exponential

et(—/o'ﬂudwz) =exp(—/0tﬂudW;—%/Otwﬁdu)

and the second term is given by Lemma 3.4. We are in the position to state
a version of Girsanov’s theorem.

Proposition 3.11. Let the statistical probability Q be a probability measure
on (2,Gr+) equivalent to Q. Assume that the Radon-Nikodym density 1) of
Q with respect to Q" satisfies SDE (21). Then the process
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t

W, = W+ / Budu, ¥te[0,T7], (22)
0

is a Brownian motion with respect to G under Q, and the process M given by
the formula

tAT
M, :Ht—/ (14 wy)dl,, Vtel0,T7], (23)
0

is a G-martingale under Q.

We assume from now on that the two processes intervening in the Radon-
Nikodym density, 8 and &, are F-predictable. Let us emphasize that this as-
sumption is essential for the next result to be valid.

Corollary 3.6. The process I, = fot(l + Ky) dIy, is the F-hazard process of T
under the statistical probability Q. In particular, if T admits the F-intensity v
under Q" then the F-intensity of T under Q equals % = (1 + K¢)V:-

Assume, for instance, that the process 3 is F-predictable and k = 0. Then,
of course, we have I" = I so that the hazard processes of 7 under Q and under
Q™ coincide. Under these assumptions, the solution to (21) is manifestly F-
adapted, and thus the equality I' = I' is also an immediate consequence of
Lemma 3.10.

Financial Interpretation

The financial interpretation of the processes 5 and x is not straightforward.
Since the default intensity is frequently modeled as an It6 process with re-
spect to the filtration F generated by some Brownian motion, the impact of
the equivalent change of the underlying probability measure on the intensity
process 7 is twofold. First, v can be modified through a multiplication by
some strictly positive process 1 + k. Second, even for the special case when
k = 0, we still observe an important effect of changing the drift in dynamics
of 7. Indeed, if under Q* the intensity v satisfies

d’yt = Ut dt + oy th*
then under Q we have
drye = (pe + Broy) dt + o AW,

Therefore, the choice of the process § does really matter not only for the
real-world dynamics of default-free securities, but also, in general, for the
real-world dynamics of the default intensity process v. Put another way, for
% = 0 the real-world probability of default depends on the risk-neutral default
intensity and on the choice of the process 3. Indeed, the equality I' = I does
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not mean that the default probabilities are the same under Q and Q*. We
only have for s >t (see Lemma 3.5)

Q{7 > s|Gi} = Lan Ege 1 | F)

and
Q{7 > 5|Gi} = Liruny Ege (e | F).

It thus seems justified to adopt the following terminological convention:

e The process ( is called the premium for the market risk.
e The process k is called the premium for the event risk.

The term market risk encompasses, for instance, the interest rate risk of Trea-
sury bonds, as well as the part of default risk associated with the variations
of Treasury yields. The event risk represents that portion of the default risk,
which is associated with other factors than the overall market risk. A prac-
tically interesting and theoretically challenging issue is whether the equality
k = 0 is compatible with the observed yields on corporate bonds (for econo-
metric studies, see Duffee (1999)), and whether it can be explained by pos-
tulating some form of diversification of default risk (see Jarrow et al. (2002)
in this regard). In a recent work by Brigo and Alfonsi (2003), the authors an-
alyze the calibration procedure of a particular example of an intensity-based
model. Since we are not in the position to present these papers here, the in-
terested reader is referred to original works for further results and a thorough
discussion of the above-mentioned issues.

Change of a Numeraire

A judicious choice of a numeraire asset is well known to be a very efficient
tool in arbitrage pricing of derivative securities of various kinds (see, for in-
stance, Geman et al. (1995)). Until now, we have invariably used the savings
account, with the price process B, as a numeraire. As one might guess, from
the practical viewpoint this choice is rarely the most convenient one, and thus
it is essential to examine the impact of the change of a numeraire on default
probabilities and valuation formulae. In the present setup, one may use either
a default-free or a defaultable security as a new numeraire. The only require-
ment for an asset to be eligible as a universal numeraire is to have a strictly
positive price process. We thus adopt the following definition, in which we
write o to denote the price process of a generic, either a default-free or a
defaultable, security, which pays no dividends.

Definition 3.7. A G-adapted process « is called a numeraire if it is strictly
positive and it represents the arbitrage price of some asset. A probability
measure Q% equivalent to Q* on (£2,Gr-), is termed a martingale measure
associated with o if the relative price S/« of any (non-dividend paying) secu-
rity S is a Q%-martingale.
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For instance, let us choose as a numeraire the process A; = B;7); 1 where
the density process 7 is given by (19). Notice that

ByEq- (By! Ar+ | G) = By Eg- (A7 | Gi) = By " = Ay,

so that A represent the price process of some contingent claim, and Ag = 1.

The statistical probability Q is a martingale measure associated with A,
and thus it becomes a pricing measure, in the sense that the price of any
contingent claim will be given by the formula

St = At EQ( ] A;l dDu

G:). (24)
If denote & = A; ' = B; ', the last formula becomes

stzggll}z@(

€4dD. |Gt). (25)
7)

It,

One recognizes here the classic idea of a state-price density (also known as a
deflator). Indeed, the price at time 0 of a contingent claim which settles at
time 7" and equals 1 g for some event E in Gr, equals |, 1§17 dQ. Let us notice
that formula (25) was adopted by Jamshidian (2002) as the definition of the
price. Of course, it is formally equivalent to ours.

Let us now consider an arbitrary numeraire a.. Since « pays no dividends,
the discounted price process a/B is a strictly positive Q"-martingale. Then

the associated martingale measure Q%, equivalent to Q™ on (£2, Gz~ ), is given
by

d(Q)a B()OzT*
- = =n%. *_a.s. 26
d(@* OB . "72 ) Q a.s ( )

Consequently, the Radon-Nikodym density process of Q% with respect to Q*
equals, for every t € [0,T%],

o _ dQ°
77t - dQ* G
The fact that the probability Q% given by (26) is a martingale measure asso-

ciated with the numeraire a follows from the next lemma, which is a straight-
forward consequence of the Bayes formula.

Booy

= Eq-(n7-1G1) = (27)

aoB:

Lemma 3.11. Let the process Si/By, t € [0,T*], be a Q" -martingale. Then
the process Si/au, t € [0,T*], is a Q*-martingale, where the probability mea-
sure Q% is given by (26).

More generally, if a and § are numeraires, then the corresponding martin-
gale measures Q% and Q” satisfy on (£2,Gr-)

dQ® _ Poar-
dQ°®  aoBr+’

QP-as.



76 T.R. Bielecki, M. Jeanblanc, and M. Rutkowski

More generally, we have, for every t € [0,T%],

a,f _ an

Boc
un = a0 e~ Gi) = =", (28)

ot

Eq- (n7!’
Default-Free Numeraires

By convention, a numeraire « is termed a default-free numeraire if o is an
F-adapted process. Since the Radon-Nikodym density process n®, given by
formula (26), is manifestly F-adapted, by invoking Lemma 3.10, we conclude
that I'® = I', where I'® is the F-hazard process of 7 under Q. It is thus an
easy exercise to rewrite the valuation formulae of Sections 3.2-3.2 in terms of
«a and Q. Let us consider a particular example. A quite common choice of a
default-free numeraire is a T-maturity default-free zero-coupon bond, with the
strictly positive, F-adapted price oy = B(t,T). The corresponding martingale
measure, denoted as Qr, is known as the T-forward measure. The probability
Qr is defined on (£2, Fr) (i.e., the maturity date T' is now the horizon date),

and we have
dQr | _ BoB(t,T)
dQ* lg,  B:B(0,T)’
Again, it is rather straightforward to express the valuation formulae for de-

faultable claims in terms of the forward measure Q. For instance, the second
formula in Proposition 3.3 becomes
)

Vte[0,T].

Si = LrsnB(t, T)Eq, (/] . B~ Y(u,T)e!*~ 1 (dC,, + Z, dT,)
t,

+ L5 B(t, T)Eq, (Xe* =17 | 7).

Although the F-hazard process under Qr is the same as under Q*, the compu-
tations of expected values under Q" and under Q are not identical. If under
Q* we have

d’yt = Ut dt + oy th*

then under Qp the dynamics of 7 are
dye = (e + b(t, T)oy) dt + ¢ AW/,

where b(t,T) is the volatility of the bond price, and the process W7 is a
Brownian motion under Q.

Defaultable Numeraires

A numeraire « is called a defaultable numeraire if it is not F-adapted (of
course, « is a G-adapted process). As we know from Lemma 3.10, the F-
hazard process I'* of 7 under Q% is always well defined, but it no longer
coincides with the F-hazard process I" of 7 under Q*.
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To examine this issue, let us observe that, using formula (20) of Lemma
3.10 and equality (28), we obtain the following expression for the conditional
survival process G = Q“{7 > t| F;} of 7 under Q

ao - o’ (B sy | F)
¢ EQB (Oltﬁ;l |-7:t) '

It is convenient to introduce, following Jamshidian (2002), the notion of F-
coadapted numeraires. Numeraires a and 3 are said to be F-coadapted (with
respect to a reference filtration F) if the process a3~! are F-adapted. Of
course, if a and 3 are F-coadapted numeraires then G® = G¥.

An arbitrary numeraire « is not necessarily F-coadapted with the savings
account B, and thus G may differ from GG. Consequently, it may happen that
I'* # I', in general.

Preprice of a Defaultable Claim

We shall now examine more closely an application of a change of numeraire
to the valuation of defaultable (or default-free) claims. Let « be an arbitrary
numeraire. We restrict our attention to a generic claim, which settles at time
T, and thus is represented by a Gp-measurable random variable Yp. First,
it should be checked that the price is invariant with respect to a choice of
numeraire. To this end, observe that the arbitrage price Y; at time t < T
satisfies

Y; := ByEq-(B;'Yr | Gi) = ay Ege (o' Yr [ Gr) =1 V2,

where the second equality is an easy consequence of (27) of the Bayes formula.
Thus, as expected, the price of Yr is independent of the choice of a numeraire.
Specifically, for an arbitrary choice of a numeraire o we have Y,* = Y; for every
t € [0, T]. Following Jamshidian (2002), we introduce the concept of a preprice
of a claim Y7r relative to o and F.

Definition 3.8. For any date t < T, the (F, «)-preprice Y, of a claim Yy is
defined by the formula Y = a; Ege (o' Y | 7).

Let us examine briefly the properties of the preprice. It is easily seen that
the equality Yf =Y, is satisfied for every ¢t < T' if and only if the relative price
Y/« follows an F-adapted process, that is, processes Y and « are F-coadapted.
The definition of the preprice is fairly general, but the last property can be
given a nice financial interpretation in the case of defaultable assets. Namely,
it says that if Y and a are two defaultable claims (with a common default
time) that exhibit the same pattern of behavior at default, then the valuation
of Y in terms of « requires only the knowledge of the reference filtration F.

More generally, if o and § are two F-coadapted numeraires then for any
contingent claim Y7 we have Y, = Ytﬂ . This follows, for instance, from the
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fact that the Radon-Nikodym density process n%? is F-adapted (see 28), and
thus

EQB (a;laTﬁleT | ft)
Egs (arfr | Fi)

Q¢ ]EQH (OL;1YT ‘ ft) = Ot

o P’ (B7'Yr | F)
t

—1
atﬁt

The first equality above yields easily the following general result.

= B Eqe (Br ' Yr | Fr).

Lemma 3.12. If a and 3 are numeraires then we have )A/;O‘ =y (dtﬂ)_lfft’g,
where &7 = §, Ege (Bptar | Fi) is the (F, B)-preprice of the claim ar.

It is also clear that the notion of the (F, «)-preprice is related to the concept
of the pre-default price, at least in the special case of the form Yr = X1~ 7.
Any claim of this form will be called a survival claim in what follows.

For any survival claim Y7, by virtue of Lemma 3.5, we have

Vi = o0 Bee Eg- (Br Yo | Fi) = Lirsn Vi,

where Y is the pre-default price at time ¢ of Yo. By an application of Lemma
3.5, we also obtain

Y; =Y = a4 Ege (g Y7 | Gr) = Lprspyave’™ Ege(ag!' Yo | F).
We thus obtain the following result, due to Jamshidian (2002).

Proposition 3.12. Let Yr = X1 (.7}, where X is an Fr-measurable ran-
dom wvariable, and let o be a numeraire. Then the price Y; of Yr equals

Vi =Lane’™ Y, Vie[0,T],
where Y is the (F, a)-preprice of Y.

In view of the last result, the pre-default price Y; of a survival claim Y
satisfies Y; = e/% Y, for every t € [0,T] and an arbitrary choice of a numeraire
«. Let us stress that the concept of a preprice corresponds to the general notion
of the cum-dividend price of a contingent claim, while the pre-default price is
associated with the idea of the ex-dividend price. The last two notions clearly
coincide in the case of a survival claim, but not in general. It seems likely that
the preprice will prove to be a more convenient tool than the pre-default price
if one wishes to analyze simultaneously several default-free and defaultable
claims (possibly with different default times, maturity dates, etc.).

Jamshidian (2002) correctly argues that the concept of the preprice can be
used in the analysis of an option to exchange two survival claims. Let A7 and
Br be two survival claims that settle at 7. Consider a claim Cr = (Ar —Br)™
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(note that Cr is also a survival claim). We wish to evaluate the price C; for
t < T using the process « as a numeraire. In view of Proposition 3.12, we
have

Cy = 11{7>t}eFtQCA’t°‘ = ]l{T>t}ateFta Ega (a;l(AT — Br)T | Fp).
Proposition 3.13. We shall show that last formula can also be represented
as follows

Cy = Lgrspawe’” Bgo(ag' (A3 - Bf) " | F).
Furthermore, we have
Cr = Lrarye’™ (A3 — BE) .

To establish the first formula in Proposition 3.13, it suffices to apply Propo-
sition 3.12 for t = T to survival claims Ar and Br. We obtain

Eq- (ap' (A7 — Br)* | F) = Ege (a;}l]l{otr}eFTa (A3 - Bt ‘73)
= Ege (Lo’ (Bge (o7 Yr | Fr) — Ege (a7 Yo | 1) ‘ 7)
= Ege ((E@a (az'Yr | Fr) — Ege(az'Yr | Fr)) " ’ ft)
= Ege (ap' (Af - BY)* | 7).

Since a;l(ﬁ% — B’:‘ﬁ)+ is Fpr-measurable, the second equality follows from the
first formula. Let us finally observe that

Ct = ]1{T>t}oztepta EQ& (Oz;leir%l (AT - BT)+ | ft)

We thus conclude that in the case of survival claims working with preprices is
equivalent to working with pre-default prices. For this reason, in our presenta-
tion of Jamshidian (2002) approach to survival swaptions, we shall make use
of pre-default prices, rather than preprices. It should be observed, however,
that the concept of the preprice is more general, and it is more suitable for
an analysis of general default-free and defaultable claims and numeraires.

Credit Default Swaption

As a non-trivial application of the hazard process approach to the valuation
of defaultable claims, we shall now briefly describe a challenging issue of valu-
ation of a credit default swaption. By definition, the option expires worthless
if there was default of the reference entity prior to the start date, denoted by
Tp in the sequel. Essentially, we follow here Jamshidian (2002), although our
presentation is slightly different and definitely less detailed than the original
one.

In particular, we do not make an explicit use of the general concept of
the (F, a)-pre-default price if a contingent claim, but we instead refer directly
to the idea of the pre-default price of a defaultable claim. As we already
mentioned, both concepts are essentially equivalent in the case of survival
claims.



80 T.R. Bielecki, M. Jeanblanc, and M. Rutkowski
Valuation of Survival Swaptions

Consider a generic contingent claim Y which settles at time 7" (that is, Y is a
Gr-measurable random variable), and assume that Y7 is a survival claim. This
means that Y7 = 0 on the set {7 < T'} or, equivalently, that Y7 = 1~ Y7.
By applying Lemma 3.5, we obtain

Egq-(L{r>m Y7 | Fr)
Q*{T >T|Fr}

Yr =Eq-(Yr |Gr) = Eg (L{r> Y7 | Gr) = 75y

In view of the last equality, we may and do assume, without loss of generality,
that Ypr = II{T>T}§~/T, where )N’T is an Fp-measurable random variable. We
thus deal here with a defaultable claim that is subject to zero recovery, of the
form (Y7,0,0,0,7).

Remarks. Recall that the property used here is quite general, namely, for
any G;-measurable random variable Y, and for any ¢ € R, there exists an
JFi-measurable random variable Y; such that 1Y = L5, Y:.

Assume, in addition, that the terminal payoff Y1 can be represented as
follows: Yy = (V. — kV2)* for some Gr-measurable random variables V} and
V2, and some constant > 0. Such a claim will be termed a survival swaption
in what follows. We have

Yr = Moy (Ve — 6VE)T = (Lo Ve — ks Vi) T
= (Lo Ve = Kl V)Y = Lpamy (VE — sVA)T,
where the random variables f/:,i, i = 1,2 are Fp-measurable, specifically,

i Bo (Lo Vi | Fr)
T Q*{r >T|Fr}

Lemma 3.13. The ex-dividend price of Yp at time t < T equals
St = ]l{.,->t}Bt EQ* (B:Fl(f/r} — H‘?:,%)Jr ’ft),
where f?t = Be'*.

Suppose, in addition, that the random variable VT2 is strictly positive, so
that the process V,? representing the pre-default price of V2 is also strictly
positive. Note that we have

Vi = BiEq- (By'Vi | 7).

We define a probability measure Q, equivalent to Q* on (2,G7), by setting
for every ¢t € [0,T]

_dQ

_ _ 40
N = dQ*

g dQ*

_ B
B2
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Using the Bayes formula, it is easy to verify that

Sp=Tgrany V7 Eg((Fr —r)™ | F), (29)

where #p = VA/VZ. In addition, the process &; = V;'/V;2, which represents
an abstract swap rate, is a martingale with respect to F under Q.

Suppose now that the reference filtration F is generated by some Q-
Brownian motion W. Assuming, in addition, that the process & is strictly
positive, we conclude that the dynamics of this process under Q are

di(t) = k() (t) dW; (30)
for some volatility process . The following result is a consequence of (29).

Proposition 3.14. Suppose that v is a deterministic function. The price Sy
of a survival option equals

Sy = T ron V2 (/%(t)N(d+(t,T)) — kN (d_ (t,T))), (31)

where In(&(t)/k) + 3 52(t, T)

di(t, Tj) =

and 9 (t,T) = ftT |7(u)|? du.
Jamshidian’s Model

Before proceeding to credit default swaptions, we shall describe briefly the
lognormal model of co-terminal (non-defaultable) swap rates (see Jamshidian
(1997)). We consider here a family of forward swap rate associated with in-
terest rate swaps in which a fixed rate is periodically exchanged for a floating
(LIBOR) rate. For a given collection of dates 0 < Tp < T} < -+ < T, referred
to as the tenor structure, the corresponding swap rate processes are given by
the formula (we denote o; = T; — T)j_1)

B(t,T;) — B(t,T,)
1Bt Tjy1) + -+ anB(t, Ty)

K,(t,T],'I’L—J) =

According to Jamshidian’s model, these processes are lognormal martingales.
More precisely, for any j = 1,...,n we have

dr(t, Tj,n — j) = k(t,Tj,n —j)u(t,Tj)thTj“,

where WTit1 | t € [0,T;41] is a d-dimensional standard Brownian motion un-
der the corresponding swap measure I@’Tj 41

It follows that for j = 1, ..., n the price of the j* swaption in Jamshidian’s
model is given by the Black formula for swaptions:
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$1= 3 BT (k(E Ty — N (A (t,T)) = N (d-(,T5))),
k=j+1
where
In(k(t, Tj,n — j)/K) £ 5 v*(t, 1))
U(t7Tj)

di(t, Tj) =

and v2(t, T}) = [ |[v(u, T})|? du.

t

Credit Default Swaption

We assume that the tenor structure 0 < Ty < T < --- < T, is given.

Spread premium leg. By a survival annuity stream we mean the sequence
of cash flows

n
Z Rilgrsry D=1,
i=1
where k; is an Fr,-measurable random variable. Each component represents a
payoff x;, which is due to be paid at T;, provided that default has not occurred
prior to or at this date. For instance, x; = k may represent the credit spread
over LIBOR of a defaultable bond.

Default protection leg. A generic default protection stream is defined as
the following sequence of cash flows

Z Lilyr, \<r<myl=ny,
i=1

where L; is an Fr, ,-measurable random variable. Each component represents
a protection payoff L;, which is received at T; if default has occurred between
T;—1 and T;. In practice, L; may equal, for instance, a constant rate plus
LIBOR L(T;-1) times the daycount fraction a;.

Valuation. Observe that if default has occurred prior to or at T; for ¢ =
1,...,n, then clearly both legs of the contract become worthless. Note that
this remark also applies to the start date Tp. We may thus expect that Lemma
3.13 is applicable, at least in principle, to the valuation of a credit default
swaption with the expiration date T' < Tj. Using Proposition 3.14, combined
with a suitable approximation of the volatility process in (30), Jamshidian
(2002) derives an approximate valuation formula (31) for a credit default
swaption (a similar result was obtained in a different setup by Schénbucher
(2000b)).

A Practical Example

Although, theoretically speaking, the features of general intensity-based ap-
proach are well understood, practical implementations of reduced - form
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methodology are usually done under several simplifying assumptions. We

present here a brief summary of the StepCredit model for pricing credit instru-

ments, developed by a major U.S. bank. The bank employs a reduced-form

methodology in order to manage risks associated with trading credit default

swaps. Basic modeling assumptions are:

e The default intensity and the interest rates are independent.

e The recovery scheme is consistent with the fractional recovery of par value,
with the stochastic recovery rate d;.

e The recovery rate process d; is stationary, with Eg«(d;) = 0.

e The recovery rate process is independent of both the interest rates and the
default intensity.

The reference leg of a CDS: corporate coupon bond. This leg of the
credit default swap is modeled at present time ¢ = 0 as (it is implicitly assumed
that the reference o-field is trivial at time 0)

S° B0, My)Ege (o7 Jo " i)

My >0

—|—(5/ B(0, u)Eg- (’y e~ Jo' wd )du,

where T is the maturity of the bond, the Mjs are coupon payment dates,
and the quantities ¢ and ¢(s) are related to coupon rates and amortized
outstanding principal.

The premium/protection payment leg. This represents the PV of the
CDS contract and is evaluated at time ¢t =0 as

Z PkB(O, Tk)]EQ* (e_ .[oTk ’Yudu)
Tx>0

T U
= [ P)BOwEg: (e e du
0

where the Tjs are swap premium payment dates, and the quantities Py and
P%(u) are related to swap premia and the bond’s insurance payment, respec-
tively. StepCredit postulates that the stochastic intensity v follows a suffi-
ciently regular process, so that for any future date t > 0 we have

]E@* (6_ fot 'yudu) —e fot s(u) du

for some right-continuous, piecewise constant function s. Thus, for example,
the present value of the CDS can be written as

- T .
Z P.B(0,T)e” Ik s(uydu _ / P‘;(u)B(O, w)s(u)e™ Jo' s)dv gy,

T >0 0
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The model is then calibrated at time 0 for the intensity function s, and thus
the stochastic intensity v becomes spurious. To conclude, under the present
set of assumptions there is no real advantage of introducing the concept of a
stochastic intensity if we are only interested in the valuation of the CDS (or
other contingent claims of similar features) at time 0.

Suppose, however, that we wish to find the price at some future date t > 0
of the CDS within the present setup. By reasoning in a similar manner as
above, we see that it is now convenient to introduce a random field s(t, u),
which is implicitly defined through the following relationship

EQ* (67 j-tT Yudu ft) — ftT s(t,u)du.

Notice that s(u) = s(0,u) for every u € Ry. The random field s(¢,u) appears
to be useful in the valuation of contingent claims at future dates. For instance,
the value of the CDS at time ¢ > 0 can be represented in terms of this random
field

T
Z P.B(t, Tk;)e_ftTk s(tu)du _ / P5(U)B(t, w)s(t, u)e_-[tu s(tw)dv g,
T >t t

Of course, the knowledge of the intensity function s(u) = s(0, ) is insufficient
for the calculation of the price of the CDS at time ¢ > 0.

Remarks. It is interesting to notice that the field s(t, u) plays a role analogous
to the instantaneous forward rate in the representation of price process of a
discount bond. Under mild assumptions on default-free and defaultable term
structures, it can be shown that s(¢,u) represents the so-called forward credit
spread, that is, the difference between the instantaneous forward rates implied
by prices of defaultable bonds with zero recovery and default-free bonds. To
be more specific, we have

Do(t,T) = B(t,T)e* I s(tu) du

For similar representations in a more general framework, see Section 4.8.

3.3 Martingale Approach

The term martingale approach refers to a specific version of the intensity-based
approach, in which we work directly with the martingale hazard process of a
default time. In the preceding section, we have assumed that the information
was made of two parts, the reference filtration (corresponding to market risk)
and the filtration of the default time (associated with default risk). It may
be difficult to separate the two kinds of available information coming from
the market data. For this reason, it seems useful to develop an approach in
which we deal only with a filtration G, such that 7 is a G-stopping time.
However, as we shall see in that follows, the results obtained within this
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setup are less explicit than results of Section 3.2. In addition, some crucial
assumptions appearing in valuation results are difficult to verify.® Therefore,
in our opinion this attempt to develop a more general methodology than the
standard approach based on the notion of an F-hazard process can not be
judged at present as fully successful. Nevertheless, we decided to present it
here for the sake of completeness.

Standing Assumptions

We work under the following standing assumptions (see Duffie et al. (1996)).

(A.1) Martingale measure. We are given a probability space (£2,G,Q"),
with Q* interpreted as a martingale measure. A G-adapted process r repre-
sents the short-term interest rate, and the process B; = exp ( fot T du) models
the savings account.

(A.2) Promised claim. A Gr-measurable random variable X represents the
promised claim, that is, the amount of cash which the owner of a default-
able claim is entitled to receive at time T, provided that the default has not
occurred prior to T.

(A.3) Recovery process. A G-predictable process Z, called recovery process,
models the payoff which is actually received by the owner of a defaultable claim
in case the default occurs prior to the maturity 7.

(A.4) Default time. We assume that the default time 7 is a G-stopping
time. In addition, we postulate that there exists a G-predictable process A,
such that the process M; = H; — fOt/\T Ay du is a G-martingale under Q*. The
process A is a G-martingale intensity of 7 under Q*. Consequently, the process
Ay = fot Ay du is a G-martingale hazard process of 7 under Q*.

Remarks. In the context of (A.4), one needs to realize that when working
with G-adapted intensities, we face the situation where the intensity process
is not unique. In fact, if A\¢,¢ > 0 is an intensity, then any process A such
that 5\t]l{7.>t} = Al ;) is an intensity (for example, the process A1l ;3 +
ally;>4y is an intensity for any choice of the constant a). This suggests that
the concept of the G-martingale intensity is more ambiguous that the notion
of the F-intensity for some reference filtration F.

Valuation of Defaultable Claims

According to (A.2)-(A.3), we have C' = 0 (the promised dividends are zero)
and X = 0 (the recovery payoff at T equals 0), so that a generic defaultable
claim is now represented by a triplet (X, Z, 7). As in Section 2.1, we postulate

® Unless, for instance, we work within the classic framework of Cox processes. In
this case, however, the martingale approach is not required at all, since the direct
approach easily yields all desired results.
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that the ex-dividend price S; at time ¢ < T of a defaultable claim (X, Z, 1)

equals
gt) ’

Dy = X1 o ly=ry + Z7 D fr<ryLi=ry

S, = B, IE@*(/ B;'dD,
J6.7)

where

is the dividend process. More explicitly, for any ¢ € [0, T'[,
Si = BiBg (B Zeljper<ry + By X1 o1y | ).

In addition, we set Sp = XT) = X157y Notice that the ex-dividend
price always vanishes on the set {7 < t}. Therefore, we have S; = Il{T>t}5't,

where S is termed the pre-default value of a claim.

Our goal is to provide an alternative representation for the process S with
an explicit use of a G-martingale intensity A. To this end, let us introduce an
auxiliary process hy = A1l (;<,}. Since

t
M, = H, —/ hydu
0

is a G-martingale, the process A; = fot hy du = Agpr is the compensator of
the bounded G-submartingale H. The following preliminary result provides
an alternative representation for the price S in terms of h.

Lemma 3.14. The value process S satisfies

T
Sy = By Eg- (/ By 'Zyhydu+ By X iropy
t

)

or, equivalently,

T
t

The representation of S furnished by the last result can be further im-
proved. Note the formulae of Lemma 3.14 correspond to the assumption that
the intensity process A vanishes after 7, but other choices are also possible. It
seems that the choice of A = h is probably the worst possible choice from the
viewpoint of valuation of defaultable claims.

In general, for any choice of the intensity A, we introduce an auxiliary
process V by setting

T
t
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where B is the default-risk-adjusted savings account, which corresponds to the
increased interest rate 7 = r + \;. More explicitly, we define

t
B, = exp (/ (ru + M) du) = Bie’.
0

Thus (32) can also be rewritten as follows:

T
V; = B;Eq- (/ Byter Mz, dA, + Byt XM AT gt) (33)
t
Note that the last formula mimics the second equality in Proposition 3.3.
However, the desired equality S; = 1,4V} does not always hold. In other
words, the auxiliary process V represents the pre-default value of a defaultable
claim (X, Z,7) only in some specific circumstances. In general, we have the
following weaker result.

Proposition 3.15. Assume that (A.1)-(A.4) hold. Then the value process S
satisfies

St = ]l{‘r>t}{V;5 — By ]EQ* (B;lﬂ{t<T§T}AVT ‘ gt)}

If
Eq: (B; "Mper<ryAV: | Gr) =0 (34)

then .
S = Ul (o) By Eg- (/ B Zadu+ B7'X |G,).
t

Remarks. It is crucial to observe that condition (34) is difficult to verify. In
general, it depends on the specification of a defaultable claim, as well as on
the choice of the intensity. If condition (34) happens to hold, we get a formula
similar to the one derived in the previous section, up to the conditioning. In
the previous section, we have worked with a specific choice of the intensity:
the F-adapted one, and the conditioning was with respect to F;. One can ask
whether the two kinds of conditioning happen to coincide in the present setup;
we shall examine this important issue in the next subsection.

Martingale Approach under (H.1)

In order to be able to apply condition (H.1) within the setup (A.1)-(A.4), we
assume that G = FVH, where F is some reference filtration. Also, we postulate
that the G-martingale intensity A is adapted to the reference filtration F (so
that A is also the F-martingale intensity of 7 under Q). In addition, we modify
(A.2)-(A.3), by assuming that the promised claim X is Fp-measurable, and
the recovery process Z is F-predictable.
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Under the present assumptions, in view of (H.1), the conditioning with
respect to the o-field G; in (32) can be replaced by conditioning with respect
to the o-field F;. We thus obtain

T
V. = B, ]E@*(/ B Zy Ay du+ B7'X ’]-"t). (35)
t

The next result is valid under the set of assumptions introduced above. Note
that for F = G all assumptions of this section hold, and thus Proposition 3.15
is a direct extension of Proposition 3.16.

Proposition 3.16. Suppose that for the process V' given by (35) condition
(34) is satisfied. Then

T
Sy =105 ]E@*(/ B;'Z M\ du+ B3 X ’]-"t). (36)
t

Note that when F is the Brownian filtration, the continuity of the process
V is rather clear. In this case AV, = 0 and thus (34) holds.

As already mentioned in Section 3.2, working under (H.1) is essentially
equivalent to working with a default time given by the canonical construction.
Thus, the martingale approach under an additional assumption (H.1) does not
appear to be more general than the standard approach.

3.4 Further Developments

In this section, we shall present some recent developments in the area of
intensity-based modeling of default risk.

Default-Adjusted Martingale Measure

In a recent paper by Collin-Dufresne et al. (2003), the authors furnish an
alternative representation for the value process S within the framework of the
martingale approach. Their main goal was to get rid of the no-jump condition
(34), and thus, to simplify considerably the pricing procedure, even in these
models in which this condition is known to be violated.

To this end, they first define a probability measure Q', absolutely contin-
uous with respect to Q, by setting, for a fixed T' > 0 (a similar approach was
proposed by Schonbucher (2000b); his goal was different, however)

dQ’ A
aq° lo, = Lo

Using this new probability, which can be termed the default-adjusted martin-
gale measure, they arrive at the following result.



Modeling and Valuation of Credit Risk 89

Proposition 3.17. For every t <T we have S; = ]l{T>t}V;’, where
~ T ~ ~
V/ = B, Egy (/ B Z,\du+ B3'X ‘ 92)7
t

and where the filtration G’ is the completion of G under Q'.

In view of the last result, it is clear that Q' is a suitable tool for the
valuation of a particular survival claim with a given default time 7. However,
the fact that Q' is merely absolutely continuous with respect to original pricing
measure Q" suggests that this probability is unlikely to be a universal tool
for the valuation of all defaultable and default-free claims present in a market
model.

Remarks. From the technical perspective, the above construction is in the
spirit of Kusuoka’s (1999) example, discussed earlier in this chapter. Also,
we believe that there is a strong link between the above result and some
important issues arising in the theory of initial enlargement of a filtration.

Hybrid Models

Some authors attempt to partially reconcile the structural and reduced-form
approaches by postulating that the default intensity is directly linked to the
firm’s value. For instance, Madan and Unal (1998) consider the discounted eq-
uity value (including reinvested dividends) process E; = E;/B; as the unique
Markovian state variable in their intensity-based model. The dynamics of E*
under the martingale measure P* are:

dE} = oEf dW;, Ej >0,

for some constant volatility coefficient o. They postulate that the intensity of
default satisfies \y = A(E;) for some function A : Ry — R,. The default time
7 is specified through the canonical construction, so that it is defined on an
enlarged probability space (£2,G,Q"), where a martingale measure Q* is an
extension of P*. Madan and Unal (1998) propose to take the function A(z) =
¢ (In(z/v))~2, where ¢ and v are strictly positive constants. It is interesting
to notice that the stochastic intensity A\; = A(E;) tends to infinity, when the
discounted equity value E} approaches, either from above or from below, the
critical level ¥. To avoid making a particular choice of a default-free term
structure model, they focus on the futures price of a corporate bond. It is
well known (see Duffie and Stanton (1992) or Section 15.2 in Musiela and
Rutkowski (1997)) that the futures price mf(X) of a contingent claim X,
for the settlement date T, is given by the conditional expectation under the
martingale measure 7 (X) = Eg+ (X [Gt). In particular, the futures price
D/ (t,T) of a defaultable bond with zero recovery is given by the formula
DI (t,T) = Q*{r > T'|G,}. More explicitly
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DY (t,T) = Lirsy Epr (e_ftT AE, u)du

ft) = ]l{‘r>t}v(E£k>t)

for some function v : Ry — R4. By virtue of the Feynman-Kac theorem, the
function v satisfies, under mild technical assumptions, the following pricing
PDE

vp(2,t) + 0% (2, t)vge (2, t) — Mz, t)v(z,t) =0

subject to the terminal condition v(z,7) = 1. For the sake of notational
simplicity, we have assumed here that the process W* is one-dimensional.

Madan and Unal (1998) show that under these assumptions the futures
price of a corporate bond equals G(h(E;,T — t)), where the function h is
explicitly known, and G satisfies a certain second-order ODE.

Unified Approach

Let us finally mention that Bélanger et al. (2001) make an attempt to unify the
structural and reduced-form approaches. They work under the standard as-
sumption that the reference filtration F is the augmented Brownian filtration.
They construct time 7 by means of an extension of the canonical construction
(see Section 3.2)

r=inf{t€[0,T"] : ¥ >0},

where ¥ is a cadlag process adapted to a reference filtration F, and > 0 is a
random variable independent of F (not necessarily exponentially distributed).
Since this is a slight generalization of the canonical construction, condition
(H.1) is manifestly satisfied in this setup. Since their framework is slightly
more general than the one presented above, process /A may not be absolutely
continuous, and it takes the form (cf. Proposition 3.8)

dF,
p= [ e
]O,t] ]._Fu_

where, as usual, F; = Q"{r < t|F;}. However, in view of their construction,
the process A is in fact the F-hazard process of 7, that is, A = I'. Unfortu-
nately, in view of space limits, it is not possible to present the unified approach
in more detail here.

3.5 Comments on Intensity-Based Models

We end this chapter by giving few comments on the reduced-form (that is,
the intensity-based) approach to the modeling of credit risk. It should be
emphasized that the advantages and disadvantages listed below are mainly
relative to the alternative structural approach, which was presented in the
preceding chapter. Note that at least some of the disadvantages listed below
disappear in a hybrid approach to credit risk modeling.
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Advantages

The specifications of the value-of-the-firm process and the default - trig-
gering barrier are not needed.

The level of the credit risk is reflected in a single quantity: the risk - neutral
default intensity.

The random time of default is an unpredictable stopping time, and thus
the default event comes as an almost total surprise.

The valuation of defaultable claims is rather straightforward. It resembles
the valuation of default-free contingent claims in term structure models,
through well understood techniques.

Credit spreads are much easier to quantify and manipulate than in struc-
tural models of credit risk. Consequently, the credit spreads are more re-
alistic and risk premia are easier to handle.

Disadvantages

Typically, current data regarding the level of the firm’s assets and the
firm’s leverage are not taken into account.

Specific features related to safety covenants and debt’s seniority are not
easy to handle.

All (important) issues related to the capital structure of a firm are beyond
the scope of this approach.

Most practical approaches to portfolio’s credit risk are linked to the value-
of-the-firm approach.

In the next chapter, we shall present more elaborated versions of the

reduced-form approach, which aim to cover the case of multi-name credit
derivatives (i.e., basket credit derivatives), as well as derivative products re-
lated to credit migrations (i.e., changes of credit ratings).

4 Dependent Defaults and Credit Migrations

Let us start by providing a tentative, and definitely non-exhaustive, classifica-
tion of issues and techniques that arise in the context of modeling dependent
defaults and credit ratings.

Valuation of basket credit derivatives covers, in particular:

Default swaps of type F (Duffie 1998b, Kijima and Muromachi 2000) — a
protection against the first default in a basket of defaultable claims.

Default swaps of type D (Kijima and Muromachi 2000) — a protection
against the first two defaults in a basket of defaultable claims.

The i*"-to-default claims (Bielecki and Rutkowski 2003) — a protection
against the first ¢ defaults in a basket of defaultable claims.
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Technical issues arising in the context of dependent defaults include:

e Conditional independence of default times (Kijima and Muromachi 2000).
e Simulation of correlated defaults (Duffie and Singleton 1998).

e Modeling of infectious defaults (Davis and Lo 1999).

e Asymmetric default intensities (Jarrow and Yu 2001).

e Copulas (Schénbucher and Schubert 2001, Laurent and Gregory 2001).

e Dependent credit ratings (Lando 1998b, Bielecki and Rutkowski 2003).

e Simulation of dependent credit migrations (Kijima et al. 2002, Bielecki
2002).

4.1 Basket Credit Derivatives

Basket credit derivatives are credit derivatives deriving their cash flows val-
ues (and thus their values) from credit risks of several reference entities (or
prespecified credit events).

Standing assumptions. We assume that:

e We are given a collection of default times 7, ..., 7, defined on a common
probability space (£2,G,Q").

e Q{m=0}=0and Q*{r; >t} > 0 for every 7 and ¢.
Q*{r; = 7;} = 0 for arbitrary i # j (in a continuous time setup).
We associate with the collection 71,...,7, of default times the ordered

sequence 71y < T(g) < -+ < T(n), Where 7;) stands for the random time of the
it? default. Formally,

T(1y = min {71, 7o, ..., T}
and fori=2,...,n
T(j) = min {Tk k=1,...,n, 7x > T(i_l)}.
In particular,
T(n) = MAX {T1,T2,...,Tn}.

The itP-to-Default Contingent Claims

We set H} = 1{7,<¢y and we denote by H' the filtration generated by the
process H*, that is, by the observations of the default time 7;. In addition,
we are given a reference filtration F on the space (£2,G,Q"). The filtration F
is related to some other market risks, for instance, to the interest rate risk.
Finally, we introduce the enlarged filtration G by setting

G=FVH'VH?V---vH"

The o-field G; models the information available at time ¢.
A general i*"-to-default contingent claim which matures at time 7 is spec-
ified by the following covenants:
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o Ifry =7 <T forsomek =1,...,n it pays at time 7(;) the amount Zf(i)
where ZF is an F-predictable recovery process.
o [If 74 > T it pays at time T an Fr-measurable promised amount X.

Case of Two Entities

For the sake of notational simplicity, we shall frequently consider the case of
two reference credit risks.

Cash flows of the first-to-default contract (FDC):

o If 7qy = min{r,m} =7 < T for i = 1,2, the claim pays at time 7; the
amount Z. .

o If min{m, 72} > T, it pays at time T the amount X.

Cash flows of the last-to-default contract (LDC):
o If 7o) = max {7, 7o} = 7; < T for i = 1,2, the claim pays at time 7; the

amount Z7 .
o If max{m,m2} > T, it pays at time T the amount X.

We recall that throughout these lectures the savings account B equals

Bt:exp(/trudu),
0

and Q" stands for the martingale measure for our model of the financial market
(including defaultable securities, such as: corporate bonds and credit deriva-
tives). Consequently, the price B(¢,T) of a zero-coupon default-free bond
equals

B(t,T) = BiEg- (B7'|Gi) = B;Eg- (Br" | 7).

Values of FDC and LDC

In general, the value at time ¢ of a defaultable claim (X, Z, 7) is given by the
risk-neutral valuation formula
gt)

where D is the dividend process, which describes all the cash flows of the
claim. Consequently, the value at time ¢ of the FDC equals:

St = BiEg ( . B;'dD,

St(l) _ Bt E@* (B;lqul-l]l{Tl<T27t<7'1§T} ‘ gt)
+B: Eg- (B;;Z?'z]l{TKﬁ’KT?ST} ’ gt)

+Bi Eq- (BEIX L7 cry)) ‘ gt).
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The value at time t of the LDC equals:

S’f(z) = B Eq- (B':llz'fl'l Liry<ry, t<m<T} ‘ gt)
+Bt ]EQ* (B%1Z72'2]]‘{T1<T2,t<T2ST} ‘ gt)

+B: Eq- (BEIX Lirara) ‘ gt),

Both expressions above are merely special cases of a general formula. The goal
is to derive more explicit representations under various assumptions about 7
and 79, or to provide ways of efficient calculation of involved expected values
by means of simulation (using perhaps another probability measure).

4.2 Conditionally Independent Defaults

Relatively simple representations for prices of basket credit derivatives can be
obtained under the assumption of conditional independence of default times.

Definition 4.1. The random times 7;, ¢ = 1, ..., n are said to be conditionally
independent with respect to F under Q* if for any T > 0 and any t1,...,t, €
[0,T] we have:

n
Q*{Tl >t1,...,Ty >ty ‘.7::[1} = HQ*{Tz > t; | -7:T}
i=1

Let us comment briefly on Definition 4.1.

e Conditional independence has the following intuitive interpretation: the
reference credits (credit names) are subject to common risk factors that
may trigger credit (default) events. In addition, each credit name is subject
to idiosyncratic risks that are specific for this name.

e Conditional independence of default times means that once the common
risk factors are fixed then the idiosyncratic risk factors are independent of
each other.

e The property of conditional independence is not invariant with respect to
an equivalent change of a probability measure.

e Conditional independence fits into static and dynamic theories of default
times.

Canonical Construction

Let I, i = 1,...,n be a given family of F-adapted, increasing, continuous
processes, defined on a probability space (2, F,P*). We assume that I} e=0
and I'l, = oo. Let (Q,f" , ]f”) be an auxiliary probability space with a se-
quence &;, i = 1,...,n of mutually independent random variables uniformly
distributed on [0, 1]. We set
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7i(@0,0) =inf {t € Ry : TF(®) > —In&(d)}

on the product probability space (£2,G, Q%) = (2 x 2, Foo @ F,P* @ P). We
endow the space (£2,G, Q%) with the filtration G =F VvV H" v --. v H".

Proposition 4.1. The process I'* is the F-hazard process of T;:

Q*{r; > s| Fi VH} = Liro0 Eg (61*;;13

7).

We have Q" {7, = 7;} = 0 for every i # j. Moreover, default times T1,...,T,
are conditionally independent with respect to F under Q™.

Recall that if I} = fot v% du then «* is the F-intensity of 7;. Intuitively

Q*{ri € [t,t +dt] | F VH} = Lpryspyi dt.

Independent Default Times

We shall first examine the case of default times 71, ..., 7, that are mutually
independent under Q*. Suppose that for every k = 1,...,n we know the
cumulative distribution function Fy(t) = Q" {7 < ¢} of the default time of
the k" reference entity. The cumulative distribution functions of 7(1) and T(y)

are:
n

Foy(t) = Q{ray <t} =1 - [J(1 - F(®)

k=1
and .
Foy(t) = Q*{r(ny < t} = [[ Fx(®)
k=1
More generally, for any ¢ = 1,...,n we have
Fo) =Q{re <tt=3 > [[FA®]I0-F.0)
m=tmell™ jer lgm
where II™ denote the family of all subsets of {1,...,n} consisting of m ele-
ments.
Suppose, in addition, that the default times 7, . .., 7, admit intensity func-

tions v1(t), ..., n(t). It is easily seen that the default time 7y has the inten-
sity function

Yy ) =71 (t) + -+t
and for any ¢t € Ry
Q*{T(l) > t} = e_.fot Y1y (v) dv.
By direct calculations, it is also possible to find the intensity function of the

i™" default time. We do not necessarily need to assume that the reference
filtration FF is trivial, so that the case of random interest rates is also covered.
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Example 4.1. We shall consider a digital default put of basket type. To be
more specific, we postulate that a contract pays a fixed amount (e.g., one unit
of cash) at the i*? default time 7(;) provided that 7;) < T. Assume that the
interest rates are non-random. Then the value at time 0 of the contract equals

-1 -1
SO = EQ* (BT(i)]l{T(i)ST}) = /]O . Bu dF(Z) (u)

If 7y,..., 7, admit intensities then
T " u
So = / By dF(u) = / By (e ¥ 1000 gy,
0 0

Signed Intensities

Some authors (e.g., Kijima and Muromachi (2000)) examine credit risk models
in which the negative values of intensities are not precluded. Negative values
of the intensity process clearly contradict the interpretation of the intensity
as the conditional probability of survival over an infinitesimal time interval.

Nevertheless, the canonical construction of conditionally independent ran-
dom times also works in this case. For a given collection I*, i = 1,...,n of
F-adapted continuous stochastic processes, with I't = 0, defined on (Q, F, ]f”)
We define 7;, i = 1,...,n, on the enlarged probability space (£2,G,Q"):

i =inf{t e R, : [}(®) > —In& ()}

Let us denote fti = max ,<¢ [\. Observe that if the process I' is absolutely
continuous, than so it the process I i: in this case the intensity of 7; is obtained
as the derivative of 1" with respect to the time variable.

The following result examines the case of signed intensities.

Lemma 4.1. Random times 7,1 = 1,...,n are conditionally independent
with respect to F under Q. In particular, for every ty,...,t, <T,

n ) .
Q*{Tl>t1,...,Tn>tn‘.7:T}:H€7FZi =e 'izlpti.
i=1

Valuation of FDC and LDC

Valuation of the first-to-default or last-to-default contingent claim is relatively
straightforward under the assumption of conditional independence of default
times. We have the following result in which, for notational simplicity, we
consider only the case of two entities. As usual, we do not state explicitly
integrability conditions that should be imposed on recovery processes Z7 and
the terminal payoff X.
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Proposition 4.2. Let the default times 7, j = 1,2 be F-conditionally inde-
pendent with F-intensities v7. Assume that Z7 are F-predictable processes, and
that the terminal payoff X is Fr-measurable. Then the price at timet =0 of
the first-to-default claim equals

2 T
sV="3 ]E@*</0 B Z} e Tinje " du) + Egr (B7'XG),
ij=1, i

where we denote
G = 6_(F71"+F72") = Q*{Tl >T, 7o>T | -7:T}

The price at time t =0 of the last-to-default claim equals

2 T v )
s =N ]E@*(/ B'Zi(1— e Tu)yde T du) +Eq- (B7'XH),
ij=1,itj 0

where we denote

H=(1-1-eT)1-e'7)=1-Q{n <T, n <T|Fr}.

General Valuation Formula

We shall examine the case of a generic i*"-to-default contingent claims. Recall
that we have introduced the notation

T(1) < T(2) <K T(n)

for the ordered sequence of default times.

Recall that according to our notational convention:

e If the i*" default occurs before or at the maturity date and Ty = Tk for
some k € {1,...,n}, then an immediate recovery cash flow Zf(i) = ka is
received at time of the i*" default.

e The terminal promised payment occurs at the maturity date if the ¢

default does happen not prior to or at 7.

th

We assume that 7,...,7, are F-conditionally independent with stochastic
intensities !, ...,~™. Then we have the following result (recall that, by con-
vention, By = 0).

Proposition 4.3. The price at time t = 0 of the i*"-to-default claim equals
s =3 8 ([ B Zlgutwnie " au)
j=1 0

Jj=1
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where for every u € Ry

gij(u) = Z 672[6"+F11‘ H (l—e_Ff),

rell(5) kem_

and where by IT* we denote the collection of specific partitions of the set
{1,...,n}. Specifically, if 7 € %9 then m = {m_,{j}, 7} }, where

——— {k1>k27 . -7ki—1}> 7T+ = {ki+17ki+2>‘ . ~7kn}7
and: j€7m_,j&my, m_Nmy =0 and

m_Ury U{j}={1,...,n}.

Consider, for instance, n = 2 credit entities. For i =1 (i.e., in the case of
the first-to-default claim) and j = 1,2 we have

7y — {{@7{1},{2}}}, nt? = {{V), {2}7{1}}}

Likewise, in the case of the second-to-default claim, we have
@D = {{{23, 13,03}, @D = {{{1},{2},0}}.

In this example, each set I7(%7) contains only one partition; for example, the
only element of I7(1:1) is the partition = = {0, {1}, {2}}.

Default Swap of Basket Type

Let us consider a portfolio of n corporate bonds. The k*" bond has the face
value Ly and maturity Ty. Its price process is denoted by Dy(t,T%), k =
1,...,n. By 7, we denote the default time of the k'™ bond, and, as usual,
7(;) stands for the random time of the i default. We shall examine a default
swap, which matures at some future date T < min {T},...,T;} and whose
covenants are described as follows. If 7(;y < T, the contract holder (i.e., the
protection buyer) receives at time 7;) the recovery payment

n

Z (Lk - Dk(T(i)aTk))]l{T(i):Tk}'
k=1

This means that if the i'" defaulting bond was issued by the k' reference
entity, the recovery payment is based on the value of the k™ bond only. A
default swap premium in the amount « is paid by the contract holder at each
of prespecified time instants ¢, < T, p = 1,2,...,m prior to the i'! default
time or to the maturity 7', whichever comes first.
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Default Swap Premium

We assume that all corporate bonds are subject to the fractional recovery of
par value scheme. Specifically, §; is the constant recovery rate of j* bond.
We also assume that each default time 7;, j = 1,...,n, admits the F-intensity

process 77 so that I tj = fot 44 du. Then, the following result gives the value &
of the default swap premium,

Proposition 4.4. The default swap premium xk = J1/Jo where

5= re(no-o) [ 52 ¥ [T 0=

rell(43)  kem_

X [6_216” FiD o e Tu du}
=S ee (S ([ (X [T o)

=1 tp rell(id)  kem_

L ke
s me (s ([ (2 [T 0-e)

rell(43)  kem_

e neta))

4.3 Copula-Based Approaches

The concept of a copula function allows to produce various multidimensional
probability distributions with prespecified univariate marginal laws.

Definition 4.2. A function C' : [0,1]" — [0, 1] is called a copula if the follow-
ing conditions are satisfied:

(i) C(1,...,1,v;1,...,1) = v; for any ¢ and any v; € [0,1],

(ii) C is an n-dimensional cumulative distribution function (c.d.f.).

Let us give few examples of copulas:

e Product copula: IT(v1,...,v,) = I v;,

e Gumbel copula: for 6 € [1,00) we set
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e Gaussian copula:
C(v1,...,vn) = N3 (Nfl(vl), . ,Nﬁl(vn)) ,

where N, is the c.d.f for the n-variate central normal distribution with
the linear correlation matrix X, and N~ is the inverse of the c.d.f. for the
univariate standard normal distribution.
e t-copula:
Clur, ... vn) =00 5 (6, (1), 8, (vn)

where @ 1 is the c.d.f for the n-variate {-distribution with v degrees of
freedom and with the linear correlation matrix X, and ¢, ! is the inverse
of the c.d.f. for the univariate ¢t-distribution with v degrees of freedom.

The following theorem is the fundamental result underpinning the theory of
copulas.

Theorem 4.1. (Sklar) For any cumulative distribution function F on R"™
there exists a copula function C' such that

F(l‘h...,i}n) = C(Fl(Il),,Fn(xn))

where Fj is the i'" marginal cumulative distribution function. If, in addition,
F is continuous then C' is unique.

Direct Application

In a direct application, we first postulate a (univariate marginal) probabil-
ity distribution for each random variable 7;. Let us denote it by F; for i =
1,2,...,n. Then, a suitable copula function C' is chosen in order to introduce
an appropriate dependence structure of the random vector (11,72, . .., 7). Fi-
nally, the joint distribution of the random vector (71,72,...,7,) is derived,
specifically,

Q*{Ti S ti, 1= 1,2,...,71} = C(Fl(tl),...,Fn(tn)).

In the finance industry, the most commonly used are elliptical copulas (such as
the Gaussian copula and the ¢-copula). The direct approach has an apparent
drawback. It is essentially a static approach; it makes no account of changes
in credit ratings, and no conditioning on the flow of information is present.
Let us mention, however, an interesting theoretical issue, namely, the study
of the effect of a change of probability measures on the copula structure.

Indirect Application

A less straightforward application of copulas is based on an extension of the
canonical construction of conditionally independent default times. This can
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be considered as the first step towards a dynamic theory, since the techniques
of copulas is merged with the flow of available information, in particular, the
information regarding the observations of defaults.

Assume that the cumulative distribution function of (&i,...,&,) in the
canonical construction (cf. Section 4.2) is given by an n-dimensional copula
C, and that the univariate marginal laws are uniform on [0, 1]. Similarly as in
Section 4.2, we postulate that (1, ...,&,) are independent of F, and we set

7(©0,0) =inf {t € Ry : TH(®) > —In&(d) }.

Then:

e The case of default times conditionally independent with respect to I
corresponds to the choice of the product copula II. In this case, for
t1,...,tn <T we have

Q*{Tl >t1,...,Tn >tn|.7:T}:H(Zt11,...,ZZ;),
where we set Zi = e~ 17,
e In general, for tq,...,t, <T we obtain
Q{r>t1,...,Tn > ta | Fr} =C(Z},...,2]),
where C' is the copula used in the construction of 7,...,7,.

Survival Intensities

Schénbucher and Schubert (2001) show that for arbitrary s < ¢ on the set
{m1 > s,...,7 > s} we have

C(ZY,... Zi... 7"
@ (> 110, =By (Wt B £

c(zt,....zm)

)

Consequently, assuming that the derivatives v = Ly exist, the i*" intensity

dt
of survival equals, on the set {m3 >t,...,7, > t},
9 C(Zl Zn) o
i __ i rzi Ovus to o=t G 1 n
AL = 24y C(Ztlw-ngl) = 2y avilnC(Zta'”aZt)v

where A} is understood as the limit:

A;‘:E%h*@*{mn§t+h\ft,n >t ..., Ty > th

It appears that, in general, the i*? intensity of survival jumps at time ¢, if the
7' entity defaults at time t for some j # i. In fact, it holds that

62
dv;0v; C(Ztla R Ztn)

M =7
o C(Z8,....27)

)
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where

Ao zlhi%h-lQ*{Kn <t+h|Fome >t k# 4,1 =t}

Schénbucher and Schubert (2001) also examine the intensities of survival
after the default times of some entities. Let us fix s, and let ¢; < s for
1=1,2,....,k<n,and T; >sfori=k+1,k+2,...,n. Then,

Q{r>Ty,i=k+1,k+2,...,n|Fs, 75 =t;,j=1,2,...,k,

Ti>s,i:k—|—1,k—|—2,...,n}

o k+1 n
fE@*(mc(ztllw-~akavZT:+1""’ZTn)‘fs)
_ TGz ZE 2P ) : (37)

Ovy...0vg tio° t? s

Remarks. Jumps of intensities cannot be efficiently controlled, except for the
choice of C. In the approach described above, the dependence between the
default times is implicitly introduced through I's, and explicitly introduced
by the choice of a copula C.

Simplified Version

Laurent and Gregory (2002) examine a simplified version of the framework of
Schénbu—cher and Schubert (2001). Namely, they assume that the reference
filtration is trivial — that is, F; = {§2,0} for every ¢t € Ry. This implies, in
particular, that the default intensities 4* are deterministic functions, and

QH{m >t} =1—Fy(t) = e Jo mudn,

They obtain closed-form expressions for certain conditional intensities of de-
fault, by making specific assumptions regarding the choice of a copula C.

Example 4.2. This example describes the use of one-factor Gaussian copula
(Bank of International Settlements (BIS) standard). Let

Xi =piV +1/1=piVi,

where V, V;, i = 1,2,...,n, are independent, standard Gaussian variables
under the probability measure Q*. Define the copula function C as

C(?)l,. .. ,’Un) = (@*{Xvz < N_l(’l)i), 1=1,2,. ,n}
Then, a special case of formula (37) takes the form (for ¢ > 1)

QUn>Ti|m=s1>s;j=12..,n}
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ffooo H;.L:2 N <Pj Vl—p\?/ultp;.plzl—wj) n(u) du

2% Ty N (s ) )

with z; = y; = N=1(F;(s)) for j # i and

zi = N"YF(Ty)), vi=N"'(Fi(s)),

where n is the univariate standard normal density function.

4.4 Jarrow and Yu Model

Jarrow and Yu (2001) approach can be considered as another step towards a
dynamic theory of dependence between default times. For a given finite family
of reference credit names, Jarrow and Yu (2001) propose to make a distinction
between the primary firms and the secondary firms.

At the intuitive level:

e The class of primary firms encompasses those entities whose probabilities
of default are influenced by macroeconomic conditions, but not by the
credit risk of counterparties. The pricing of bonds issued by primary firms
can be done through the standard intensity-based methodology.

e It suffices to focus on securities issued by secondary firms, that is, firms for
which the intensity of default depends on the status of some other firms.

Formally, the construction is based on the assumption of asymmetric in-
formation. Unilateral dependence is not possible in the case of complete (i.e.,
symmetric) information.

Construction and Properties of the Model

Let {1,...,n} represent the set of all firms, and let F be the reference filtration.
We postulate that:

e For any firm from the set {1,..., k} of primary firms, the ‘default intensity’
depends only on F.

e The ‘default intensity’ of each firm belonging to the set {k +1,...,n} of
secondary firms may depend not only on the filtration IF, but also on the
status (default or no-default) of the primary firms.

Construction of Default Times T1,..., T,

First step. We first model default times of primary firms. To this end, we
assume that we are given a family of F-adapted ‘intensity processes’ A!, ..., \F
and we produce a collection 71, . .., 7 of F-conditionally independent random
times through the canonical method:
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t .
T :inf{t€R+ : / Ay, du > —lnfi}
0

where &;, 7 = 1,...,k are mutually independent identically distributed ran-
dom variables with uniform law on [0, 1] under the martingale measure Q*.

Second step. We now construct default times of secondary firms. We assume

that:

e The probability space (£2,G, Q") is large enough to support a family &;, i =
k+1,...,n of mutually independent random variables, with uniform law
on [0,1].

e These random variables are independent not only of the filtration FF, but
also of the default times 7, ..., 7, of primary firms already constructed in
the first step.

The default times 7;, ¢ = k+1,...,n are also defined by means of the standard
formula:

t
Ti:inf{teRJr : / )\;duz—lnﬁi}.
0

However, the ‘intensity processes’ A’ for i = k4 1,...,n are now given by the
following expression:

k
i i il
Ab=pp+ Z v Lz <ty
1=1

where ' and v*! are F-adapted stochastic processes. If the default of the j*®
primary firm does not affect the default intensity of the i*" secondary firm,
we set v = 0.

Main Features

Let G = FVH! V... v H" stand for the enlarged filtration and let F =
FvH" v ... VH" be the filtration generated by the reference filtration F
and the observations of defaults of secondary firms. Then:

e The default times 71, . .., 7 of primary firms are conditionally independent
with respect to F.
e The default times 71,..., 74 of primary firms are no longer conditionally

independent when we replace the filtration F by F.
e In general, the default intensity of a primary firm with respect to the
filtration IF differs from the intensity A! with respect to F.

We conclude that defaults of primary firms are also ‘dependent’ of defaults
of secondary firms.
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Case of Two Firms

To illustrate the present model, we now consider only two firms, A and B say,
and we postulate that A is a primary firm, and B is a secondary firm. Let the
constant process A\; = \; represent the F-intensity of default for firm A, so
that

t
T1 :inf{t ER+ : / Aidu:Alt Z —ln{l },
0
where &; is a random variable independent of F, with the uniform law on [0, 1].
For the second firm, the ‘intensity’ of default is assumed to satisfy
A= Aol + ol <

for some positive constants A\ and as, and thus

t
o =inf {t € Ry : / Aodu>—Iné& }
0

where & is a random variable with the uniform law, independent of F, and
such that & and & are mutually independent. Then the following properties
hold:

e ! is the intensity of 71 with respect to F,

e )2 is the intensity of 75 with respect to FV H',

e \lis not the intensity of 7 with respect to F v HZ.

Bond Valuation

The following result was established in Jarrow and Yu (2001), who assumed
the fractional recovery of Treasury value scheme with the fixed recovery rates
61 and d2. Let A = A\ + Ao. For A # a9, we denote

1
)\—012

Chi A2, 00 (u) = (Aleiazu + ()\2 — a2)€7Au) .

For \ = asg, we set
Cx1 A2 02 (u) = (1 + >\1U)6_)‘u.

Proposition 4.5. For the bond issued by the primary firm we have
Di(t,T) = B(t,T) (61 + (1 — 61)e T =91, opy).

The value of a zero-coupon bond issued by the secondary firm equals, on the
set {T1 > t}, that is, prior to default of the primary firm

Dg(t, T) = B(t, T) ((52 + (1 — 52)0/\17/\2@2 (T — t)]l{.,.2>t}).
On the set {11 < t}, that is, after default of the primary firm, it equals

Do(t,T) = B(t,T) (62 + (1 — 62)e” T D1 p).
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Special Case: Zero Recovery

Assume that A1 + A2 — a2 # 0 and the bond is subject to the zero recovery
scheme. For the sake of brevity, we set r = 0 so that B(¢,7) =1 for t < T.
Under the present assumptions:

Dy(t,T) = Q" {m2 > T|H; vV H;}
and the general formula yields

Q{n>T|H}

D2(t7T) = ]1{7—2>t} m .

If we set A? = fot A2 du then
Dy(t,T) = 1 (1,5sy Ege (47 | HD).
Finally, we have the following explicit result.

Corollary 4.1. If 62 = 0 then D2(t,T) =0 on {m2 < t}. On the set {rz >t}
we have

Dg(t, T) = ]l{Tlgt} Eiaz(Tit)

1
Flir>ey P, ()\1670‘2(7’*75) + (A — az)efA(Tft))

4.5 Extension of the Jarrow and Yu Model

We shall now argue that the assumption that some firms are primary while
other firms are secondary is not relevant. For simplicity of presentation, we
assume that:

We have n = 2, that is, we consider two firms only.

The interest rate r is zero, so that B(t,T) = 1 for every t < T.

The reference filtration F is trivial.

Corporate bonds are subject to the zero recovery scheme.

Since the situation is symmetric, it suffices to analyze a bond issued by
the first firm. By definition, the price of this bond equals

Dy(t,T) = Q"{r > T |H} v H?.

For the sake of comparison, we shall also evaluate the following values, which
are based on partial observations,

Di(t,T) = Q*{r, > T|H?}

and X
Dy(t,T) = Q*{r > T|H;}.
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Kusuoka’s Construction

We follow here Kusuoka (1999). Under the original probability measure Q the
random times 7;, ¢ = 1,2 are assumed to be mutually independent random
variables with exponential laws with parameters A1 and \s, respectively.

Girsanov’s theorem. For a fixed T > 0, we define a probability measure Q*
equivalent to Q on (£2,G) by setting

dQ*

wg - Q-as.

where the Radon-Nikodym density process n;, ¢ € [0,T], satisfies

2
17t:1+2/ Nk dM
i—1 710,]
where in turn
) ) tAT;
M} =H; — / A du
0

Here H} = 1l{,,<¢ and the processes ' and x* are given by

aq Q2

L (——1) 2_q (——1).
Ky {r2<t} A\ y Ky {mi<t} A
It can be checked that the martingale intensities of 71 and 7o under Q* are
A=Al yan + a1l <,
)\? = )\2]1{71>t} + Ozg]l{ﬁgt}.

Main features. We focus on 71 and we denote A} = fg AL du. Let us make
a few observations. First, the process \! is H?-predictable, and the process

tATY
M=t [ =} - Al
0

is a G-martingale under Q*. Next, the process A! is not the intensity of the
default time 71 with respect to H? under Q*. Indeed, in general, we have

Q" {1 > s|H} VHZ} # 175 Ege (€4

H7).

Finally, the process A! represents the intensity of the default time 7 with
respect to H? under a probability measure Q' equivalent to Q, where

d 1
L
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and the Radon-Nikodym density process 7, t € [0, T, satisfies
Bo= 1 [ M
10,¢]

For s >t we have
Ql{n > 5| Hg \/th} =750 EQI (eAi—Aé ‘-7:75)
but also
Q*{r > s|H} VH?} = QY{r > s|H} VHZ}.

Interpretation of Intensities

Recall that the processes A\; and As have jumps if «; # A;. The following
result shows that the intensities A\' and A? are ‘local intensities’ of default
with respect to the information available at time ¢. It shows also that the
model can in fact be reformulated as a two-dimensional Markov chain (see

Lando (1998Db)).

Proposition 4.6. For i = 1,2 and every t € Ry we have
i :E%h*(@*{t <1 <t+h|m >t >t}

Moreover:
a zlhi%h*@*{mn <t+h|m >t n<th

and
Qs :E%h*@*{m o <t+h|m >t n <t}
Bond Valuation

Proposition 4.7. The price D1(t,T) on {m1 >t} equals
D, (t7 T) = 11{7'295} e_al(T_t)

1
+]1{T2>t} )\——041 (/\Qe—al(T—t) + (A — al)e—/\(T—t)) .

Furthermore

~ . ()\ - ag))\ge_al(T_T2)
Dl(tyT) = ]l{mgt} )\10&260‘70‘2)72 + )\()\2 — O[Q)

A—ay (A —aq)eMT=H 4 \pemor(T=1)

1
thim>n A— o Are—(A—a2)t 4 Ay —

and . Aoe™ T + (A —ag)e
Dl(t>T) = ]1{T1>t} Age—art ()\1 — 041)67)‘7& ’
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Observe that:

e The formula for Dy (¢, T) coincides with the Jarrow and Yu formula for the
bond issued by a secondary firm.

e The processes Dy (t,T) and bl(t,T) represent ex-dividend values of the
bond, and thus they vanish after default time 7.

e The latter remark does not apply to the process Dy (t,T).

4.6 Dependent Intensities of Credit Migrations

We present here a contribution to the dynamic theory of dependence between
credit events. Specifically, we discuss here an approach towards modeling of
dependent credit migrations based on the theory of continuous-time condi-
tional Markov chains.® The goal is to extend the previous analysis to the case
of multiple credit ratings. Assume that the current financial standing of the
i*h firm is reflected through the credit ranking process C? with values in a
finite set of credit grades IC; = {1,..., k; }. For simplicity, we assume that the
reference filtration I is trivial, and we consider the case of two firms.

Let F' = ]Fcl,i = 1,2, denote the filtration generated by C*® and let
G =F' v F?. We examine the two following Markovian properties under the
martingale measure Q*. The Markov property of C = (C*, C?):

Q{C; =k, C: =1]G} =Q{C; =k, C =1|C}, G}
The F’-conditional Markov property of C? for i # j:

Q{C: =k|G) = Q{Cs =k|o(C}) v F}},
Q{CZ=11G:} =Q{C=1]o(C}) Vv F}.

Extension of Kusuoka’s Construction

Assume that k1 = ko = 3 (three rating grades). We consider the two inde-
pendent Markov chains C?, i = 1,2 defined on (£2,G,Q) and taking values in
K = {1,2,3} with generators:
(MM M Mg
A" = Ad1 =gy — Agz Abg
0 0 0

The state k = 3 is the only absorbing state for each chain. We assume that
(C¢,C2) = (1,1). In addition, we are given the following matrices:

5 We refer to Bielecki and Rutkowski (2002) for information regarding conditional
Markov chains.
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il il ZH
" _)‘12 " Ai3 \)1\12 " Ay “
7 J— 1 7 (3 (3
AT = A1 —Ag1 — Agg Az
0 0 0

for i = 1,2 and | = 2,3. It should be observed that formally A* = Al

for i = 1,2. In general, the intensities )\ m and )\ it ., may follow F-predictable
stochastic processes.

Auziliary Processes and Associated Martingales

We define a probability measure Q* equivalent to Q. To this end, we introduce
auxiliary processes kj,,, by setting

‘ 3 ) Adl
ittt = Y0 (52 1)
=2

fori=1,2, j#4, k=12, m=1,2,3, k # m, where for j = 1,2 and
k=1,2,3, ‘ , ,
Hy, (t) = H (1) H (1)

with H,Jg )= Iy cjyy- We also define, for i = 1,2 and k # m, the transition
counting process

Hip(t) = ) Hi(u=)H,,(u).

O<u<t

For i = 1,2 and k # m, the process M ,im given by the expression
t
M (t) = ()= [ N Hi(0)

is known to follow an F'-martingale under Q, and thus also a G-martingale
under Q where G = F* v F2.

Equivalent Probability Measure

We define a strictly positive martingale under Q:

=1+ Z / Dt () M ().

10:8] k=1 = 1m;£k

The process 7 plays the role of the Radon-Nikodym density process. For any
fixed, but otherwise arbitrary, date T" we define the probability measure Q*
equivalent to Q by setting:
dQ*
dQ

The following result describes the properties of migration processes C' and

—nr, Qs

C? under Q*. Recall that under the present convention: )\};m = )\Zl:n
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Proposition 4.8. For each i # j the migration process C’ follows an F7-
conditional Markov chain under Q*. For any k # m the F’-conditional tran-
sition intensity of C* under Q* equals:
3
*i i i i j J il
1=2

Conditional Markov Property

The F’-conditional Markov property of C* under the equivalent probability

measure Q" established in Proposition 4.8 is a consequence of:

e The fact that the Radon-Nikodym density process 1 depends only on C' =
(Y, 0?).

e The fact that the migration process C' has the Markov property under the
original probability Q.
Let us summarize the properties of our model under Q*. First, for i = 1,

and j # i, the process )\,’;n (t) is the corresponding F/-martingale intensity. In

other words, the processes M, defined as

M (t) = Hip(t) — / N () H} () du

for k # m are G-martingales under Q*. Second, as we shall see soon, the
intensities )\,’;n have the natural interpretation as the ‘local intensities’ of
credit migrations (in the special case of a trivial reference filtration C is a
Markov chain under Q™).

Interpretation of Intensities

Let us explain the intuitive meaning of intensity parameters. For original
intensities we have

N = lim b= Q{Cyy, = K| CF =k, CF =1},
but also for [ = 2,3

N = lim A= Q{Ciyy = K[ CF =k, CF = 1,
The modified intensities satisfy, for [ = 2, 3,

N = lim A1 QCLy, = K[ Cf =k, CF = 1},

Let us recall that model’s inputs are: the original generators A', A2, and the
modified matrices:

;1 45l ;1 ;1
. —Ala " Al 3‘12 . )\1;’[,
A" Agi —A91 — Ag3 Agz
0 0 0
fori=1,2and [ =2,3.
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First-to-Change Swap

Let C = (C',...,C™). We assume that the payoff occurs at the first change
of the credit rating of the firm 1 or 2. The payoff is digital, specifically, if we
set 7 = 1 A 7o then the payoff at time 7 equals

Zr = Kil{roq <y + Kol (ry <1y

for some constant Ki, Ks. Let us summarize the basic steps of the valuation

procedure:

e Introduce an auxiliary probability measure Q" equivalent to Q.

e Verify that any martingale under Q"2 with respect to G** = FVH? V...V
H" is also a martingale under Q"2 with respect to G = FVH' v ... Vv H".

e Use the standard formula to find the G'?-conditional laws of 7, and 7
under Q*, through conditional expectations with respect to Q2.

e Use the fact that 71 and 7 are G1’2—conditionally independent under Q*

in order to value the swap.

We argue that in some cases a high-dimensional (unconditional) expectation
can be efficiently evaluated as a low-dimensional conditional expectation under
an equivalent probability measure.

4.7 Dynamics of Dependent Credit Ratings

Let us denote by C; = (C}, ..., CP) the vector of credit ratings at time ¢ of all
relevant obligors (credit names). Some authors focus directly on specification
of dynamics of the process C. Note that the assumption that the state space
for C' is finite is not always imposed.

Continuous Time Setup

Indirect approach. Structural/factor models (KMV, CreditMetrics, etc.)
are based on the assumption that Cy = ¥(&;), where ¢ is a (multivariate) factor
process (representing, for instance, the values of the firms). Dynamics of £ are
typically modeled as an Ito process. Note that £ involves both idiosyncratic
risks and systemic risks.

Direct approach. Models proposed by Hull and White (2001), Douady and
Jeanblanc (2002) and Albanese et al. (2003) postulate that the credit ratings
process is a multi-dimensional diffusion, specifically,

dCt = Mt dt + Et th

The dependence between rating migrations is introduced here through the
judicious choice of the diffusion matrix X}.
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Discrete Time Setup

Discrete-time Markov models of credit migrations were studied by Kijima et
al. (2002) and Bielecki (2002). Credit ratings are modeled as

1 = O(C}' 21, By, Y1) =
0(CP + ZpPy + Biy, Yeyn), HCP <K -1, (39)
K, ifcr = K,

where Z' and B} represent idiosyncratic risks, and Y; represents systemic
risks, and where 0(k) is a cut-off function.

Main practical issues arising in the context of a model’s implementation
are: the estimation and calibration of the model, the structure of the pric-
ing measure, the effect of change of measures on the dependence structure.
As soon as the model is estimated and calibrated, it can be easily used for
risk management purposes, as well as for pricing purposes (via Monte Carlo
simulation).

4.8 Defaultable Term Structure

It this section, we shall summarize the model of defaultable term structure of
interest rates developed by Bielecki and Rutkowski (2000) and Schénbucher
(2000a), and further generalized by Eberlein and Ozkan (2003). Essentially,
the model extends the Heath-Jarrow-Morton (HJM) model of term structure
of default-free rates to the case of defaultable bonds. Although we do not
consider here dependence between term structures of several corporate bonds,
the approach presented here lends itself for such dependence analysis (see
Section 13.2.7 in Bielecki and Rutkowski (2002)).

Standing Assumptions

Standard intensity-based models (as, for instance, in Jarrow and Turnbull
(1995) or Jarrow et al. (1997)) rely on the following assumptions:

e Existence of the martingale measure Q is postulated.

e Relationship between the statistical probability P and the risk-neutral
probability Q is derived via calibration.
Credit migrations process is modeled as a Markov chain.
Market and credit risks are separated (independent).

The HJM-type model of defaultable term structure with multiple rat-
ings was proposed independently by Bielecki and Rutkowski (2000) and
Schénbucher (2000a). The main features of this approach are:

e The model formulates sufficient consistency conditions that tie together
credit spreads and recovery rates in order to construct a risk-neutral prob-
ability Q* and the corresponding risk-neutral intensities of credit events.
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e Statistical probability P and the risk-neutral probability Q* are connected
via the market price of interest rate risk and the market price of credit
risk.

e Market and credit risks are combined in a flexible way.

Term Structure of Credit Spreads

Suppose that we are given a filtered probability space (£2,F,P) endowed with
a d-dimensional standard Brownian motion W. We assume that the reference
filtration satisfies F = F". For any fixed maturity 0 < 7' < T*, the price of a
zero-coupon Treasury bond equals

T
Bt.17) =exp (= [ (t.w)dn).
t
where the default-free instantaneous forward rate f(¢,T") process is subject to
the standard (HJM) assumption.

(HJM) Dynamics of the instantaneous forward rate f(t,T) are given by the
expression

¢ ¢
f,T) = f(O,T)+/ a(u,T) du—|—/ o(u,T)dW,
0 0
for some function f(0,-) : [0,7*] — R, and some F-adapted processes « :
AxQ—-R o: Ax 2 —RY where A= {(u,t)|0 <u<t<T*}
Credit Classes

Suppose there are K > 2 credit rating classes, where the K*" class corresponds
to the default-free bond. Essentially, credit rating classes are distinguished by
the yields on the corresponding bonds. In other words, for any fixed maturity
0 < T < T*, the defaultable instantaneous forward rate g;(t,T) corresponds
to the rating class i = 1,..., K — 1. We assume that:

(HJM?) Dynamics of the instantaneous defaultable forward rates g;(t, T') are
given by

9i(t,T) = ¢:(0,T) + /Ot a;(u, T) du + /Ot oi(u, T)dW,
for some deterministic functions g;(0,-) : [0,7%] — R, and some F-adapted
processes o; : AX 2 —R, 0; : AX 2 — R
Credit Spreads
It is natural (although not necessary for further developments) to assume that
gx-1(t,T) > gx—2(t,T) > - >g1(t,T) > f(t,T)
for every t < T.

Definition 4.3. For every i = 1,2,..., K — 1, the i*® forward credit spread
equals s;(+,T) = ¢;(-,T) — f(-,T).
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Martingale Measure P*

It is known from the HIM theory that the following condition (M) is sufficient
to exclude arbitrage across default-free bonds for all maturities T < T™ and
the savings account.

Condition (M) There exists an F-adapted R%-valued process 3 such that

IEH»{ exp(/OT*ﬁuqu—%/oT* ‘/Bu|2du)} =1

and, for any maturity T < T™, we have
a” (ta T) = %‘0*@7 T)|2 - 0*(t7 T)Bt

where

T
oz*(t,T):/75 a(t,u) du

T
a*(t,T):/75 o(t,u) du.

Let 8 be some process satisfying Condition (M). Then the probability
measure P*, given by the formula

dP* T* 1 T* 9
—p = P (/0 By AWy — 5/0 |8 du), P-a.s.,

is a martingale measure for the default-free term structure. We will see that for
any T the price B(t,T') is a martingale under the measure P*, when discounted
with the savings account B;.

Zero-Coupon Bonds

The price of the T-maturity default-free zero-coupon bond is given by the
equality

B(t,T) = exp ( - /tTf(t,u)du).

Formally, such Treasury bond corresponds to credit class K. Similarly, the
‘conditional value’ of T-maturity defaultable zero-coupon bond belonging at
time t to the credit class ¢ =1,2,..., K — 1, equals

T
Di(t7 T) = exp ( - / gz(t7 ’LL) du) :
t
We consider discounted price processes

Z(t,T)= B 'B(t,T), Zi(t,T) = B;'D;(t,T),
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where B is the savings account

B, —exp(/otf(u,u)du).

Let us define a Brownian motion W* under P* by setting
t

Wi =W, —/ Budu, Vtel0,T7.
0

Conditional Dynamics of the Bond Price

Lemma 4.2. Under the martingale measure P*, for any fivred T < T*, the
discounted price processes Z(t,T) and Z;(t,T) satisfy

dZ(t,T) = Z(t,T)b(t, T) dW;,
where b(t,T) = —c*(t,T), and
dZ;(t,T) = Z;(t,T)(Ni(t) dt + b;(t, T) dW")

where
Ai(t) = ai(t7 T) - f(t7 t) + bi(tv T)ﬁt

and
ai(t7T) = gi(t>t) - O‘j(t>T) + % |U;k(t7T)‘2

bi(t, T) = —o(t,T).

Observe that usually the process Z;(t,T) is not a martingale under the
martingale measure P*. This feature is related to the fact that it does not
represent the (discounted) price of a tradeable security.

Credit Migration Process

Recall that we assumed that the set of rating classes is K = {1, ..., K}, where
the class K corresponds to default. The migration process C' is constructed in
Bielecki and Rutkowski (2000a) as a (nonhomogeneous) conditionally Markov
process on K, with the state K as the unique absorbing state for this process.
The process C' is constructed on some enlarged probability space (2%, G, Q"),
where the probability measure Q* is the extended martingale measure. The
reference filtration IF is contained in the extended filtration G. For simplicity
of presentation, we summarize the results for the case K = 3.

Given some non-negative and F-adapted processes A 2(¢), A13(t), A2,1(¢)
and A2 3(t), a migration process C' is constructed as a conditional Markov
process with the conditional intensity matrix (infinitesimal generator)

A1,1(8) Ar2(t) A1 s(t)
0 0 0
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where A;;(t) = =32, Aij(t) fori=1,2.

The conditional Markov property (Wlth respect to the reference filtration
F) means that if we denote by F£ the o-field generated by C up to time ¢
then for arbitrary s > ¢ and ¢, j € K we have

Q{Ciys =i| FVFL } =Q{Crys =i| FV{Ci=j}}.

The formula above provides the risk-neutral conditional probability that the
defaultable bond is in class 7 at time ¢+ s, given that it was in the credit class
C; at time t. For any date t, we denote by Cy the previous bond’s rating; we
shall need this notation later.

Finally, the default time 7 is introduced by setting

T=inf{teRy : Ct =3}.

Let H;(t) = llyc,—;y for i =1,2, and let H; ;(t) represent the number of
transitions from ¢ to j by C over the time interval (0, t]. It can be shown that
the process

Mi7j(t) = H@j(f) — /Ot )\i7j (s)Hz(s) dS, Vte [O,T},

for + = 1,2 and j # 4, is a martingale on the enlarged probability space
(2*,G,Q"). Let us emphasize that due to the judicious construction of the
migration process C, appropriate version of the hypotheses (H.1)-(H.3) remain
valid here.

Defaultable Term Structure

We maintain the simplified framework with K = 3. We assume the fractional
recovery of Treasury value scheme. To be more specific, to each credit rating
i=1,...,K — 1, we associate the recovery rate §; € [0,1), where §; is the
fraction of par paid at bond’s maturity, if a bond belonging to the i*! class
defaults prior to its maturity. Thus, the cash flow at maturity is

X =1ir>ry 06, Lirzry.

In order to provide the model with arbitrage free properties, Bielecki and
Rutkowski (2000) postulate that the risk-neutral intensities of credit migra-
tions A1 2(t), A1,3(t), A2,1(t) and Ao 3(t) are specified by the no-arbitrage con-
dition (also termed the consistency condition):

M2 () (Z2(t, T (t,T)) + A s(t) (012 (¢, T) — Z1(t,T))

A (t)Z1(t,T) =0,

Ao1 () (Za(t T>Zz(t,T>) + Xo3(t) (822(t,T) — Zo(t, T))
Pa(t)Z2(t,T) =0
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Martingale Dynamics of a Defaultable Bond

First, we introduce the process Z (t,T) as a solution to the following SDE

dZ(t,T) = (Za(t,T) — Zy (8, )) dMLg(t)
+ (Z,(t,T) — ZQtT) Moy,
(t,

(
+ (012

d
T)— t,T)) M )
+(022(t,T) = Za(1, T)) dMa (1)
—|—H1( )Zl(t T)bl(t,T) th*
+ Hy(#)Za(t, T)bs(t, T) dWV}

+ (51H1,3( ) + 02 Ho 3( ))Z( T)b(t,T) dwy,

with the initial condition Z(0,T) = H;(0)Z1(0,T) + Hy(0)Z5(0,T).

It appears that the process Z(t,T) follows a martingale on (£2*,G,Q"),
so that it is justified to refer to Q" as the extended martingale measure. The
proof of the next result employs the no-arbitrage condition.

Lemma 4.3. For any maturity T < T* and for every t € [0,T] we have
Z(t, T) = ]].{Ct;ég} th (t, T) + ]l{ctzg} 5étZ(t7 T)

Next, we define the price process of a T-maturity defaultable zero-coupon
bond by setting .
DC(t> T) = BtZ(t7 T)

for any ¢ € [0, T]. In view of Lemma 4.3, we have that
Dc(t, T) = ]].{Ct;ég} Dct (t, T) + ]].{Ctzg} 6C't B(t, T).

The defaultable bond price D¢ (¢, T) satisfies the following properties:

e The process D¢ (t,T) is a G-martingale under Q*, when discounted by the
savings account.

e In contrast to the ‘conditional price’ D;(t,T), the process D (t,T) ad-
mits discontinuities. Jumps are directly associated with changes in credit
quality (ratings migrations).

e The process D¢ (t, T) represents the price of a tradeable security: the cor-
porate zero-coupon bond of maturity 7.

Risk-Neutral Representations

Recall that 6; € [0,1) is the recovery rate for a bond which was in the 40
rating class just prior to default.

Proposition 4.9. The price process De(t,T) of a T-maturity defaultable
zero-coupon bond equals
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T
D¢(t,T) = lyc, 23y B(t,T) exp ( —/ s, (t,u) du)
t
+ Lyo,=3y 0, B(t,T)

where s;(t,u) = gi(t,u) — f(t,u) is the i'" credit spread.

Proposition 4.10. The price process Do (t,T) satisfies the risk-neutral val-
uation formula

D¢ (t,T) = BiEqg- (3¢, By Lir<ry + By izsry | Gr).-
It is also clear that
Dc(t,T) = B(t,T)Eq, (6¢, Uir<ry + Lir>y [ Gi),

where Qp stands for the T-forward measure associated with the extended
martingale measure Q.

Let us end this section by mentioning that Eberlein and Ozkan (2003) have
generalized the model presented above to the case of term structures driven
by Lévy processes.

Premia for Interest Rate and Credit Event Risks

We shall now change, using a suitable version of Girsanov’s theorem, the
measure Q* to the equivalent probability measure Q. In the financial inter-
pretation, the probability measure Q will play the role of the statistical prob-
ability (i.e., the real-world probability). It is thus natural to postulate that
the restriction of the probability measure Q to the original probability space
2 necessarily coincides with the statistical probability P for the default-free
market. From now on, we shall assume that the following condition holds.

Condition (P) We postulate that

Q.
d@* = Nr*,

*-a.s.,

where the positive Q*-martingale 7 is given by the formula
dije = =B AW + 7l dMy, o = 1,

for some R%valued F-predictable process 3, where the Q*-local martingale M
equals

dMy = ki () dM; 4 (t)
i#£j

= Z K (t) (dH; (1) — N j () Hi(t) dt)
i#£j
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for some F-predictable processes r; ; > —1.
Assume that for any i # j

-
/ (ki () + 1) X (t) dt < oo, Q-as.
0

In addition, we postulate that Eg-(fr~) = 1, so that the probability measure
Q is indeed well defined on (£2*, G+ ). The financial interpretation of processes
[ and k is similar as in Section 3.2, namely,

e The vector-valued process § corresponds to the premium for the interest
rate risk.

e The matrix-valued process k represents the premium for the credit event
risk.

Statistical Default Intensities

We define processes )\(gj by setting, for i # j,

AL () = (ki (1) + DAig (1), AL 1) == DA 0).
i

Proposition 4.11. Under the equivalent probability Q given by condition (P),
the process C' is a conditionally Markov process. The matrix of conditional
intensities of C' under Q equals

PHoT(o D Ve ()

N DY SN (O BP Y- SR ()
0 0

If the market price for credit risk depends only on the current rating ¢
(and not on the rating j after jump), so that k; ; = k;; for every j # i. Then
/11Q = ¢, Ay, where &, = diag[p;(t)] with ¢;(t) = k() + 1 is the diagonal
matrix (this case was examined, e.g., by Jarrow et al. (1997)).

Defaultable Coupon Bond

Consider a defaultable coupon bond with the face value L that matures at
time T' and promises to pay coupons ¢; at times T} < --- < T;, < T. The
coupon payments are only made prior to default, and the recovery payment
is made at maturity 7', and is proportional to the bond’s face value. Notice
that the migration process C' introduced in Section 4.8 may depend on both
the maturity 7" and on recovery rates. Therefore, it is more appropriate to
write Cy = C¢(6,T), where 6 = (01, ...,0k). Similarly, we denote the price of
a defaultable zero-coupon bond D¢ s1y(t, T'), rather than Dc(t,T).
A defaultable coupon bond can be treated as a portfolio consisting of:
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e Defaultable coupons — that is, defaultable zero-coupon bonds with matu-
rities Ty, ..., T,, which are subject to zero recovery.

e Defaultable face value — that is, a T-maturity defaultable zero-coupon
bond with a constant recovery rate d.

We conclude that the arbitrage price of a defaultable coupon bond equals
De(t,T) = eiDcor)(t. Ti) + LDcs,r)(t, T),
i=1

where, by convention, we set D¢ (o,1,)(t, T;) = 0 for ¢t > Tj.

Examples of Credit Derivatives
Credit Default Swap

Consider first a basic credit default swap, as described, e.g., in Section 1.3.1 of
Bielecki and Rutkowski (2002). In the present setup, the contingent payment
is triggered by the event {C; = K}. The contract is settled at time 7 =
inf {t <T : C; = K }, and the payoff equals

Z. = (1-6g, B(r,T)).

Notice the dependence of Z, on the initial rating Cy through the default
time 7 and the recovery rate 6@T. The following two market conventions are
common in practice:

e The buyer pays a lump sum at contract’s inception (default option).
e The buyer pays annuities up to default time (default swap).

In the first case, the value at time 0 of a default option equals
So =Ege (B: (1= b6, B(r.T)Lrery).

In the second case, the annuity x can be found from the equation

T
So = kEqr (Z B! ﬂ{tm})
i=1
Notice that both the price Sy and the annuity x depend on the initial bond’s
rating Cj.
Total Rate of Return Swap

As a reference asset we take the coupon bond with the promised cash flows
¢; at times T;. Suppose the contract maturity is 7' < T'. In addition, suppose
that the reference rate payments (the annuity payments) are made by the
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investor at fixed scheduled times t; < 7', i = 1,2, ..., m. The owner of a total
rate of return swap is entitled not only to all coupon payments during the life
of the contract, but also to the change in the value of the underlying bond.
By convention, we assume that the default event occurs when Cy(4,T) = K.
According to this convention, the reference rate x to be paid by the investor
satisfies

n

Eg- ( 3 ciBilﬂ{TiST}) +Egr (B;l (De(7,T) — D4 (0, T)))
=1

= kEq (Y B Lic, 0. )

i=1

where 7 =inf {t >0 : C4(6,T) = K } A T.

4.9 Concluding Remarks

It should be acknowledged that we have not discussed in the present text any
results or techniques related to hedging of credit risk. Let us conclude, how-
ever, by listing the most important issues arising in practical and theoretical
approaches to this problem, and giving some references that may be consulted
by the interested reader.

Simplified approaches. In most practical implementations of credit risk
models (see, for instance, Greenfield (2000)), it is common to impose at least
some of the following simplifying assumptions:

e Only a pure credit risk instrument (e.g., a basic credit default swap) is
considered.

e One deals with a one-sided counterparty risk with a fixed recovery rate
(the same for a derivative product and for a corporate bond).

e The mark-to-market value of the contract is assumed to be non-negative
to a non-defaultable counterparty (thus, for instance, defaultable loans
and bonds or vulnerable options are covered, but defaultable swaps are
excluded).

Independence of market and credit risks is frequently postulated.
Existence of a non-defaultable version of the contract and of a liquid mar-
ket in corporate bonds and other related instruments of various maturities
is assumed.

Theoretical results. More sophisticated mathematical techniques, which
have a potential to be useful in hedging credit risk, have been developed in
recent years, in particular:

e Suitable versions of a predictable representation theorem with respect to
discontinuous martingales associated with the default event, or with credit
migrations, were established (see, for instance, Bélanger et al. (2001) or
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Blanchet-Scalliet and Jeanblanc (2003)). Unfortunately, the general formu-
lae obtained through this technique seem to be very difficult to implement.
A more straightforward approach to the replication of credit derivatives
was proposed by Vaillant (2001) (see also Jeanblanc and Rutkowski (2003)
in this regard).

A utility-based approach to hedging of credit risk and valuation of credit
derivatives was examined. In this approach, which is based on the idea
of indifference pricing, hedging strategies are constructed as solutions to
appropriate stochastic control problems (see, for instance, Collin-Dufresne
and Hugonnier (2002) or Lukas (2001)).

An alternative approach to hedging of credit risk, in the spirit of Markowitz
mean-variance methodology, was recently developed. It involves, in gen-
eral, constructing of hedging strategies in terms of solutions of certain
backward stochastic differential equations as well as in terms of certain
orthogonal projections (see Bielecki et al. (2004)).
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1 Preface

In a talk given at the Royal Statistical Society of London, Karl Borch in 1967
made the following statement (see Taksar [44]):

The theory of control processes seems to be tailor made for the prob-
lems which actuaries have struggled to formulate for more than a
century. It may be interesting and useful to meditate a little how the
theory would have developed if actuaries and engineers had realized
that they were studying the same problems and joined forces over 50
years ago. A little reflection should teach us that a highly specialized
problem may, when given the proper mathematical formulation, be
identical to a series of other, seemingly unrelated problems.

It took some more time until (in 1994 and 1995) the first papers on stochas-
tic control in insurance appeared (e.g. Martin-Lof [32], Brockett and Xia [3],
or Browne [4]). Since then we can see a rapid development of this field with
a series of papers written by Soren Asmussen, Michael Taksar, Bjarne Hoej-
gaard, Hanspeter Schmidli and others. It is the purpose of the following parts
to give an introduction into this field and present a survey of recent results
and their possible applications. The five parts are

1) Introduction into insurance risk

2) Possible control variables and stochastic control

3) Optimal investment for insurers

4) Optimal reinsurance and new business

5) Asymptotic behavior for value functions and strategies
6) Control problems with constraints: dividends and ruin.

Since we shall mostly consider optimization for a first insurer we shall
concentrate on problems with infinite planning horizon. The main objective

K. Back et al.: LNM 1856, M. Frittelli and W. Runggaldier (Eds.), pp. 127-164, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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function will be the infinite time ruin (survival) probability, but most of the
techniques presented here also work for other objective functions.

One major recent trend in risk management is replacement of (parts of)
risk capital by sophisticated risk control. Here one will use control of invest-
ment into risky assets (capital market), control of reinsurance, of underwriting,
of new business, and of setting premia. In this sense the mathematical field
presented here is (or will be) part of asset liability management, of dynamic
financial analysis, and of holistic risk management in insurance.

Stochastic control is well established in the finance world since the seminal
papers of Merton ([33] and [34]). The books by Fleming and Rishel [8], by
Fleming and Soner [9], and by Karatzas and Shreve [30] cover most of today’s
problems and methods in this field.

2 Introduction Into Insurance Risk

2.1 The Lundberg Risk Model

Here we consider the technical risk which is generated by the randomness of
claim sizes and claim occurrence times. A classical model is the Lundberg
model [31] for the risk process which uses a compound Poisson process for the
claims:

R(t) = s+ ct — S(t),
St) =X1+ ... -‘rXN(t),

with a homogeneous Poisson process N(¢) having constant intensity A and
independent claim sizes X1, X, ... with distribution @ (the claim size distri-
bution) which are independent of N(¢),¢ > 0. The initial surplus is s, and ¢
is the constant premium intensity. This process is generated by independent
random variables X1, Xo, ..., Wy, Ws, ... with X; ~ Q, W; ~ Exzp()\), where
W; is the inter-arrival time between claim X;_; and X; if ¢ > 2, and W is
the waiting time until the first claim. Then N(¢) can be written as

N(t) = max{k: W1 + ... + Wy, < t}.

Claim X; occurs at time T; = Wy + ... + W;, ¢ > 1. The process R(t) has
independent stationary increments, in particular the process is Markov with
respect to the natural filtration F; generated by R(t), in the following sense:
for any set A in the sigma-field generated by R(u),u > t, the conditional
probability P{A | F;} depends on R(t) alone,

P{A| Fi} = P{A| R(t)}.

The Lundberg risk process is the standard model for nonlife insurance,
simple enough to calculate probabilities of interest, but too simple to be real-
istic. It does not include interest earned on the surplus, no long tail business
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with claims which are settled a long time after occurrence of the claim, no
time dependence or even randomness of premium income and of the size of
the portfolio (which would lead to stochastic processes c(t) and A(t), respec-
tively). But the Lundberg model is still attractive because it separates and
models the two major reasons for big losses: frequent claims and large claims.
Most of the techniques developed for the Lundberg model are useful for more
realistic and more general risk processes like the Sparre-Andersen model or
the Markov modulated risk process.

2.2 Alternatives

Other risk models discussed in the insurance context are the Sparre-Andersen
model and the Markov-modulated risk process. In both classes of models, the
claims X; stay iid independent of the claims arrival process N(t), which in
the Sparre-Andersen model is a renewal process

N(t) :max{k Wi+ 4+ W, < t}

with iid positive random variables W; which are independent of the sequence
of claim sizes X;. A Sparre-Andersen risk model has the parameters s, ¢, Q, R
where R is the distribution of the inter-arrival times W;. In this model, the
process R(t) is no longer Markovian; to obtain a Markov process one has to
enlarge the state space. If T'(¢) is the time elapsed since the last claim, then
(R(t),T(t)) is a Markov process.

In the Markov-modulated risk model one considers a continuous time ho-
mogeneous Markov process M (t) on the state space {1, ..., T}, and with fixed
intensities 0 < Ay < Ay < ... < Ar one uses the process A(t) = An(t) as
stochastic intensity of an inhomogeneous Poisson process N(t). Here we have
the parameters s,c, @, A1, ..., A1, bi5,4,7 = 1, ..., I, where b;; are the transition
intensities of the Markov process M (¢). Also in this model, R(t) is not Marko-
vian, while the process (R(t), A(t)) is a Markov process. These risk models
can be found, e.g., in Rolski et al. ([39], chapters 6 and 12.3).

A simple extension of the Lundberg risk process is the implementation of
constant interest, in which the reserve earns interest at a constant rate r. In
this process, the jumps are the same as in the Lundberg process, and between
claims the process evolves with the dynamics

R/'(t) = ¢+ rR(t);

see Paulsen [36] for the (non-trivial!) computation of ruin probabilities in this
model.

2.3 Ruin Probability

A classical risk measure is the infinite time ruin probability
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¥(s) = P{R(t) < 0 for some t > 0}

which equals one as long as ¢ < AE[X1] (no safety loading), and in the case
with safety loading
c> )\E[Xl]

(a condition which we tacitly assume throughout the paper) we have R(t) —
00, and the ruin probability satisfies the following first order integro-differential
equation

0=AE[)(s — X) = (s)] + et/ (s),5 > 0 (1)

where X ~ @ is a generic claim size (for technicalities and more details, e.g.
for (non-)differentiability of 1(s), see Grandell [16], or Gerber [14], or Rolski
et al. [39]). For exponential claim sizes with density

f(z) = Oexp(—0x), >0,

the ruin probability equals

9(s) = 2 oxp(~ Rs), @)

where p = E[X;] = 1/0 is the mean claim size, and R = (¢ — Au)/(cp) is the
adjustment coefficient of the problem which is the positive solution r of the
Lundberg equation

A+ rc= AE[exp(rX)]. (3)

For the following parts it might help to recall how equation (2) can be derived
from (1). Consider the survival probability d(s) = 1 —1(s), for which d(s) =
for s < 0 and

0= Ag(s) — 6(s)) + c8'(5), 5 > 0, (1)

where

g(s)=FE /65—:1: erdx—/é e 0=2)g

It is easy to see that on the set {s > 0}, g(s) satisfies the differential equation

g'(s) = 0(3(s) — 9(5)),

and hence on the set {s > 0} the function §(s) has a continuous second
derivative §”(s) for which

0=A(g'(s) = &"(s)) +cd"(s)
= A0(3(s) — g(s)) = Ad"(s) + 0" (s)
= ch5'(5) — X' (8) + 6" (s).

This linear differential equation with constant coefficients has a general solu-
tion of the form
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0(s) = C1 + Cyexp(—Rs)
since z = 0 and z = —R are the solutions to the characteristic equation
0= (c — Nz +cz

Using 6(s) — 1 for s — 0o we get C; = 1. From (4) at the point s = 0 we
obtain A§(0) = ¢d’(0) or A(1 + C3) = —cRC5 or finally

A A

:cR+)\_ c

—Cy .

In the Markov modulated situation, the ruin probability (s, i) depends
on the initial surplus s and the initial value of the process A(t) : A(0) = A,.
The functions (s, i) satisfy the following interacting system of first order
integro differential equations:

I
0=NE[)(s — X,i) = (s,9)] + cs(s,0) + Y _bijth(s, ), >0, i=1,....1.

Jj=1

In the Sparre-Andersen model the ruin probability 1 (s) = v (s,0) is derived
from a function (s, t), where s is the initial surplus and ¢ is the current time
since the last claim. If the waiting times W; have a continuous density f(z),
then the function (s, t) satisfies the following integro-differential equation:

oI

= 1_7F(2€)E[¢(s — X, t) — (s, )] + cbs(s,t) + i (s, 1), s >0, t>0.

In the Lundberg risk process with constant interest rate r, the ruin probability
¥ (s) satisfies the integro-differential equation

0=AE[(s — X) —(s)] + (c+rs)yY(s), s > 0.

These integro-differential equations are derived with the infinitesimal gener-
ators of the underlying risk processes (see below). In the remainder of this
section we shall restrict ourselves to Lundberg risk processes.

2.4 Asymptotic Behavior For Ruin Probabilities

Equation (2) shows the typical behavior of ruin probabilities for small claim
sizes for which the adjustment coefficient (see equation (3)) exists,

¥(s) ~ Cexp(—Rs) ()

with C' > 0, and where a(s) ~ b(s) means a(s)/b(s) — 1.This relation holds,
e.g., if
ro = sup{r: Elexp(rX)] <oo} >0
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and lim,_,,, E[exp(rX)] = co. See Rolski et al. ([39], chapter 5.4).
For large claims with heavy tailed distributions (for which ro = 0) the behavior
is totally different: e.g., for Pareto claims with density f(z) = az— ¢V z > 1,

a > 1, we have
Y(s) ~ Cs™ (@D s - o0, (6)

with a positive constant C. Also this behavior is typical: For heavy tailed claim
size distributions @ (more precisely: for all subezxponential distributions, see
Embrechts et al. ([7], chapter 1.3)) we have

v~ | " QU o),

where Q(t,00) = P{X; > t} is the tail probability of the claim size at the
point ¢ > 0.

The difference between the two cases will become apparent when one tries
to increase the initial surplus s to a new surplus s; in order to halve the ruin
probability. In the exponential claims case the new initial surplus s; equals
s1 = s+ In(2)/R, while in the Pareto claims case

81 ~ 21/((171)5.

A complete survey on infinite time ruin probabilities for the Lundberg model
can be found in Rolski et al. [39].

3 Possible Control Variables and Stochastic Control

We consider an insurance company managing the risk in a portfolio with
claims modelled by a Lundberg risk process with parameters ¢, A and Q. There
is a collection of possible actions well suited for risk management: reinsurance,
investment, volume control (via setting of premia), portfolio selection (via
combination of the given risk portfolio with other risks which can be written),
and the combination of all these actions. Here we deal with dynamic risk
management, the actions are selected and changed at each point in time -
according to the risk position of the company. We will treat actions involving
one control variable only, and try to find the optimal (with respect to some
given objective) dynamic strategy for the selected control variable, i.e. for
each control variable we define a stochastic control problem which we try to
solve.

3.1 Possible Control Variables
Investment, One Risky Asset

Here we consider a risky asset in which the insurer can invest, and a riskless
asset, a bank account, which pays interest r. At each point in time ¢ the
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insurer with current wealth R(¢) will invest an amount A(¢) into the risky
asset, and what is left is on the bank account earning (costing) interest r
if R(t) — A(t) > 0 (if R(t) — A(t) < 0). For simplicity we take the classical
Samuelson model (logarithmic Brownian motion) for the dynamics of the asset
prices Z(t):
dZ(t) = aZ(t)dt + bZ(t)dW (t), Z(0) = zo,
where W(t) is a standard Wiener process. If 0(t) = A(t)/Z(t) is the number
of shares held at time ¢, then the total position of the insurer has the following
dynamics:
dR(t) = rR(t)dt + cdt — dS(t) + 0(t)dZ(t) — r0(t)Z(t)dt, R(0) = s,
or
dR(t) = rR(t)dt + cdt — dS(t) + A(t)((a — r)dt + bdW (t)), R(0) = s.
To simplify the setup and the notation we shall restrict ourselves to the case
r=0.

We shall allow for all possible trading strategies 6(t) which - as stochastic
processes - are (F;)—predictable, where (F}) is the filtration generated by the
two processes Z(t) and S(t),t > 0. So for the selection of 6(¢) we may use the
knowledge of all stock prices and claims before time ¢, but not the knowledge
at time ¢ which might be the size of a claim happening at time ¢. There is
no budget constraint such as 0(t)Z(¢t) < R(t), one can borrow an arbitrary

amount of money and invest it into the risky asset. We shall also neglect
transaction costs and allow for shares of any (up to infinitesimal) size.

Investment, Two or More Risky Assets

Assume that the insurer can invest his money into d risky assets Z (¢), ..., Za(t),
and the dynamics of these prices is given by the following system of stochastic
differential equations

d
dZ;(t) = Zi(t)(adt + Y oydWi(t),i = 1,....d, (7)
j=1

where a; and o0;; are constants with nonsingular matrix

and where Wy (t), ..., Wy(¢) are independent standard Wiener processes. If the
interest is zero, r = 0, and if A;(t) is the amount invested into stock ¢ at time
t, then the total position of the insurer has the following dynamics:

d
dR(t) = cdt — dS(t) + aiAi(t) + Az(t) ZUidej (t), R(O) = S.
j=1

The stochastic process Z(t) = (Z1(t), ..., Z4(t)) is called d-variate logarithmic
Brownian motion.
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Proportional Reinsurance

In a proportional reinsurance contract each individual claim of size X is di-
vided between first insurer and reinsurer according to a proportionality factor
a : the insurer pays a X, the reinsurer pays (1 —a)X. For this the insurer pays a
reinsurance premium h(a) to the reinsurer. We allow a continuous adjustment
of the proportionality factor: a(t) is (F;)—predictable. Under the strategy a(t)
the risk process of the first insurer is given by

N(#)

R(t) =s+ct — /t h(a(v))dv = > a(T3) X, t > 0.
0

i=1
The usual premium rule h(a) is the expectation principle:
h(a) = ap\E[X]

with p > 1. If ¢ > pAE[X] and the first insurer wants to minimize his risk then
he would choose a(t) = 0 and give all risk to the reinsurer. To exclude this
uninteresting situation we shall always assume that reinsurance is expensive:
¢ < pAE[X].

Unlimited XL Reinsurance

In excess of loss (XL) reinsurance each claim of size X is divided between
the first insurer and the reinsurer according to a priority 0 < b < oo : the
insurer pays min(X, b), and the reinsurer pays (X —b)* = max{X —b,0}. For
this the insurer pays a reinsurance premium h(b) to the reinsurer. We allow a
continuous adjustment of the proportionality factor: b(t) is (F})—predictable.
Under the strategy b(t) the risk process of the first insurer is given by

t N(t)
R(t) = s + ct — / Bb)do — 3 min{b(Ty), X}, ¢ > 0.
0 i=1
One possible rule h(b) is again the expectation principle:
h(b) = pAE[(X —b)"]

with p > 1. Also here we shall assume that reinsurance is expensive: ¢ <
pAE[X]. Other premium principles would be the variance principle

h(b) = AE[(X — b)*] + BAE[((X — b)")7,

which puts more weight to the tail of the distribution of the claim size, or the
standard deviation principle

h(b) = AE[(X = b)*] + B\ AB[((X = b)*)7].

In general, expensive reinsurance is the situation in which ¢ < h(0).
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XL-Reinsurance

In practical situations, XL-reinsurance contracts are limited by some constant
0< L < oo, which leads to the following division of a claim of size X :
the reinsurer pays min{(X — b)*, L}, and the first insurer pays what is left:
9(X,b,L) = min{X,b} + (X —b— L)*. For this the insurer pays a reinsurance
premium A(b, L). Under a dynamic XL-reinsurance contract with strategy
(b(t), L(t)) the insurer has the following risk process:

N(t)

R(t)=s+ct — /0 h(b(v), L(v))dv — Z g(b(Ty), L(Ty)).

i=1

Reinsurance is expensive if ¢ < h(0,00). Possible premium schemes are the
expectation principle

h(b,L) = pAE[min{(X — b)", L}],
the variance principle
h(b,L) = AE[min{(X — b)", L}] + BAEmin{(X — b)", L}?]

or the standard deviation principle.

To minimize his risk, an insurer will choose L(t) = oo if he can afford it.
So L(t) < oo will be a reasonable choice for him only if the tail of the claim
size distribution matters for the reinsurance premium, as is the case in the
variance or in the standard deviation principle.

Premium Control

An insurer can control the volume of his business by setting the premium
c. The higher the premium rate ¢, the smaller the number of contracts in
his portfolio, and this in turn will decrease the claims intensity A. This will
be modelled by a non-increasing function A(c) : if ¢(¢) is the instantaneous
premium rate charged, then A(c(¢)) will be the instantaneous intensity of the
claims process. A realistic model has A(co) = 0, and in order to get a non
trivial risk minimization problem one has to change the framework a bit since
otherwise the insurer would reduce his risk to zero by the choice of an infinite
premium rate. One possibility is the introduction of cost of capital, i.e. for the
initial surplus an interest rate p has to be paid continuously.

Control of New Business

This is a control problem for an insurer who controls the risk in one given
portfolio by writing an appropriate proportion of business in a second indepen-
dent portfolio. If R(t) and Ry (t) are the two independent insurance portfolios
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which are both modelled as Lundberg risk processes with parameters \, ¢, Q
and A1, c1, @1, respectively, and if b(¢) is the proportion written at time ¢
in portfolio R;(t), then the total position of the insurer consists of premium
income up to time t equal to

t
ct+/ A1b(u)du,
0

and the claims paid up to time ¢ are S(t) = X1 + ... + Xy for the first
portfolio with distribution compound Poisson with parameters At and @), and
S1(t) for the second portfolio with instantaneous claims intensity A;b(t) and
claim size distribution (. For practical applications one has to assume that
b(t) > 0 (no short selling of insurance business) and b(t) < 1 (the maximum
possible volume written is Ry (t)).

3.2 Stochastic Control

One of the most investigated classical problems in finance is the Merton op-
timal investment and consumption problem. In its simplest form, it reads as
follows. An investor has initial wealth rg, he can dynamically consume part
of his wealth and invest dynamically another part of it in a risky asset with
price process modelled as logarithmic Brownian motion:

dX () = X (t)(adt + bdW (1)), X(0) = .

What is left is on a bank account earning interest at a constant rate r.If A(¢)
is the amount invested and c(t) the rate of consumption at time ¢,then the
wealth R(t) has the dynamics

dR(t) = A(t)(adt + bdW (t)) + (R(t) — A(t))rdt — c(t)dt, R(0) = ro.

One is interested in the optimal strategy (A(t), c(t)) which maximizes expected
accumulated utility of consumption

E { /0 ’ e‘ptu(c(t))dt}

where 7 = inf{¢t : R(t) < 0} is the ruin time for the investor, p > 0 is a
subjective interest rate (appreciation rate), and u(z) = 27, v < 1, is a special
utility function. This problem is specified by the dynamics of the risky asset,
by the two control variables A(t) and ¢(t), and by the objective function which
is maximized.

Objective Functions

In order to properly define an optimization problem one needs to specify the
planning horizon and the quantity which should be maximized. There is the
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finite horizon case where optimization is done over a finite interval [0, T], and
the infinite horizon case. In the finite horizon case, a general objective function
can be written as the sum of two components: the running cost and the final
cost. If o(t) is the strategy with values in an action space X, then the general
objective function to be maximized reads

E

)

TAT
/0 w(R(t),o(t), t)dt + U(R(T), o(T))

where 7 is some stopping time (such as ruin time or first entry time into
a certain region). In the infinite horizon case a general objective function
consists of running costs and terminal costs

EL[ﬁm@mm@w+WMﬂmmnﬂ,

where 7 is an unlimited stopping time and U(R(7),o(7),7) could be bank—
ruptcy cost when 7 is time of ruin. For the above mentioned infinite horizon
Merton problem, we have U = 0 and u(r,o0,t) = exp(—pt)(c(t))?,y < 1. If
¢(t) is a dividend rate, then the quantity

E { /0 ’ exp(—pt)c(t)Vdt + U (R(T))]

could be interpreted as the value of the company if ¢(¢) is the dividend rate
and U(s) is the cost of default when the final capital is s.

We shall mainly be concerned with ruin (survival) probabilities, i.e. run-
ning cost is zero, and U = 1 if 7 = oo, U = 0 elsewhere.

Infinitesimal Generators

Infinitesimal generators L are defined for Markov processes R(t) and for (suf-
ficiently smooth) functions f(s) on the state space via

Lf(s) = Jin 3 B R+ 1) - £(5) | R(t) = o],

where the function f(s) is restricted to the domain D of L for which this
limit exists. If the Markov process is time homogeneous, then the infinitesimal
generator does not depend on t. Obviously, D is linear, and L; is a linear
operator. In the following examples, all processes are stationary. The domains
of the generator will not be specified precisely, but it should be clear in each
case that it contains the set of all functions f(s) having bounded derivatives
of all orders.

1) R(t) =a+bt: Lf(s)=bf(s);
2) dR(t) = a(R(t))dt +b(R(t))dW (t) : Lf(s) = a(s)f'(s) + 50°(s) " (5);



138 Christian Hipp

3) R(t) = s+ ct — S(t), the Lundberg risk process: Lf(s) = AE[f(s — X) —

) =
F(&)] +cf'(s);
4) R(t) the Lundberg risk process with constant interest r : Lf(s) =

AE[f(s = X) = f(s)] + (c +75) ['(s);
5) (R(t), M(t)) from the Markov modulated risk process:

I
Lf(57i) = /\ZE[f(S _Xvi) - f(57l)] +Cfs(sai) +Zbijf(57j);

j=1
6) (R(t),T(t)) from the Sparre-Andersen model:

ft)

Lf(s,t)= 1_7}7‘()

E[f(s _th) - f(57t)} +Cfs(57t) +ft(57t);

In the following we shall also need the infinitesimal generator for a con-
trolled risk process, where the control strategy is constant. So, e.g., for optimal
investment with a constant amount A invested into the risky asset, the total
position R(t) of the insurer has the dynamics

dR(t) = cdt — dS(t) + A(adt + bdW (t)),
and so the infinitesimal generator for the process (R(t), X (t)) (which is
Markov) equals
1
Lf(s,z) = AE[f(s— X,z) — f(s,2)] +cfs(s,2) + Aafs(s,x) + §A262f53(5a z).

One can see that the infinitesimal generator is independent of z (for logarith-
mic Brownian motion, the initial value has no influence on the return of an
investment), and so we use the notation

LF(s) = AE[f(s = X) = f(s)] +¢f'(s) + Aaf'(s) + 5 A% F"(5).

For proportional reinsurance with constant proportion a the risk process of

the insurer reads
N(t)

R(t)=s+ (c—h(a))t—a Z X,
i=1
and the corresponding infinitesimal generator is

Lf(s) = AE[f(s = aX) = f(s)] + (c = h(a)) f'(s).

For unlimited XL-reinsurance with constant priority b € [0, oo] the generator
equals

Lf(s) = AE[f(s = X Ab) = f(s)] + (¢ — h(D)) £ (s),
and for the general reinsurance contract g(X,a) with reinsurance premium
h(a) and fixed decision vector a the generator is



Stochastic Control with Application in Insurance 139

Lf(s) = AE[f(s = g(X,a)) = f(s)] + (c = h(a)) ['(s)-

The integro-differential equations for the ruin probability (s) are all of
the form
Lyp(s) =0, s >0,

where L is the infinitesimal generator of the underlying risk process. It is by no
means obvious that the function (s) is in the domain of L, but this problem
can be dealt with using the so called verification argument.

Hamilton-Jacobi-Bellman Equations

The computation of the maximized objective function and - if it exists - of
the corresponding optimal strategy is a non-trivial task: the space of possible
strategies is too large (the set of all Fi—predictable processes) for a complete
search. An indirect method will be used. The principle behind this method
(for the case of finite horizon) is based on two observations: a) the optimal
strategy depends only on the initial state (and the time to maturity), and b)
the optimal strategy is specified by its value at the initial time point for each
initial state (and each time to maturity). Since the concept is quite classical
now and part of each book on stochastic control, the HJB equation will just be
given without describing how it is derived heuristically from the optimization
problem.

If A is a fixed action from the action space, which is regarded as a constant
strategy a(t) = A, then the controlled process R*(t) should be a time homo-
geneous Markov process with infinitesimal generator L. The HJB equation
for an optimization problem considered in this survey, i.e.with value function
V(s) of the form

V(s) = m(a)XE[U(Ra(T), a(T),7)]
al.
where 7 = inf{t : R*(t) < 0} is the ruin time of the controlled process (other
stopping times are possible, too) equals

max LAV (s) =0, s > 0. (8)

The maximizer A = A(s) in this problem defines the optimal strategy: if the
controlled process is in state s, then the optimal action is A(s).

Consider, as a first example without optimization, a Wiener process with
positive drift ¢ and diffusion constant b # 0,

dR(t) = adt + bdW (t),t > 0, R(0) = s.
We want to determine the ruin probability
¥(s) = P{R(t) < 0 for some ¢t | R(0) = s}, s > 0.

The process R(t) has the infinitesimal generator
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LF(s) = af'(s) + 507" (s). )

For a short time interval from 0 to dt, there might be ruin in [0, d¢] - which hap-
pens with probability o(dt) - or ruin occurs after dt with probability ¢ (R(dt)).
Integrating over all possible values for R(dt), we obtain

U(s) = E[y(R(dt))] + o(dt).

Assuming that the function v (s) is in the domain D of L, we get the differen-
tial equation (which corresponds to our integro-differential equations for the
ruin probabilities in models with jumps)

0=ay)’(s) + %sz//’(s), s> 0.

The general solution to this linear differential equation with constant coefli-
cients reads
Y(s) = Oy + Coexp(—2as/b?).

For s — oo we should have ¢(s) — 0, so C; = 0. At s = 0 we are ruined
immediately because of the fluctuation of the Wiener process, so Co = 1. As
a conclusion, 1(s) = exp(—2a/b? s). Of course this is not a rigorous proof for
the ruin formula since 1(s) € D was just assumed. For this we will use the
verification argument below.

Consider next the optimal investment problem of Browne [4]. For a given
investment strategy A(t) (A(t) is the amount invested at time t) the risk
process of an investor is given by

dRA(t) = adt 4+ BdV (t) + A(t)(adt + bdW (1)),

where V (t), W (t) are two independent standard Wiener processes. The first
part might model the return in an insurance portfolio modelled by a Brownian
motion with drift, and the second the investment return in a risky asset with
price process modelled by logarithmic Brownian motion. The problem is to
find the optimal investment strategy A(¢) which maximizes survival probabil-
ity

8(s) = P{RA(t) > 0 for all t | R*(0) = s}.

According to (8) the HJB-equation for this problem reads
1 1
0= mgx{on’(s) + 552‘/”(5) + AaV'(s) + 5/12621/”(5)}7 s> 0.

A maximizing A exists only if V”(s) < 0, and in this case it is given by

A:A@:—%Sg.

~

Plugging in we obtain
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1 1 2 / 2
O:aV’(s)+§62V”(s)+_a_V(5)

0.
SEVIs) O

After dividing by V’(s) and computing the negative solution —k of the equa-
tion

we obtain a solution of the form
a

A(S) - b2

k, V(s) =1—exp(—ks), s> 0.

This tells us that a constant amount ak/b? is optimal, and the resulting ruin
probability exp(—ks) is smaller - as it should be - than the ruin probability
without investment exp(—2a/3? s) for s > 0. Notice that the optimal strategy
is not buy and hold but an anticyclic strategy: if prices go up then shares
are sold, and if prices go down then shares are bought. Again, the above
computations do not yet solve our maximization problem since we do not
know wether V' (s) is the unique solution of the HJB equation and wether it is
the maximal possible survival probability d(s). For this we use the verification
argument below.

Verification Argument

The verification argument closes the gap between a solution of an integro-
differential equation or a HJB equation and the given problem of computing
ruin probabilities or maximizing an objective function. For ease of exposition
we reconsider the ruin probability ¢(s) for the Brownian motion with positive
drift. We had found a solution V (s) = exp(—2a/b? s) of the equation (9). Let
7 be the ruin time of the process R(t) = at + bW (t), and define the process
Y (t) = V(R(tAT)). From equation (9) one can read that Y (¢) is a martingale
for which
E[Y ()] =Y(0) =V(s).

For t — oo we have Y (¢) — 1 on the set {7 < oo}, and Y (¢t) — 0 on the set
{7 = c0}. From bounded convergence we obtain that

V(s) = lim E[Y (t)] = P{r < oo} = ¥(s),

t—oo

which proves that V(s)is indeed the ruin probability for initial surplus s.

As a second example we consider the optimization problem of Browne [4].
We have seen that the HIB (8) has a smooth bounded solution V (s) with the
property that for all possible actions A we have

LAV (s) >0, s > 0. (10)

Let A*(t) = ak/b? be the strategy constructed with the optimizer A(s) of
the HIB equation (the constant amount invested), and A(t) any arbitrary
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admissible strategy. Let R*(t) and R(t) be the corresponding risk processes
and 7 and 7 the corresponding ruin times, and define the processes Y*(¢t) =
V(R*(tAT*) and Y (t) = V(R(tAT)). From the HIB equation we see that Y*(¢)
is a martingale, and according to (10) the process Y (t) is a supermartingale,
and both are starting at the value V(s). So for all ¢t > 0

V(s) = E[Y*(t)] = E[Y ()],

For the further reasoning we need boundary values which are derived from
the optimization problem and which are satisfied by the solution V(s). In our
optimization problem we wanted to maximize the survival probability §(s) of
the (controlled) risk process. The natural boundary conditions for the value
function 4(s) are d(co) = 0 (and 6(s) = 1 for s < 0). Our solution V(s) of
(8) satisfies the same boundary conditions (for the second condition, observe
that V(s) can be arbitrary for s < 0). For ¢ — oo we have

Y(t) —0on {r <o}, Y*(t) = 0on {7" < oo},

and, since R*(t) is a Brownian motion with positive drift, Y*(¢) — 1 on {7* =
00}. So, V(s) = limy_o E[Y*(t)] = P{7* < oco}. For the process Y (¢) the
asymptotic behavior for ¢t — oo is less clear. For ¢ > 0 we therefore introduce
the process R (t) with investment strategy A(t) +¢? and initial surplus s + ¢,
the corresponding ruin time 7, and the process Yi(t) = V(R1(t A 71)). We
have Ri(t) = ¢ + R(t) + €?(at + bW (t)) and hence R;(t) — oo on the set
{1 =7 = 0}. As above, we have V(s +¢) > P{r = 7 = oo}. Furthermore,

P{m < oo and 7 = o0}
< P{e+&*(at + bW (t)) < 0 for some t}
= exp(—2ae?/(b%c?) ¢),

and hence

P{T =00} < P{r =7 = o0} + exp(—2ae?/(b*c?) ¢)
< V(s +¢) + exp(—2ae?/(b%e?) €).

With e — 0 we obtain P{r = oo} < V{(s). So, for arbitrary investment
strategy A(t) the corresponding survival probability 6(s) is bounded by V(s),

d(s) < V(s),

and the maximum is attained by the strategy A*(¢).

In the following optimization problems, the verification argument is similar
to the one in Browne’s problem, so we omit it and refer to the literature
whenever it does not follow the same pattern (as, e.g., in the case of optimal
reinsurance).
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Steps for Solution

For the solution of a stochastic control problem via the HJB equation we will
go through the following steps: write down the controlled risk process for a
constant control A and its infinitesimal generator, and from this write down
the HJB equation. Then show that this equation has a smooth solution satis-
fying the natural boundary conditions derived from the optimization problem.
Then use the verification argument to show that the solution of the HJB equa-
tion is the value function of the optimization problem, and the maximizer in
the equation determines the optimal strategy in feedback form. The most
difficult problem is step two: an explicit solution to a HJB equation in the
framework considered here is never possible; the best one can hope for is an
existence proof which renders a good numerical method for computations.

4 Optimal Investment for Insurers

4.1 HJB and its Handy Form

Here we consider investment strategies A(t) (the amount invested into the
risky asset) which are predictable processes with respect to the natural filtra-
tion generated by the processes S(¢) (the claims) and Z(t) (the stock price).
This means that for the strategy we may use all information available just be-
fore time t, so A(t) may not depend on the information that there is a claim
at time ¢ or on the size of that claim. The HJB equation for the problem to
maximize survival probability by investment is

s%ﬂAwa&—X)—V@ﬂ+wc+aAnﬂ@)+%¥A%ﬂ%@}:o,szo

Solving for A which is possible whenever V" (s) < 0 we obtain

A:A@:—%Sg.

~

If A(0) # 0 then the fluctuations of the Wiener process would lead to immedi-
ate ruin, i.e. V(0) = 0, which cannot be optimal since without investment we
have §(0) =1 - AF[X]/c> 0 if AE[X] < c. Hence, A(0) =0 or V"'(0) = —c0.
If we plug in the optimal A(s) we obtain the integro-differential equation

1a?V'(s)?
AE[V (s —X) =V (s)]+cV'(s) = 30 V7(s) s> 0. (11)
The natural boundary conditions are V(s) = 0 for s < 0, V(o0) = 1, and
V"(0) = —o0. This equation is of second order with a singularity at 0 (V"(0) =
—00); it is of little use even for numerical solutions since for the integral term
g(s) = E[V (s — X)] the values of V(u) are needed for 0 < u < s, and for this
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the singularity at zero is disturbing. We will replace the equation by a system
of interacting integro-differential equations which lead to a stable numerical
algorithm, to an elementary proof for the existence of a solution, and to an
almost explicit solution for the case of exponential claim sizes. To simplify the
notation we shall first divide both sides of the equation by a?/b? and denote
the new claims intensity and the new premium intensity again by A and c,
respectively. This leads to an equation with a = b = 1. Next we introduce the
function U(s) = A(s)? and rewrite (11) as

Mg(s) = V(3)) + eV (s) = 5 V/(s)V/T), 520, (12)

where /U (s) denotes always the positive root of U(s). Assuming that
X has a continuous density h(x)

we see that the function g(s) has a continuous derivative for s > 0, and so we
can differentiate once more and obtain

Ag'(s) = V'(s)) +cV"(s) = —%V”(S)A(S) - %V/(S)A/(S), s> 0.
Using V"(s)A(s) = —V’(s) and multiplying both sides of the equation by
A(s) we arrive at

Mmm(u+%w@m—wy@0+mwwy_%mmw@%szo (13)

The corresponding boundary conditions are V' (s) = 0 for s < 0, U(0) = 0, and
V(o0) = 1. The two interaction differential equations (12) and (13) are equiv-
alent to equation (11) in the sense that (11) has a smooth concave solution
V(s) satisfying the natural boundary conditions iff the system (12) and (13)
has a solution (V(s),U(s)) with V(s) concave, U(s) = (V'(s)/V"(s))?, sat-
isfying the natural boundary conditions. The system of differential equations
can be used for numerical computation, and the following resulting algorithm
is stable. Start with Up(s) = 0 and compute the function Vo(s) from (12) and
the natural boundary conditions (which yields the survival probability with-
out investment). With (Vy(s),Up(s)) as starting points, define the sequence
of functions (V;,(s), Un(s)) recursively by gn(s) = E[V,(s — X)],

AVir1(s) —gn(s)) _ v oy
C+%\/m =Vo1(8), 5>0,Vq1(00) =1, (14)

and

A4 -2

!/
> _0

{ 1 gii(S) :

| VoG e

The condition V,41(c0) = 1 can be satisfies by homogeneity of the system:
if h(s) is a solution to (14), then «h(s) is a solution, too. Hence starting
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with h(0) = 1 and norming we obtain with V,,;1(s) = h(s)/h(c0) a solution
satisfying V,,41(0c0) = 1. The sequence of functions (V,,(s), Un(s)) converges,
and the limit is a solution of the system (12) and (13) satisfying the natural
boundary conditions.

4.2 Existence of a Solution

There are two papers with an existence proof for the equation (11), one based
on more classical methods as in [48] (in [18]), the other with a monotonicity
proof (in [19]). For the proof in [18] one assumes a locally bounded density
h(z) of the claim size distribution, for the proof in [19] one needs a continuous
density h(z). The monotonicity proof does not only work for the optimal
investment problem in the Lundberg model but also for the multivariate setup
needed for Markov modulated risk processes.

The monotonicity proof works as follows: first one solves the problem for
a fixed given function g(s) which is increasing, bounded and continuously dif-
ferentiable. The corresponding equation is the HJB equation for the following
optimization problem: for a given utility function g(s) maximize the expected
accumulated discounted wealth

E { /0 " exp(—A)g(R(H))dt

by the choice of an optimal investment strategy A(t). One can show that the
HJB equation of this problem has a smooth solution V,(s), the maximizer of
the HIB equation defines the optimal investment strategy, and V,(s) is the
value function of the problem. The existence proof is based on a monotonicity
argument using an iteration scheme similar to the numerical algorithm above,
it makes use of differential inequalities studied in [47].

Second, a monotone sequence of functions is defined starting with Vj(s)
the survival probability without investment, and solving recursively for the
value function V;,11(s) of the above optimization problem with utility function
gn (). The functions V;,(s) are the value function of the optimization problem
of optimal investment up to the n—th claim. If V,, ;1 (s) > V,,(s) then the same
is true for the corresponding functions g, and vice versa. So we can show that
we have a monotone sequence V,,(s) which converges, and the limit turns out
to be a solution of the original optimization problem.

The verification argument in the optimal investment problem follows ex-
actly the pattern described in section 3.2.

4.3 Exponential Claim Sizes

For exponential claim sizes with density h(z) = 6 exp(—0z), x > 0, the sys-
tem of interacting differential equations separates, and one obtains a differ-
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ential equation for A(s) alone. This phenomenon is present not only for ex-
ponential distributions but for arbitrary phasetype distributions with a den-
sity satisfying a higher order linear differential equation with constant coeffi-
cients. These distributions have the nice property that the non-local operator
g(s) = E[V (s — X)] can be replaced by a local operator involving derivatives
of g(s) and V(s).

To simplify the notation we assume that X has mean 1. If the density of
X is e7*,x > 0, then the function g(s) satisfies the differential equation

g'(s) =V(s) —g(s), s> 0.
From (12) we can see that ¢’(s) can be represented with the factor V’'(s),

78 = Vi)~ gls) = (c+ ;w«s)) Vi(s), s >0,

and so we obtain a differential equation involving U(s) alone:

\/U(a?){)\—l—%—c—%\/U(x)}—i—c:iU'(a:), s> 0. (15)

This equation is closely related to the Lundberg equation below, with which
one can obtain the adjustment coefficient for the exponential bound for the
ruin probability of the controlled risk process:

1
A+re+ 3= AE[exp(rX)].

This equation in the exponential case reads

)\—i—rc—l—l— A
2 1-—r
or ) )
2 —_ — —_ =
cr —|—r()\+2 c) 5 0.

The equation has two solutions, R > 0 and —~ < 0. Since the coefficients in
this equation and those in (15) coincide, we can write (15) as

A(s) = 2cA(s) (ﬁ - R> (ﬁ + 7) s3>0,

and this differential equation has a solution with A(0) = 0 satisfying the
following transcendental equation

A function u(s) with «(0) = 1 satisfying —u(s)/u’(s) = A(s) is
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exp(—Rs)
(1+~A(s))®

The function u(s) is related to V’(s) and V (s) via

V/(s) = 2V (O)uls),

u(s) =

and -
A u(y)dy
c+ A fooo u(y)dy

For an explicit expression of the constant [~ u(y)dy see [22].

1-V(s) =

A(s)

S

Fig. 1. Optimal Investment Strategies for Erlang Claims

In Figure 1 the optimizer A(s) is shown for claim size distributions which
are exponential with mean 1, Exp(1) (lowest curve), Erlang(2) (convolution
of two Exp(1), middle curve) and Erlang(3) (convolution of three Exp(1), top
curve).

4.4 Two or More Risky Assets

If there are two or more risky assets in which investment is possible, then the
optimal investment problem is an optimal portfolio problem combined with
the problem of asset allocation (i.e. in equity on the one hand, and in the
money market on the other hand). If the price process of the risky assets is
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modelled by the d—variate logarithmic Brownian motion (see (7), then these
two problems can be separated:
The HJB of our control problem reads

0=sup (AE[V(s— X) = V(s)]+ (c+a" A)V'(s) + ATEZTAV"(s)), (18)
A
where the maximum is taken over all d-vectors A = (44,...,44), and a =
(a1, ...,aq). The maximizer is

V'(s)
V// (S)

A=— (xxh—t

which is a scalar multiple of a vector which does not depend on s, only the
scalar is state dependent. The techniques developed in the univariate case
yield that the maximizer A(s) defines the optimal investment strategy in
feedback form, which is investment into a fixed (state independent) portfolio
with portfolio weights given by (XX7)~1a, only the total amount invested
into risky assets varies with the wealth s of the insurer. Hence the methods
in the univariate case, in particular the handy HJB, can be used also here for
the computation of the value function and the optimal strategy.

5 Optimal Reinsurance and Optimal New Business

For optimal reinsurance we introduce a general setup as in Vogt (2003). Let
A be the space of possible actions, and for a € A let (X, a) be the part of the
claim X paid by the insurer, and let X — g(X, a) be paid by the reinsurer. We
shall assume that 0 < g(z,a) < x and that ©+ — g(x, a) is non-decreasing for
all a € A. Furthermore, A should be a compact topological space for which
a — g(z,a) is continuous for all . Finally, we assume that there is ag € A
for which g(x,ap) = « for all z. The reinsurance premium for active a equals
h(a), a continuous function on A. Then the risk process of the insurer under
a dynamic strategy a(t) evolves as

N(t)

¢
R(t)zs—i—ct—/ ZgXl,a , t>0.
0 =1

The problem is to find the optimal admissible dynamic strategy a(t),¢ > 0, for
which the survival probability of the insurer is maximal. Admissible strategies
are all predictable processes a(t) (with respect to the filtration generated by
S(t)). The HIB equation for this problem is

0= EEE{AE[V(S —9(X,a)) = V(s)] + (¢ = h(a))V'(s)},

and the natural boundary conditions are V(s) = 0 for s < 0 and V(oc0) = 1.
There is no example for which this equation has an explicit solution, not
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even the maximizer a(s) can be computed in closed form. The program in
this section is to prove existence of a smooth solution for this equation, and
to derive a numerical algorithm for its computation. In some cases, general
properties of the optimal solution can be given.

The general approach starts with the observation that ¥V’ > 0 and hence
the sup is attained at some a for which ¢ — h(a) > 0. Solving for V'(s) we

obtain
AE[V(s) — V(s — g(X,a))]

Vi(s) = jnf { e~ h(a) } ’ (19)

where Ag = {a € A : h(a) < c}. This equation can be solved via the iteration

ME[Va(s) ~ Vals — g(X, )
{ c—h(a) LD

n1(s) = aienjo
starting with Vj(s) the survival probability without reinsurance, i.e. with con-
tract specification ag. The sequence of functions V;,(s) is non-decreasing, so
it converges to a limiting function V(s) which turns out to be a solution of
equation (19). So the existence of a solution can be derived in a most general
framework. For numerical computation, the equation (19) yields a stable al-
gorithm. The boundary condition can again be achieved using homogeneity
of the equation.
There are several possible pricing rules h(a) for the reinsurance contract.
One possible rule is the expectation principle

h(a) = AE[X — g(X, a)]

with p > 1. Reinsurance is expensive under this rule if ApE[X] > ¢. Another
possible rule would be the variance principle

h(a) = AE[X - g(X,a)] + pAB[(X — g(X,a))?],

which is expensive if AE[X] + pAE[X?] > c¢. We shall, however, not allow
that the pricing rule for the reinsurer can change with time, which is a bit
unrealistic, it neglects liquidity cycles.

For optimal new business we obtain a simpler HJB equation for which the
optimal strategy is bang-bang (since the HJB equation is linear in the control
variable): The HJB equation reads
0= sup {AE[V(s = X) =V (s)]+cV'(s) + bME[V (s = Y)=V(s)|+bc1V'(s)}

0<b<1
which has an optimizer b = b(s) which is zero if ME[V(s = Y) — V(s)] +
c1V'(s) <0 and is equal to one if \iE[V(s —=Y) —V(s)] + c1V'(s) > 0. This
yields the following formula for the derivative V'(s) :

AEV(s) = V(s—X
V/(S) — min{ [ (5) (5 )] , (20)

AE[V (s) = V(s = X)] + MB[V(s) - V(s = X)]
c+
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This equation can be solved via the iteration

V! 1 (s) = min AE[V,(s) —CVn(s - X)]7

AE[V,,(8) = V(s = X)] + ME[Vi(s) = V(s = Y))
c+c

}

which yields a non decreasing sequence of functions V,,(s) converging to a
function V'(s) which is a solution to (20). For numerical computation, formula
(20) produces a stable algorithm.

5.1 Optimal Proportional Reinsurance

Here, A = [0,1] and g(z,a) = ax. We consider the reinsurance premium rule
h(a) = Ap(1 — a) E[X] with ApE[X] > ¢ The HJB equation in this case reads

.. AE[V(s) = V(s —aX)]

V/(s) = in , 5>0. 21
(5) ac0,1] (c— Ap(1 —a)E[X]) - (21)
Not even in the exponential claim size case we can compute the value function
or the optimizer in explicit form. But for exponential [or phasetype] distribu-
tions we can replace the non local operator g(s,a) = E[V (s —aX)] by a local
one: for claims with density h(z) = exp(—z), = > 0, we have

05(s,a) = L(V(5) — g(s,0)), 5> 0.

a
Notice that the minimum in (21) is over a € (a1, 1] with a; > 0 from Ap(1 —
a1)E[X] = ¢.This implies that for the optimizer we have a(s) > a;. Hence in
the controlled risk process R*(t) under the optimizer strategy we have claims
bounded from below by some positive constant. Then one can easily show
that R*(t) — oo on the set of no ruin {7* = co}. This lower bound can not be
assumed for arbitrary strategies a(t), and hence for the verification argument
one needs a different reasoning. In the optimal investment problem we had
replaced the controlled process R(t) by a second one with slightly changed
control and initial surplus. Here one can replace the controlled process R(t)
by one in which the premium rate c of the first insurer is slightly changed,
and then use continuity of the solution of (21) with respect to c. For details
see Schmidli [41] and Vogt [45].

In Figure 2 we show the optimizer functions a(s) for the case of exponential
claims with different means. Surprisingly, we see different types of functions:
no reinsurance for all s (a(s) = 1), continuous non-increasing, and finally with
jump and then increasing. In each case we see convergence of a(s) which is
investigated in more detail in section 6.4.
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a(s)

Fig. 2. Optimal Proportional Re Strategies

5.2 Optimal Unlimited XL Reinsurance

Here, A = [0, 0] and g(z,a) = x Aa. We first consider h(a) = A\pE[(X —a)*],
the expectation principle. The HJB equation reads
E — - X
Vi)~ e MEVE) V(s = X Aa))
0<a<oo C — h(a)

(22)

The function to be minimized is discontinuous:
g(s,a) = E[V(s— X Na)]

has a jump at a = s.

In Figure 3 we show the functions g(s,a) for exponential claim size. We
see that the maximizer is a = oo whenever the maximum is not in [0, s] (since
for a > s we have E[V(s — X AN a)] = E[V(s — X)] and since h(a) is non-
increasing). So the maximum will be at a = oo, or at a = s, or in the interval
(a1, s), where ay is derived from h(a;) = c.

For exponential claims the numerical computation of the value function
V(s) can be simplified: for h(z) = fe~*, x > 0, we have

g(s,a) :/Oa V(s — z)h(z)dz+V (s — a)e
/ V(z)h(s — z)dz—e " /sja(a:)h(s —a—xz)dz+V (s —a)e "
0 0

=g(s) —e (s —a)+ V(s —a)e %,

where g(s) = E[V(s — X)]. In Figure 4 we show the maximizer a(s) for
exponential claim sizes; for small s we have a(s) = oo, then a(s) = s which
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0.9 T T T T T T T T

Fig. 3. Integral Term with Jumps

means that under this reinsurance specification the next claim will not cause
ruin, and then a(s) < s with converging a(s).

For the verification argument - which again uses variation of the premium
intensity - and for other technical details see [24] as well as [45].

5.3 Optimal XL Reinsurance

For XL-reinsurance with limit we have a control problem with two decision
variables: A = [0, 00] x (0, 00], where (b, L) € A denotes the vector with prior-
ity b and limit L. No reinsurance will be identified by the pair (0, 00). For this
case little more can be said about the value function and the optimal reinsur-
ance strategy besides existence and verification statements, and asymptotic
properties in the small claims case. This is due to computational intractabil-
ity of the bivariate decision variable (which is not as bad as a bivariate state
variable, but nevertheless).

One might conjecture that the insurer would always choose L = oo since
his survival will be caused by extremely large events, and so he will reinsure
the unlimited tail of the claim size distribution, as long as the reinsurance
premium does not give much weight to the tail. This would be the case, e.g.,
for Pareto claims and for the expectation principle. However, Vogt [45] showed



Stochastic Control with Application in Insurance 153

12 ......... ......... ......................................... -

08

04r

e

0 0.5 1 15 2 25 3 3.5 4 45 5

Fig. 4. Optimal XL-Re Strategy

that L = oo is never optimal under the expectation principle and for large
claim sizes with density f(z), and with hazard rate r(z) = f(z)/(1—F(z)) for
which r(z) — 0 when z — oo (which is true for Pareto claims). And for
exponential claims and the expectation principle, L = oo is always optimal.
This is against intuition, though true.

5.4 Optimal New Business

Here we have A = [0, 1], and the optimizer a(s) satisfies a(s) =1 for s < s,
and a(s) = 0 for s > so, where s¢ is the intersection point of the two curves
from the HJB equation

and
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At the point s = 0 the choice b = 1 is optimal whenever ¢/A < ¢/A1, i.e. even
non-profitable business (without a safety loading) would be written. Of course,
such strategies work only if there is a market on which (also non-profitable)
insurance business can be sold (see [20]).

6 Asymptotic Behavior for Value Function and
Strategies

6.1 Optimal Investment: Exponential Claims

In the case of exponential claims the following equation characterizes A(s) :

(ﬁ - R)7 (ﬁ +v>R = exp(— (R +7)s),

where A(s) > 0 (see 16). This implies A(s) — 1/R for s — oo. Formula (17)
and the asymptotic relation u(s) ~ exp(—Rs) together imply that the asymp-
totic behavior of the value function V(s) is given by 1 — V(s) ~ Cexp(—Rs),
s — oo, where C is a positive constant. The same asymptotics can be ob-
tained by a constant strategy: A(s) = 1/R yields a survival probability V;(s)
satisfying 1 — V1 (s) ~ Cy exp(—RSs), s — o0.

6.2 Optimal Investment: Small Claims

The ruin probability in Lundberg’s risk model is exponentially bounded in
the case of small claims,

’(/JO(S) < exp(—Rps), s > 0,

where Ry - the adjustment coefficient - is the solution of Lundberg’s equa-
tion (3). For this we need a safety loading and finite exponential moments
Elexp(rX)],r > 0, of the claims. Furthermore, this exponential bound is
sharp in the sense that

¥°(s) ~ Cexp(—Ros), s — o0

(see (5)). With investment the same is true in the case of optimal investment in
which the adjustment coefficient R > Ry is defined via the modified Lundberg

equation
2

a
A+cr+ i AE[exp(rX)].

For the inequality see [11], and for the asymptotics [17] and [22]. Furthermore,

the maximizer A(s) satisfies A(s) — 1/R, and the constant strategy based on
A(s) = 1/R has a ruin probability of the same exponential order exp(—Rs).
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The asymptotics is derived in [22] under the assumption that Elexp(rX)] < oo
for some r > R, that X has a continuous density, and the condition

sup Elexp(R(X —y)) | X > y] < o0.

The asymptotic behavior of the value function implies that optimal invest-
ment improves the situation because of Ry < R, but investment of a constant
amount does the same. This is disappointing: our optimal strategy is - at least
for large values of s - not much better than a very simple strategy. However,
the case of small claims is not the one important for applications.

Notice that investment of a constant proportion into the risky asset cannot
be recommended in the small claims case. In Norberg and Kalashnikov [29] and
in Frolova et al. [10] it is shown that the ruin probability in this case behaves
as Cs™* for some C' > 0,a > 0, which is as large as the ruin probability
without investment with Pareto claims (see (6)). So, investment can improve
the situation of the insurer, but investment of a constant proportion will not,
it will lead to a much more risky position. See also Paulsen and Gjessing [38].

6.3 Optimal Investment: Large Claims

For large claims (such as the family of subexponential distributions) a general
theory on the asymptotics of the value function in the optimal investment
problem is not available. One case has recently been considered and solved
by Karamata’s theory of regularly varying functions. It is the case in which
the claim size distribution has a tail which is regularly varying with exponent
p<—1, 1ie.

P{X >t} =t"L(t), t -

with a slowly varying function L(¢). In this case, the asymptotics of the ruin
probability without investment is given by

’(/JO(S) ~ C’os”HLo(s), 5 — 00,

with a different slowly varying function Lg(s). Gaier and Grandits [12] could
prove that with optimal investment, the ruin probability ¥(s) = 1 — V(s)
satisfies

P(s) ~ C18”L1(s), s — o0,

and the optimizer A(s) is asymptotically linear,

a

A~ By

s, § — 00.
With the strategy derived from the linear function A(s) = (a/(b*(1— p))s one
can obtain almost the same asymptotic behavior of the corresponding ruin
probability ¢! (s) :

Yl(s) ~ CysPLo(s), s — oo.
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So also in this large claims case, insurance improves the situation of the in-
surer: s is replaced by s”, and this can be achieved - at least to the same
order, as one can show using the methods in [12] - by the investment of a
specific constant proportion of current wealth.

6.4 Optimal Reinsurance

For the general reinsurance problem there is an asymptotic behavior of the
value function and the optimal strategy in the small claims case: one can show
that for arrangements g(z,a), a € A, satisfying the assumptions

A is a compact topological space,

x — g(z,a) is continuous for all x € R,

x— ¢(z,a) is monotone for all a € A,

l9(,a) — g(y,0)| < o — y| forall a € 4,

the adjustment coefficient R = sup, 4 R(a) exists, where R(a) is the pos-
itive solution to the equation

A+ (¢ —h(a))r = AE[exp(rg(X, a))],
and for claim size distributions satisfying

X has a continuous density h(zx),
Elexp(rX)] < oo for some r > R,
sup{Elexp(R(X —y)) | X > y] < oo

the value function of the problem satisfies the asymptotic relation
1-V(s) ~ Cexp(—Rs),
and for the optimal strategy we have
a(s) — a*, t — o0,

where a* is the action for which R(a) attains its maximum (see Vogt [45]).
Also for the survival probability V;(s) of the controlled process with constant
strategy a(t) = a* we have 1 — V (s) ~ C} exp(—Rs).

The computation of the adjustment coefficient R = sup{R(a) : a € A}
can be simplified: R is the positive parameter for which the function V(s) =
1 — e~ % satisfies the HJB equation, i.e.

0= EEE{AEU —exp(Rg(X, a))] + R(c — h(a))},

and a* is the maximizer of this equation. To see this let R* be the solution of
the above equation which we assume to be attained at some a* € A. Observe
first that for arbitrary a € A we have

AE[exp(R*g(X,a)) — 1] > R*(c — h(a)).
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The adjustment coefficients R(a) are defined via
AE[exp(R(a)g(X, a)) — 1] = R(a)(c — h(a)),

and we have

AE[exp(rg(X,a)) — 1] > r(c — h(a))

iff » > R(a). Applying this for r = R* we obtain R* > R(a) for all a € A.
Since R* = R(a*) < R we obtain the assertion R = R*.

For further aspects of maximizing the adjustment coefficient see [46].

For large claims the situation is less transparent. For unlimited XL-reinsu-
rance the controlled process has an adjustment coefficient R = sup,c 4 R(a),
and with this quantity the Lundberg inequality 1 — V(s) < exp(—Rs) holds.
Numerical experiments support the conjecture that also in this case the strate-
gies converge to a* for which R = R(a*) (see Vogt [45]). For (limited) XL-
reinsurance an adjustment coefficient does not exist, but numerical experi-
ments still seem to indicate that the strategies converge (see [45]). In this
area, there are many interesting open questions which are also relevant for
practical applications.

7 A Control Problem with Constraint: Dividends and
Ruin

Since the problem of stochastic control with constraints is still open for infinite
horizon cases and continuous time, we consider discrete time in this chapter.
The stochastic model presented is a toy model, but the method of solution
seems to be transferable to more complicated models, also to continuous time
models.

7.1 A Simple Insurance Model with Dividend Payments

Let X1, X5, ... be the total sum of claims per period modelled by iid nonneg-
ative integer valued random variables, let ¢ be the total premium per period
which is a positive integer, and s the initial surplus which is a non negative
integer. The reserve R(t) of the company without dividend payment evolves
in discrete time as R(0) = s and

R(t+1)=R(t) +¢c— Xit1,t > 0.

We assume that P{X; > ¢} > 0 and that ¢ > E[X]. Recall that the infinite
time ruin probability

YY(s) = P{R(t) < 0 for some t > 0}
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satisfies the equation
¥°(s) = B[y"(s + ¢ — X)].
We consider dividends d(t) which are paid at the beginning of period ¢ +
1,¢t > 0. If F(t) is the o—field generated by R(h),h < t, then d(t) is an

F(t)—measurable nonnegative random variable. As a measure of profitability
we use expected accumulated discounted dividends:

741

ul(s) =E | Y v'd(t)|

t=0

where v is a discount factor. With dividend payment the reserve is RY(t)
defined by R%(0) = s and

Rt +1) = RY(t) —d(t) + ¢ — X¢11,t > 0. (23)

In the upper index of summation we use 7% as the ruin time in the risk process
R%(t). The ruin probability of the reserve R%(t) is denoted by

Yi(s) = P{r% < oo}.

There is a tradeoff between stability and profitability: Minimizing ruin prob-
ability means no dividend payment, d(t) = 0 or u?(s) = 0, and the reserve
process R(t) goes to +oo. Maximizing u?(s) leads to a dividend payment
scheme for which ruin is certain,

Y(s) =1 for all s >0,

and the reserve process R%(t) remains bounded (see Biihlmann ([5], chapter
6.4) and references given there, as well as Gerber (1979)).

We consider the problem of optimal dividend payment under a ruin con-
straint, i.e. for 0 < a < 1 and initial surplus fixed we derive an optimal
dividend payment scheme d(t) for which

Pi(s) < a (24)

and for which u?(s) is maximal in the class of all dividend payment schemes
satisfying the constraint (24). This is done using a modified Hamilton-Jacobi-
Bellman (HJB) equation and via the construction of the process of optimal
admissible ruin probabilities.

7.2 Modified HIJIB Equation

The HJB equation for the value function u(s) of the problem to maximize
profitability without a ruin constraint is
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u(s) = S%p{é +vE[u(s — 0 + ¢ — X))}, (25)

where the maximum is taken over all 0 < ¢ < s. The optimal strategy is then
defined via (23) and
d(t) = §(R%(1)),
where § = §(s) is the maximizer in (25).The modified HJB for the value
,Q

function wu(s, &) under the constraint (24) is

u(s, «) :séug){(S—l-vE[u(s—6+c—X,ﬂ(X))}}, (26)

where the maximum is taken over all 0 < § < s and functions () satisfying
E[B(X)] < «a and
P(s—6+c—x) < plx) <1

If there is no admissible pair (4, 3), then the maximum is interpreted as zero.
Under the additional assumption vP{X < c} one can show (via a contrac-
tion argument) that equation (26) has a solution, and that the maximum is
attained at certain values § = d(s,«) and functions S(z) = B(s, o;x). With
these functions the process of optimal admissible ruin probabilities b(t),t > 0,
is defined as b(0) = « and

b(t + 1) = B(R*(t),b(t); Xi41),t > 0, (27)
and the optimal dividend payment strategy is defined through
d(t) = §(RU(t),b(t)),t > 0. (28)

It turns out that d(¢) is an admissible strategy satisfying the constraint
(24), and that d(t) maximizes profitability under this constraint. The pro-
cess b(t),t > 0, is a martingale with mean « satisfying

b(t) > PO (Rt — 1) —d(t — 1) + ¢ — X;) = WO (R(t)), ¢ > 0.
At time ¢ the value b(t) is the ruin constraint which is active at ¢. Furthermore,
b(t) = P{r? < oo | X1, ..., X;}.

The strategy d(t) is path dependent: for ¢ > 0 the value d(t) depends on R%(t)
and b(t), i.e. on the current state of the reserve and the current active ruin
constraint. For details see [21].

7.3 Numerical Example and Conjectures

The numerical computation of the value function and the optimal strategy is
based on a recursive solution of equation (26):
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Unt1(s, @) = 551%){5 +vE[un(s—d+c— X, B(X))]}.

Again, a contraction argument implies that the sequence of functions uy, (s, «)
converges. As an example we consider the special case of a skip free risk
process: ¢ = 1, P{X; = 0} = 1 — P{Xy; = 2} = 0.7. Using the above it-
eration we computed the functions u(s, @), B1(s,a) = B(s,a;1) (the value
for Ba(s,a) = B(s,@;2) can be derived from the martingale condition), and
3(s, ). For a < 9°(s) we know that u(s, ) = 0, and we have set 3(s, a; 1) = 1.
From the numerical results we derive the following conjectures:

1) 0(s,a) = 3721 Liasacs)), a(0) = ... = a(4) =1, a(5) = 0.1055, a(6) =
0.041, a(7) = 0.0185, a(8) = 0.009.

2) Bi(s,a) =92s +1) + (a = 9%(5))(1 =9 (s +1)) /(1 = ¢°(s)), 0 > $°(s).

3) ua(s, ) = oo at the point inf{a : u(s,a) > 0} = °(s).

Conjecture 2. is obvious for s = 0 : it follows from £2(0,a) = 1 and
pﬂl(oa OL) + (1 _p)ﬂQ(Oa OL) =a.

The corresponding problem without ruin constraint has an optimal strat-
egy which pays dividends whenever the surplus s reaches the value 5, i.e.
0(s,1) =0, =0,...,4, §(5,1) = 1. The value function u(s) can be computed
using the following system of linear equations:

u(0) = vpu(1)
u(@) =vpu(i+1)+v(l —pu(i—1),i=1,...,4
uw(5) =1+ u(4);

we obtain

w(0) = 6.2752, u(1) = 9.2335, u(2) = 10.8971,
w(3) = 12.0771, u(4) = 13.1004, u(5) = 14.1004.

Our numerical results in the constrained case are in line with these values:
0(s,a) =0 for s =0,...,4 and all « (see assertion (h) in the above Lemma,
and u(s,1) = u(s).

Figures 5 and 6 show the value function u(s, ) and the function 3(s, )
for s = 0,..., 10, computed with a step size of A = 1/2000 (i.e. u(s, @), 5(s, a)
are approximated at the points kA k = 0,...,2000), and the range of s is
restricted to s < 20. On the x—axis « runs from 0 to 1. For each value of s a
separate curve is shown.
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Fig. 5. Value Function for Optimal Dividends

u(s,a)

b(s,a)

S

Fig. 6. Running Constraints

7.4 Earlier and Further Work

Earlier approaches to optimal dividend payment without constraints or with
different constraints can be found in Bithlmann’s book [5], in Gerber ([14] and
[15]), and in Paulsen [36]. The Lagrange multiplier method used in Altman
[1] does not seem to work in the infinite horizon situation considered above.
Hipp and Schmidli [23] compute optimal dividend strategies satisfying (24) of

the form
0if R(t) < c(s, )
dt) = {M if R1(t) > c(s,a) (29)

for compound risk processes R(t) in continuous time, and for exponentially
distributed claim sizes. These strategies are optimal only in the class of strate-
gies having form (29). They show that universal optimal strategies satisfying
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(24) can be derived from a modified HJB, adjusted to the Lundberg model:
0= min[s%p{)\E[u(s +c—X,0(X)) —u(s, )] — pu(s, a) (30)
+eus(s,a) = ME[B(X)] — @)ua(s, )}, 1 — us(s, a)].

Again, the maximum is taken over all functions §(z) satisfying the following
constraint:

1> B(x) >¢°(s — ).
Notice that here we do not have the restriction E[3(X)] = a.

8 Conclusions

The techniques and methods of risk management described in this survey pa-
per are presented from a theoretical viewpoint (existence of optimal strategies,
their properties, and the construction of numerical algorithms). Of course, the
implementation of these methods in real life needs a considerable amount of
additional work, such as

e parameter estimation,
e sensitivity investigations and
e real markets modelling.

All these points are related, but the main and most difficult implementation
problem would be the last one. To be more specific, we consider two aspects:

e transaction costs for investment, and
e illiquid reinsurance markets.

For the first problem, one might look for strategies which are suboptimal
and have low transaction costs. The second problem is based on the fact
that reinsurance contracts are never adjusted in continuous time, and when
they are adjusted, the reinsurance premium is fixed via a new bargaining
which takes the actual market situation into account. To come closer to op-
timal reinsurance one would look for suboptimal strategies which could be
implemented into a multi-year reinsurance contract. Stochastic control for
reinsurance would help to find such suboptimal strategies (e.g. in unlimited
XL-reinsurance, with three levels ”no reinsurance”, ”priority equals surplus”,
and ”constant (asymptotic) priority”, which are active automatically when
the surplus is low, intermediate, or large, respectively). Today’s insurance
companies are not yet using these ideas of sophisticated risk management;
times of increasing costs of capital will, however, generate a demand for the
methods presented in this paper.
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1 Introduction

1.1 Searching the Mechanism of Evaluations of Risky Assets

We are interested in the following problem: let (X;)o<i<7 be an Re—valued
process, Y a random value depending on the trajectory of X. Assume that,
at each fixed time ¢ < T, the information available to an agent (an individual,
a firm, or even a market) is the trajectory of X before ¢t. Thus at time T,
the random value Y (w) will become known to this agent. The question is:
how this agent evaluates Y at the time t7 If this Y is traded in a financial
market, it is called a derivative, i.e. a contract whose outcome depends on the
evolution of the underlying process X. The output of this evaluation can be
the maximum value the agent can accept to buy it or the minimum value to
sell it. It may depend on his economic situation, his knowledge on the history
of X, his risk aversion and utility function. In many situation this individual
evaluation may be very different from the actual market price.

Examples of derivatives are futures and option contracts based on the
underlying asset X, such as a commodity, a stock index, the interest rate, an
exchange rate; or an individual stock; or a mortgage backed security. Here
the term derivative is in general sense, i.e., it may be a positive or a negative
number.
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The well-known Black & Scholes option pricing theory (1973) has made the
most significant contribution, over the last 30 years, in modeling the evaluation
of derivatives in financial markets.

One of the important limitations of Black—Scholes-Merton approach is that
it is heavily based on the assumption that the statistic behavior of the stochas-
tic process X is exogenously specified. The fact that the Black—Scholes pricing
of Y is independent of the preference of the involved individuals is also fre-
quently argued. On the other hand, in the situation where Y is not traded, the
main arguments of BS model, i.e. the replication of a claim in an arbitrage—
free market, are no longer viable, and the evaluation of Y is often preference—
dependent.

In this lecture the evaluation of Y will be treated under a new viewpoint.
We will introduce an evaluation operator & r[Y] to define the value of Y
evaluated by the agent at time ¢. This operator & r[-] assigns an (Xs)o<s<r—
dependent random variable Y to an (X;)o<s<¢—dependent & [Y]. Although
this value &, r[Y] is very complicated and is different from one agent to anther,
we can still find some axiomatic assumptions to describe the mathematical
properties of this operator. The evaluation of Y is treated as a filtration consis-
tent nonlinear expectation or, more general, a filtration consistent nonlinear
evaluation. We will prove that this expectation or evaluation is completely
determined by a simple function g.

1.2 Axiomatic Assumptions for Evaluations of Derivatives
General Situations: .’F'tX —Consistent Nonlinear Evaluations

Let us give a more specific formulation to the above evaluation problem. Let
X = (X¢)t>0 be a d-dimensional process, it may be the prices of stocks in a
financial market, the rates of exchanges, the rates of local and global inflations
etc. We assume that at each time ¢ > 0, the information of an agent (a firm,
a group of people, a financial market) is the history of X during the time
interval [0,¢]. Namely, his actual filtration is

FX =o0{Xs <t}

We denote the set of all real valued F;X-measurable random variables by
mJF7X. Under this notation an X—underlying derivative Y, with maturity t €
[0,00), is an F;¥—measurable random variable, i.e., Y € mF;X. We will find
the law of evaluation of Y at each time s € [0,¢]. We denote this evaluated
value by &4[Y]. It is reasonable to assume that &[] is FX-measurable.
We thus have the following system of evaluator: for each Y € mF;¥

Est[Y]: mFS — mFX.

In particular
EoilY]: mFX — R.
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We will make the following Axiomatic Assumptions for (& [])o<s<i<oco:

(A1) Monotonicity: & ,[Y] > & ,[Y'],if Y > Y.

(A2) &Y =Y, if Y € mFX, particularly & olc] = c.

(A3) Time consistency: & [ r[V]] =Er]Y], ifs<t<T,Y € mF¥.
(A4) “Zero—one law”: for each s < t, E4[14Y] = 14E5,[Y], VA € FX.

Remark 1.1. Conditions (A1) and (A2) are obvious. Condition (A3) means
that at the time ¢ < T, & p[Y] can be also treated as a derivative with the
maturity ¢. At the time s < ¢, the price & ([ r[Y]] of this derivative is the
same as the price of the original derivative Y with maturity T, i.e., & r[Y].

Remark 1.2. The meaning of condition (A4) is: at time s, the agent knows
whether X.As is in A. If it is in A, then the value & ;[14Y] is the same
as £ 4]Y] 14Y =Y. Otherwise 14Y is zero thus it costs nothing. A more
generalization of (A4) is

(A4’) For each s <'t,

1a€s i [1aY] = 14,4 [Y], VA € FX.

In this lecture we will not study this case (see Peng 2003 [Peng2003b]).

.’F'tX —Consistent Nonlinear Expectations

In many situations we assume furthermore, instead of (A2) , that

(A2’) Foreach 0 < s <t, Y € mFX, E,4[Y] =Y.

Remark 1.3. The meaning of condition (A2’) is: the market has a zero—
interesting rate, i.e., r; = 0. We observe that in many cases, even when r; # 0,
we can still define the following discounted evaluation

T
T pY] = &Y exp(— /t rods)].

This & 7] satisfies (A2’).

Let us fix a sufficiently large T' < oo and consider & [Y]for 0 < s <t < T
and Y € mFX. By (A2)

EsilY=Esilir[Y]] =Es Y]
We then only need to treat E[Y|FX] := & r[Y]:

5[Y|.7:SX] : m}"%( — m]:SX,
ElY] = E[Y|F] : mFY — R,



168 Shige Peng

By the Axiomatic assumptions, we have, for each Y, Z € mFzX andt < T,

(A1) Monotonicity: E[Y|F*] > E[Z|F}], Y > Z;

(A2’) Constant—preserving: E[Y|FX] =Y, if Y € mFX;

(A3) Time consistency: E[E[Y|FX]|FX] = E[Y|FX], ifs<t<T;
(A4) “Zero—one law”: E[14Y|FX] = 14E[Y|F~], VA € F¥.

In particular, the functional £[] is a nonlinear expectation, i.e., it satisfies

(al) Monotonicity: £[Y] > E[Z],f Y > Z;
(a2) Constant—preserving: &[c] = c.

From (A3) and (A4) we have, each 0 < T < oo and Y € mF3¥,
ENAEY|FM] = E[1aY], VA € FX. (1)

We recall that this is just the classical definition of the conditional expectation
given FX. In the next section we will prove that in nonlinear situations we
can also derive all the Axiomatic assumptions (A1), (A2’), (A3) and (A4) by
this definition (1) provided & is strictly monotone. In this case we call £[-] an
F{X—consistent nonlinear expectation.

Remark 1.4. From the above reasoning it is clear that the Axiomatic assump-
tions (A1)—(A4) are also applied in many other situations to measuring a risky
value Y in a dynamical situation. In fact, an advantage is that they are also
workable in the situation where the risky value Y is not exchanged in mar-
kets. For example, a result of a decision is in general not exchangeable. For
example, it is applicable to an individual or a group’s evaluation of a deriva-
tive Y. In some situation an agent can not have all information F;X, but this
formulation can be also applied to the situation of partially observation, i.e.,
with a smaller filtration G; C F;, t > 0.

Remark 1.5. Tt is clear that for the formulation of an F;X —consistent evaluation
it is not needed to introduce an a priori probability space. But in this lecture
we will be within the framework of Brownian Motion filtration (F%)¢>¢. For
more general situation, see [Peng2002].

1.3 Organization of the Lecture

In the next section, we will give the formulations of filtration consistent eval-
uations and expectations under the filtration F; generated by a Brownian
Motion. Then in Section 3, we present BSDE theory and introduce a large
sort of filtration consistent nonlinear evaluations and expectations, i.e., g—
evaluations and g—expectations. This g—evaluation is entirely determined by
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a simple real function g. We also present a nonlinear decomposition theo-
rem of Doob—Meyer’s type, for the related g—supermartingale. This result
plays a central role in Section 4, in which we will prove that the notion of
g—expectations is large enough to represent all “regular” F;—consistent non-
linear expectations. This result permit us to find the simple mechanism, i.e.,
the function g, of the above apparently very abstract evaluations. We also
provide a simple method to test and then find the function g. In Section 5, we
present some basic method to solve numerically BSDE such as g-expectations
and g—evaluations.

The nonlinear martingale theorem in self-content in this lecture, including
the related upcrossing inequalities.

2 Brownian Filtration Consistent Evaluations and
Expectations

2.1 Main Notations and Definitions

In this lecture, we will study the above evaluation problem within the follow-
ing standard framework. Let ({2, F, P) be a probability space equipped with
a filtration (Fi)i>0, (Bi)i>0 be a standard d-dimensional Brownian Motion
defined on this space. We assume that (F;) is the natural filtration of B:

Fi=0{0{Bs; 0<s<t}UN}, F .= U Fi.

t>0
where N is the collection of P-null sets in 2. A vector valued stochastic
process X; = X(w,t), t > 0, is said to be Fi-adapted (or more specifically
(Ft)o<t<oo -adapted), if for each ¢ € [0,00), (X¢()) is an Fy—measurable ran-
dom variable. F; represents our information before time ¢. Thus the meaning
that X is Fi-adapted process is that at the current time ¢y, we know all tra-
jectories of X; for ¢ < tg. All processes discussed in this lecture are assumed
to be Fi—adapted. We need the following notations. Let p > 1 and 7 < T be
a given JF;-stopping time.

e The scalar product and norm of the Euclid space R"™ are respectively
denoted by (-,-) and | - |.

o LP(F;; R™) :={the space of all real valued F,—measurable random vari-
ables such that E[|{]P] < co};

e L%(0,7;R™) :={R™valued and F;-adapted and stochastic processes
such that E [ |¢[Pdt < oo}

e D”(0,7; R™) :={all RCLL processes in L'-(0,7; R™) such that
Elsupgc;<, [¢¢[P] < oo}
S%(0,7; R™) :={all continuous processes in D%-(0,7; R™) };
St :={the collection of all F;—stopping times bounded by 7 < T'};
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o 8 :={r €8y and UL {7 =t;} = 2, with some deterministic 0 < ¢; <
< tN}-
In the case m = 1, we denote them by LP(F.), L’-(0,7), D%(0,7) and
S%-(0, 7). We observe that all elements in D%(0,T) are F;—predictable. When
p = 2, the above LP are separable Hilbert spaces.

We observe the following fact: for each ¢ € L%.(0,T) there exists a pro-
gressively measurable process ¢ which is stochastically equivalent to ¢, i.e.,

P(w: ¢t(w) = ¢¢(w)) = 1, ¥t € [0, T].

In this lecture, we will not distinguish the two processes.
We now give a rigorous definition of F;—consistent evaluations and expec-
tations:

Definition 2.1. The system of operators
Esal]: L(F) = L*(F,), 0< s <t <T (2)

is called an Fy—consistent nonlinear evaluation defined on L*(Fr) if for each
0<s<t<T and for eachY and Y’ € L*(F;), we have

(A1) Monotonicity: & r[Y] > & r[Y'], as., Y >Y' as,;

(A2) &Y=V, ifY € L*(F), as., particularly & olc] = ¢;

(A3) Time consistency: &, s[E . [Y]] = E[Y], as., ifr<s<t<T;
(A4) “Zero—one law”: for each s < ¢, £ 4[14Y] = 14&,,[Y], a.s., VA € Fs.

Remark 2.1. By (A4) it is easy to check that & .[0] = 0, a.s.. A condition
weaker than (A4) is

(A4’) For each s <t, 14&4[14Y] = 14&;,[Y], a.s., VA € F.

As we discussed in the introduction, if (A2) is strengthen to
(A2’) E,4Y] =Y, as., VY € L?(Fy)

then we have

Proposition 2.1. We assume (A1), (A2°), (A3) and (A4). Then, with the
definition
EY|F] = ErY], as., Y € L*(Fr) (3)

We have

(A1) Monotonicity: E[Y|F] > E[Z|F), as., if Y > Z, a.s.;

(A2’) Constant—preserving: E[Y|F]| =Y, as., if Y € L2(F);

(A3) Time consistency: E[E[Y|F]|Fs] = E[Y|Fs), as., if s <t <T;
(A4) “Zero—one law”: for each t, E[14Y|F;] = 14E[Y|F], as., VA € Fy.
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Definition 2.2. The system of operators
ELF]: L2(Fr) — L3(F), 0<t<T (4)

satisfying the above aziomatic assumptions (A1), (A2’°), (A3) and (A4) is
called an Fy—consistent nonlinear expectation (or simply F—expectation) de-

fined on L*(Fr).

2.2 F,—Consistent Nonlinear Expectations

The above F;—consistent nonlinear expectations can be also introduced in a
classical way, beginning from the notion of nonlinear expectations:

Definition 2.3. A nonlinear ezpectation defined on L*(Fr) is a functional:
E[]: L*(Fr)— R
satisfying the following properties: (al) Strict monotonicity:
if Y1>Yy a.s., then EY1] > EYa];
if 1>2Ys as., EVi|=E&Ye] <— Y1=Yy as.
(a2) preserving of constants:
Ele] =¢, for each constant c.

Lemma 2.1. Let t <T and n1,m2 € L*(F;). If for each A € F,
Elm1al = Emalal,

then we have

2 =11, a.S. (5)
Proof. We choose A = {n1 > 2} € F. Since (91 —12)14 > 0 and E[m14] =
Enalal, it follows that 7114 = mal4 a.s.. Thus g2 > 1 a.s. With the same
argument we can prove that n; > 7y a.s. It follows that (5) holds. The proof
is complete. O

Definition 2.4. A nonlinear expectation is called an F-expectation defined on
L2(Fr) if for each Y € L*(Fr) and t € [0,T), there ezists a random variable
n € L*(F:), such that

E[YlA} = g[f]lA}, VA € F;. (6)

From Lemma 2.1, such an 7 is uniquely defined. We also denote it by
n = E[Y|F). E[Y|F] is called the conditional F-expectation of Y under F;.
It is characterized by

E[Y14] = E[E[Y|Fi14], VA€ F (7)

We will see that, in fact this definition of £[-|F;] coincides with Definition

2.2. Indeed, we have the following lemmas. The first one checks (A3) and
(A2):
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Lemma 2.2. We have, for each 0 < s <t <T and Y € Fr,
EEIY|R)|Fs] =E[Y|Fs]  as. . (8)

In particular,

EEY| R = £lY]. (9)
IfY € L?(F;), we also have

EY|R]=Y, a.s.
Proof. Since A € Fs C F, thus

EEIEW | R Fs1a] = E[E]Y|Fi]14]
=E[Y14]
= E[E[Y|F]La]-

It follows from Lemma 2.1 that (8) holds. (9) follows easily from the fact that
Fo is the trivial o-algebra (since By = 0). Finally, if Y € L?*(F;), then the
only n € L?(F;) satisfying (6) is Y itself. Thus (A2’) holds. O

The second lemma checks (A4):
Lemma 2.3. We have
EY1a|F) =EY|F)la, VYAEF, as. . (10)
Proof. For each B € F;, we have

E[EY1a|F)1B] = E[Y1alB]
[EY|Fillans]
[E[Y[F]1a]1B].

S

Thus (10) holds. O
E[-|F:] has also the monotonicity property:

Lemma 2.4. For any X, Y € L?(Fr), if X <Y a.s., then we have for each
te 0,17,
EX|F) <EY|F] as.

In this case, if for some t € [0,T), one has E[X|F]) = EY|F, a.s., then
X =Y, as.

Proof. Define X; = E[X|F] and V; = E[Y|F], and let A € F;. Because of
the monotonicity of £, we have

5[Xt1A] :g[XlA} Sg[YlA] ZE[KIA].
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Now, take A = {X; > Y;}. If P(A) > 0, the strict monotonicity of £ implies
that
E[X14] > E[Yi14].

Comparing the two above inequalities, we conclude that P(A) = 0.
Now if for some t € [0,T), one has E[X|F] = E[Y|F], then E[X] = E[Y].
It follows from the strict monotonicity of £[-] that X =Y, a.s.. O

We then can conclude

Proposition 2.2. Let £[-] be defined in Definition 2.3. If for each 0 < t <
T < oo and Y € L?(Fr), there exists a E[Y|Fy] € L*(£2,F;, P) satisfying
relation (7), then (E[Y|Fi])o<i<r is an Fy—consistent nonlinear expectation
defined on L*(Fr).

Proof. We have already (A1), (A3) and (A4). (A2’) can be checked by a similar
argument. O

Lemma 2.5. For any Y, Y’ € L*(Fr) and for each t € [0,T] and A € F; we
have

EY1a+Y 10| F) =E[Y|Fla + EIY|F]1 ac (11)
Proof. We have
EVIA+Y 10| F]) = EY 1A+ Y 1 gc|FJla+ E[Y 1A+ Y 1 g0|F]1lac
E[(Y1a4+Y'140)1a|F]+E[(Y1a +Y 1 g0)lgc|F]
EIY1A|F] + EY'1 40| F]
EIY|Fila + E[Y'|F1 g

Remark 2.2. (11) is equivalent to (A4’): 14E[Y 14| F] = 14E[Y|F).

2.3 Fi-Consistent Nonlinear Evaluations

Just as in Subsection 2.2, we can also introduce F-consistent nonlinear eval-
uations in the following way:

Definition 2.5. An evaluation is a family of nonlinear functionals parame-
terized by t € [0,T]

Eoil]: L*(F) — R
which satisfies the following strict monotonicity properties: for each t > 0 and
Y1,Ys € L3(F,), we have

Zf Yi Z ng a.s., then 50¢[Y1} Z 50¢[Y2};
’Lf Yl Z Y2 a.s., then 507t[Y1] = 507t[Y2] Zﬁ Yi = ng a.s..
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Lemma 2.6. For each t <T and n1,n2 € L*(F;). If
Eolmlal < Eoilmelal, VA€ F,

then
m <12, a.s.
If
Eoulmlal = oulnela], VA€ F,
then

N =11, a.S. (12)

Proof. To prove the first assertion, we set A = {n > 12} € F;. Since
(m — m2)14 > 0, thus the monotonicity yields & [ni1a] > ot[n214]. With
Eotlmlal < &Eoi[n2lal, it then follows from the strict monotonicity that
mla = moly as.. ie., 71 < n2 a.s. The second assertion is a simple con-
sequence of the first one. O

We can also define F— evaluation operators

Definition 2.6. A nonlinear evaluation (£o¢[])ieo,r) defined on L*(Fr) is
called F-evaluation if for each 0 < s <t <T andY € L2(_7:t) there exists a
random variable n € L*(Fs), such that

EoilY1a] =& s[nlal, VA€ F,.

From Lemma 2.6, such 7 is uniquely defined. We denote it by n = & +[Y].
Es 1| satisfies
Eou[Y1a] =E0s[Es4[Y]1a], VA€ F,. (13)

We can prove that (€+[-])o<s<t<7 is the Fi—consistent nonlinear evaluation

defined on L?(Fr). We first check (A3):
Lemma 2.7. For each 0 <r <s<t<T and Y € L*(F;), we have
ErslEsplY] = ErtlY]  aus. (14)

In particular,

Eo0,51Es i [Y]] = EoplY] as.. (15)
Proof. Since A € F, C Fs. Thus by (13),
Eo,r[Ers[Est[YI1a] = &0,5[Es,[Y]1 4]
= &0.4[Y14]
= EorlErt[Y]1A].
It follows from Lemma 2.6 that (14) holds.

Let » = 0, (15) follows then easily from the fact that Fy is the trivial
o-algebra (since By = 0). O

We then check (A4):
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Lemma 2.8. For each 0 < s <t, Y € L?(F;) and A € F,, we have
EstlY1a] =E&s4[Y]1a, a.s.. (16)
Proof. For each 0 < s <t and B € Fg, we have, by (13),

0,511 [Y1allg]) = Eou[Y1alB]
= gO,s[€s7t[Y]1AﬁB]
= &0,5[[Es,t[Y]1a]1B].

It follows from Lemma 2.6 that (16) holds. O
We also have (A2):
Lemma 2.9. For each 0 <t < T, and n € L*(F;), we have
Eilnl =mn, as..
Proof. By (13) we have

5O,t[5t,t[77}1A] = 507,5[171,4], VYA e L2(ft)

We then can conclude

Proposition 2.3. Let (€o¢[-])ico,r] be a nonlinear evaluation defined on
L%(Fr). If for each 0 < s < t < T and Y € L*(F;), there erists an
Esi|Y] € L3(Fy) satisfying relation (13), then (Es4[Y])o<s<t<T satisfies the
Aziomatic assumptions (A1)-(A4) listed in Definition 2.1.

Proof. The above three lemmas have proved (A2)-(A4). (A1) is a direct con-
sequence of the first assertion of Lemma 2.6. 0

Moreover, we can prove the following strict monotonicity & .[-].

Lemma 2.10. For each 0 < s <t <T and X, Y € L*(F;) such that X <Y
a.8., if Es 1| X] = Esi[Y], a.s, then X =Y a.s..

Proof. Since & 4[X] = &s,4[Y], thus

50,t[X} = 50,5[55775[)(“ = 50,5[53,7&[3/”
= &o[Y].

It follows from the strict monotonicity of £[-] that X =Y, a.s..

We also have the following properties
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Lemma 2.11. For each 0 < s <t < T, X,Y € L*(F;) and A € F,, we have
Est[X1a+ Y1 e] =E4[X]1a+ Et[Y]Lac.

Proof. According to Lemma 2.8,

5371;[X1A+Y1Ac] =Cst XlA—‘y—YlAc]lA—l-g&t[XlA—‘rYlAc]lAc

Estl
Et(X1a+Y1e)la] + Ei[(X1a+ Y1go)l40]
Est[X1a] + Es4[Y140]
Est[X]1a + Esu[Y]1 g0

3 Backward Stochastic Differential Equations:
g—Evaluations and g—Expectations

3.1 BSDE: Existence, Uniqueness and Basic Estimates

BSDE Theory plays a central role in this lecture. A lot of Fi—consistent non-
linear expectations and evaluations are derived by BSDEs. We first consider
the following form of BSDE:

T T
Y, =&+ / 9(8,Ys, Zs)ds — / ZsdB,. (17)
¢ ¢

The setting of our problem is somewhat unusual: to find a pair of F;-adapted
processes (Y, Z) € L%(0,T; R™ x R™*4) satisfying BSDE (17).

Remark 3.1. The solution Y is an ordinary It6’s process:

i i
Y, =Yy - / 9(87}/8>Zs)d8 +/ ZsdBs.
0 0

To prove the existence and uniqueness of BSDE (17) we first consider a
very simple case: g is a real valued process that is independent of the variable
(y,z). We have

Lemma 3.1. For a fized £ € L*(Fr) and go(-) satisfying

T
B / lgo(D)ldt)? < oo,

there exists a unique pair of processes (y.,z.) € L%—(O,T;Rl‘”‘d), satisfies the
following BSDE

T T
y =&+ / go(s)ds — / 2,dBs. (18)
t t
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If go(-) € L%(0,T), then (y.,z.) € S%(0,T) x L%(0,T;R?). We have the
following basic estimate:

T
t ﬂ S—
il +B7 [ (Gl + faPlee0ds (19)
t

2 T
SEPGPT 0 1 2B [ ()Pt s
t

In particular
T
w0l + B [ (510l + e Pleds (20)
0

2 T
< EBl¢Pe’T + SE / lg0(s)2e%ds,
0

where (3 is an arbitrary constant. We also have

T

El sup [l < cBI¢P+ [ lan(s)ds) (1)
0<t<T 0
where the constant ¢ depends only on T'.
Proof. We define
T
M; =E”t[¢ +/ go(s)ds].
0

M is a square integrable (F;)-martingale. By representation theorem of Brow-

nian martingale (see Lemma 7.1), there exists a unique adapted process
(2¢) € L%(0,T; RY) such that

t
M, = M, +/ 2,dBs.
0

Thus .
M; = My — / 2sdBs.
t

‘We denote

t t T
Y = My — / go(s)ds = Mp — / go(s)ds — / z4dBs.
0 0 t
Since My = ¢ + fOT go(s)ds, we have immediately (18).
The uniqueness is a simple consequence of the estimate (20). We only need
to prove these two estimates. To prove (19), we first consider the case where
¢ and go(-) are both bounded. Since

£+ /tT go(s)dsl

ye = E™
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thus the process y is also bounded. We then apply It6’s formula to |y,|?e®
for s € [t,T7:

T
lye[265 + / Blys|? + |25[21e ds
t

T T
— g2 ¢ / 2yago(s)eds — / 552y 5.dB,.
t t

We take conditional expectation under F; on both sides of the above relation:
T
e + B [ Bl + [ Pleds
t

T
= EF|¢]2ePT 4 BT / 2u590(s)e’*ds.
¢

Thus
T
il + BBl Pl s
t
T
= E7t[¢?e/ T +Eft/ 2ysgo(s)e” " ds
t
T
2
BRIP4 B [ I+ Zloo(o) et s,
t

From this it follows (19) and (20).
We now consider the case where & and go(+) are possibly unbounded. We
set

' =EAn)V(-n),  gg(s):=(g0(s) An)V(-n)
and

T T
Yy =E&"+ / gi (s)ds — / 2 dBs. (22)
t t

We observe that, for each positive integers n and k, ", ¢*, g& as well as g
are all bounded. We thus have

T
P + BS / Blyn 2 + |22 PlePds (23)
t
T
= EF‘\S"\QeﬁT +E” / 2yggg(s)eﬂsds
t

and
B
4B [ G+ e ds (24)
t

) T
< E]:t|§n‘2eﬁ(T_t) + EEFt/ ‘gg(s)‘Qe’B(s_t)dS
t
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as well as
T
R
0
2 T
< B¢ - ¢*eT 4 2 / 6(5) — gb (3) 2P ds.
0

The last inequality implies that both {y"} and {z"} are Cauchy sequences in
L2.(0,T). Thus (19) is proved by letting n tends to co in (24).

It is clear that the solution y has continuous paths. (21) is a simple
consequence of (20) together with B-D-G inequality applied to (18). Thus
y € S%(0,7). O

Remark 3.2. By passing to the limit in both sides of (22) as n — oo, we also
have the relation

T
ye[2e% + B / Blysl? + 12 P1e%ds (25)
t

T
= E7|¢)?efT + BT / 2usg0(s)e’*ds
t

and, in particular,
T
lyo|® + E/ [Blys|* + |zs|*]e?*ds (26)
0

T
= E|¢]2ePT + E/ 2y.90(s)e”*ds.
0

With the above basic estimates we can consider the general case of BSDE
(17). We assume that

g=9g(w,t,y,z): 2 x[0,T] x R™ « R™*d _, p™

satisfies the following conditions: for each (y,z) € R™ x R™*4 g(.,y,2) is
an R™—valued and F;—adapted process satisfying the Lipschitz condition in
(y,2), i.e., for each ,4 € R™ and 2,2 € R™*4

‘g(t7y>z) - g(t7y/7zl)‘ < C(|y - y/| + |Z - Z/D (27)

We also assume

The following is the basic result of BSDE: the existence and uniqueness the-
orem.

Theorem 3.1. Assume that g satisfies (28) and (27). Then for any given
terminal condition & € L*(Fr;R™), the BSDE (17) has a unique solution,
i.e., there exists a unique pair of Fy-adapted processes (Y, Z) € S%(0,T; R™)x
LZ(0,T; R™*?) satisfying (17).
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Proof. In the basic estimate (19) we fix 3 = 8(1 + C?), where C is the
Lipschitz constant of g in (y, z). To this 8, we introduce a norm in the Hilbert
space LZ(0,T;R"™):

T
10015 = {E / v e ds} .

Clearly this is equivalent to the original norm of L%(0,7; R"). But this norm
is more convenient to construct a contraction mapping in order to apply the
fixed point theorem. We thus set

T T
Y, = f +/ 9(87y5> Zs)ds - / ZsdBs
t t

We define a mapping
I[(y., 2.)] = (Y., Z.) : L%(0, T; R™ x R™*4) — L2.(0, T; R™ x R™*9),
We need to prove that I is a contraction mapping under the norm || - || 5.
For any two elements (y,z) and (v, 2’) in L%(0,T; R™ x R™*4) we set
Y, 2)=1Ily,2)], (', 2") =1y,

and denote their differences by (4,2) = (y—vy/,z—2'), (V,2)= (Y =Y, Z —
Z"). By the basic estimate (20) we have

T T
N N 2
E/ (g\Ys\Q—l-\ZSF)eﬁsdsS EE/ 1905, e, 2) — g (5,9, 20) PP ds.
0 0

Since g satisfies Lipschitz condition, we have
T 2 T
. . 4C
E [ (IR 412 s < B [ 4 [Pl
0 0

Since 3 = 8(1 + C?), thus

T T
. N 1
E/ (¥l +12.")e”ds < SE / 185 + 24?1 ds,
0 0

IV, 2)lls < %n@,anﬁ.

Thus I is a strict contraction mapping of L%(0,7;R™ x R™*?). It follows
by the fixed point theorem that BSDE (17) has a unique solution. (Y, Z) €
LZ(0,T;R™ x R™*4). It then follows from (28) and (27) that g(-, Y., Z.) €
LZ(0,T). Thus by Lemma 3.1 Y € S%(0,T). O

The basic estimates (19) and (20) can also be applied to prove the con-

tinuous dependence theorem of BSDE (17) with respect to parameters. Let
(Y1, Z1) and (Y2, Z?) be respectively the solution of the following two BSDEs:
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T T
yi=e 4 / (s, Y2, Z2) + o' Jds / 71dB.. (20)
t t

T T
y2oe g / l9(s, Y2, 22) + ¢ )ds — / 72dB,. (30)
t t

Here the terminal condition ¢! and €2 are given elements in L?(Fr; R™) and
o' and ? are two given processes in L%(0,T; R™). Let g be the same as in
Theorem3.1. Analogue to the previous method, using It6’s formula applied to
[V} — Y2|2eP¢~1 in the interval [t, T], we can obtain the following estimate.

Theorem 3.2. The difference of the solutions of BSDE (29) and (30)satisfies
1 T
V2= YPP 4 gB [V - Y2 2= 22 tas ()
¢
T
<SE7g - g 4 BR / 05 — @3leVds,
¢
where 3= 16(1 + C?). We also have

T
E[ sup [¥;' — Y2[?] < B[ — €] + cB / oL~ 2Pds. (32)
0<t<T 0

In particular, when ¢ =0, (set £2 =0, 2 = —g(s,0,0)),

T
E[ sup [V} ] < cB[IE'?) + B / 9(5,0,0)2ds. (33)
0<t<T 0

where the constant ¢ depends only on the Lipschitz constant of g and T'.

Proof. We apply estimate (19) to (y;, 2:) = (Y} — Y2, Z} — Z2):
B
ol + 7 [ Dl + 2Pl
¢

2 T
< BP0 4 2B / 3(s) 2P0,
t

where §(s) := g(s,Yy', Z;) —g(s, Y2, Z3) + 5 — 3. This with [g(s)| < C(ly| +
|z¢]) + |k — ¢?|, yields (32). This estimate with (21) yields (33). O

For a fixed ¢y € [0,7T], we denote
Flo = o0{o(Bs — Byy;to < s <t)UN}, t € [to, T).

The following is a simple corollary of the uniqueness of BSDE (17).
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Proposition 3.1. We still assume that g satisfies Assumptions (28) and
(27). If moreover, for a fized to € [0,T] and for each (y,z) € R™ x
R™ 4 the process g(-,y,z) is (Fi°)-adapted on the interval [to, T] and & €
L2(Q,F,P;R™). Then the solution (Y.,Z.) of BSDE (17) is also (F{°)-
adapted on [to, T]. In particular, Yy, and Z;, are deterministic.

Proof. Let (Y, Z') be the solution of (F;°)-adapted solution, on the interval
[to, T'] of the BSDE

T T
Y;:£+/ g(s,Y;,Z;ms—/ 7B,
t t

where we denote BY = B, — By,. Observe that (BY);,<s<r is an (F}°) - Brow-
nian Motion on [tg,T]. On the other hand the same processes (Y{, Z,)i,<i<T
is also F;—adapted and

T T
/ Z!dB, = / ZldBY, te€ [to,T).
t ¢
Thus from the uniqueness result of Theorem 3.1, The solution (Y, Z) of BSDE
(17) coincides with (Y, Z’) on [to, T]. Thus (Y, Z) is (F}°)-adapted. O

Remark 3.3. A special situation of BSDE (17) is when ¢ is deterministic
and g(t,y,z) is a deterministic function of (¢,y, z). In this case the solution
of BSDE (17) is simply (Y., Z.) = (Yy(+),0), where Yy(-) is the solution of the
following ordinary differential equation defined on [0, T7:

_YO(t) :g(t>YO(t)70)7 Yo(T) =¢.

3.2 1-Dimensional BSDE

We will see that each standard 1-dimensional BSDE on [0, 7] induces an F;—
consistent evaluation, called g—evaluation, where g = ¢(¢, y, ) is the generator
of the corresponding BSDE which is a simple real valued function. If (and only
if) g satisfies g(¢,y,0) = 0, then the corresponding F;—consistent evaluation
becomes an Fy—consistent expectation. We also notice that the present state of
art of mathematical finance corresponds mostly to m = 1. It also covers many
linear or nonlinear parabolic and elliptic PDEs. In fact m > 1 corresponds to
systems of PDEs.
The function g is defined as follows

g(w,t,y,2): 2 x[0,T] x R x R — R.

We assume, for each y,y’ € R, z,2' € R%, t € [0,T], g satisfies
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(i)  g(,y,2) € L%(0,T), for eachy € R, z € R%;

(i) [g(t,y1,21) — 9(t, y2, 22)| < v|yr — ya| + plz1 — 22;
and one of the following three conditions

(i)  g(y,2)ly=0, =0 = 0;

(1117) g(>y70) = 0;

(iii”) g is independent of y and g(+, z)|,—0 = 0.

(34)

where p, v are given non negative constants. It is clear that (iii”) = (iii’) =

(iii).
Comparison Theorem

We first present an important property: The Comparison Theorem of
BSDE. We will present this theorem in the case where the solution Y is
possibly a RCLL (right continuous with left limit) process i.e., P-almost all
of its paths of Y.(w) are right continuous with left limit. An RCLL process
(A¢(w))eefo,) is called an increasing process if P-almost all of its paths are
non-decreasing with Ag(w) = 0.

We first consider the following problem:

to find a solution (Y, Z) € L%(0,T; R'*?) of the following BSDE

T T
Y, —¢ +/ 9(5,Ys, Z3)ds + (Vo — Vi) _/ Z.dB.. (35)
t t

The following is a simple corollary of Theorem 3.1.

Proposition 3.2.  We assume (34)-(i), (ii). Then, for each ¢ € L*(Fr) and
V € DZ(0,T), there exists a unique solution (Y, Z) € D%(0,T) x L%(0,T; R%)
of the BSDE (35). Moreover Y +V € S%(0,T).

Proof. The case V; = 0 corresponds to Theorem 3.1. For the general situation
we let Y;:=Y; + V;. The existence and uniqueness of BSDE (35) is equivalent
to the solution (Y,Z) € D%(0,T) x L%(0,T;R%) of the following standard
BSDE :

T T
Yfo-l-VT-l-/ g(S,YS—VS,Zs)ds—/ ZsdBg.
t t

For a given random variable
¢ € L*(Fr), V € D%(0,T) (36)
let (Y, Z) € L%(0,T; R"*%) be the solution of the following BSDE
A A~ T A A A A T A
Y= ¢ +/ o,V Z0)ds + (Ve — V2) _/ 7.dB.. (37)
t t
It is easy to prove that the difference (Y — Y, Z—-Z ) satisfies exactly the same

estimate (31) given in Theorem 3.2. Using B-D-G inequality, we then derive
the following estimate.
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Proposition 3.3. We assume (34)—(i), (it). Then the difference of the so-
lutions of BDSE (35) and (87) satisfies
A A T A ~ A
Bl sup Vit Vi~ (Vo + VP4 B [ |2~ ZuPds < cElg+ Vo — (€4 V)
0

0<t<T
(38)
where the constant ¢ depends only on T and the Lipschitz constant of g w.r.t.
(y,2)-

We now present

Theorem 3.3. (Comparison Theorem of BSDE) We make the same assump-
tion as in Proposition 3.2. Let (Y', Z') be the solution of the following simple
BSDE

Yt’_§’+/Tgsds+V;}—Vt’—/T Z,dB;. (39)
t t
where (g¢), (V/) € L%(0,T;R) and ¢’ € L*(Fr) are given such that
£>¢, g/, Zi,t) > gi, as., ae., (40)
and such that V.=V — V' is an increasing process. We then have
Y; >Y/, ae., as. (41)
We also have Strict Comparison Theorem: under the above conditions
Yo=Y; <=£{=¢, g(sY.Z)=g, andV,=V]. (42)

Sketch of the Proof. We only consider the case d = 1 (i.e.,, B is a 1-
dimensional Brownian Motion) and prove the case t = 0. The general situation
is left to the reader as an exercise. We set gs = g(s,Y/, Z.) — gs and

Y=Y-Y,Z2=2-2 ¢=¢-¢.
The pair (Y, Z ) can be regarded as the solution of the following linear BSDE:

{ —dY, = (asYs + bsZs + §s)ds + dVi — Z,dBs,

Yr = 67
where
8,Ys,Z5)— ¢ 37Y5/7Zs :
0, it Y, = Y,
s,Y! Zs)—g(s,Y.! Z!) .
bs := « Zs)—gZ(Q )’ if Zs # Z,
0, it Z, = 7.,

Since g satisfies Lipschitz condition, thus |as| < C and |bs| < C. We set
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t 1 t t
Qt = exp |:/ b,dBs — —/ |bs|2d8 —|—/ asds] .
0 2 0 0

We apply 1t6’s formula to Qtf’t on the interval [0, T'] and then take expectation:

T T
Yo = E[VrQr + / Quindt + / QudVi] > 0.
0 0

From this we have Yy > Y{. This method also applies to prove Y; > Y/ when
t>0.
By Girsanov Theorem,

T T
E[VrQr + / Quindt + / QudVi] = 0
0 0

if and only the following non negative quantities are zero: Y, = 0, g: =0 and
Vr =0, a.s, a.e.. Thus we have the strict comparison. (I

Remark 3.4. In many situations the Comparison Theorem is applied to com-
pare the following type of two BSDEs:

T T
vl =€t / l9(s, Y2, Z1) + cl]ds — / 71dB,, (43)
t t

and

T T
V2=t [ lals.v2 20 + s~ [ 22, (14)
t t
where ¢!'(+), c?(-) € L%(0,T). In this case if we have

el > 2

s — s

a.s., a.e., &8 >€2 as.
Then it is easy to apply Theorem 3.3 to derive Y} > Y2, a.s., a.e..

Ezample 3.1. We consider a special case of BSDE (43) with ¢(s,0,0) = 0.In
this case if ¢2 = 0 and €2 = 0, then the unique solution of BSDE (44) is
(Y2,Z2) = 0. It then follows from Remark 3.4 that if ¢! and c¢!'(-) are both
non negative, then the solution Y* of (43) is also non negative. In this case
we have also, by strict comparison,

Yi=0<=cl=0and ¢ =0.

An interpretation in finance is: If an investor want to obtain an opportunity
of non negative return, i.e., ¢! > 0, then he must invest at the present time
some nonnegative value, i.e., Yy > 0. If £ > 0, a.s. and E[¢!] > 0, then his
investment has to be positive: Y3 > 0.
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Ezample 3.2. We assume that g(s,0,0) = 0 and £ > 0 with E[¢] > 0.
Consider the following BSDE parameterized by A € (0, 00):

T T
Y =\ +/ g(s, Y2, Z2)ds — / Z)dB;.
t t

We can prove that
lim YO/\ = +00.
AToo

In fact we compare its solution with the one of the following BSDE
=k [ CEIR - |20ds - [ 2,
t t

where C' > 0 is the Lipschitz constant of g with respect to (y, z). By Compar-
ison Theorem, we have

(i) Yg* > Y3, for each A > 0;
(ii) Y3 > 0, when A =1 B B B B
We also observe that for each A > 0, we have Y;* = \Y,! and Z} = \Z}.
From this and (i), (ii) it follows that
Y9 > Y3 =AY 1 oo
Exercise 3.1. Prove that Y} is also bounded by:
Y5 < AYo,

where Y[ is a constant.

Backward Stochastic Monotone Semigroups and g—Evaluations

We now discuss the backward semigroup property of the solution Y of a
BSDE. We introduce the following definition: Given ¢t < T and Y € L*(F,).
We consider the following BSDE defined on the interval [0, ¢]

t t
Ys = Y—|—/ g(r, Y, zr)dr —/ z-dBy, s€0,t]. (45)
Definition 3.1. We define, for each 0 < s <t < oo and Y € L2(.7-}),
5§,t[Y]3=ys~ (46)
The system E2,[] : L*(F;)—L*(Fs), 0 < s <t < T is called g-evaluation.

Remark 3.5. s and t can be also two uniformly bounded F,—stopping times.
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Theorem 3.4. Let the function g satisfies (i)—(i1i) of (34). Then the g—
evaluation EY,[] defined in (46) satisfies the Aziomatic assumptions (A1)-
(A4) listed in Definition 2.1: it is an Fy—consistent nonlinear evaluation op-
erator. Furthermore, we have:

(A5) For each Yy, Yo € L?(F)

£ =Y S &L ] - &L [Ya] < E77 Y1 - Yal. (47)

In particular, If g is independent of y, i.e., (iit”) satisfies, then we have
& = Ye] < &Ly - &L [Ya] < €0 Y1 - Yol (48)

Here g,..(y,2) = v|y| + plz|, gu(2) = p|z|,v and p are the Lipschitz
constants of g w.r.t. y and z, respectively.

Proof. (A1) is directly from Comparison Theorem. (A2) is obvious. As for
(A4), we multiply the BSDE (45) by 14, A € Fs on the interval [s,¢]. Since
g(r,0,0) = 0, we have, for u € [s,t],

t t

ula =Yg+ / 1ag(r, e, 20)dr — / 1azedB,

u u

t t
:Y1A+/ g(r,lAyr,lAzr)dr—/ 142,.dB,.

This implies that (14y., 1AZr)re[s,t] is the solution of the same backward equa-
tion with terminal condition Y'14. Thus

1A5§¢[Y] = 5f7t[1AY]-

Thus we have (A4). (A3) simply follows from the uniqueness of BSDE, i.e.,
for each s < u < t, we have

€L Y1=EL [yl =EL [0 [YT). (49)

(A5) is the direct consequence of the following proposition. O

Proposition 3.4. We assume that g1 and g2 satisfy (i)—(ii) of assumption
(84). If g1 is dominated by go in the following sense

gl(t7y>z) - 91(t>y/>zl) S 92(t>y - y/>Z - zl)> Vy7y/ € R> Vz7zl € Rd7 (50)

then £91[-] is also dominated by E92[-] in the following sense: for each t > 0
and Y, Y' € L*(F:), we have

ElY] - €LY < EBIY - Y. (51)

If g is dominated by itself, then E4[-] is also dominated by itself.
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Proof. We consider the following three BSDEs

—dy, = g1(r,Yr, 2r)dr — 2,dB;, y; =Y,

—dy, = g1(r,y;, 2 )dr — 2,dB,, y; =Y’
and

—dY, = go(r,Y,, Z,)dr — Z,dB,, Y, =Y —Y".
We denote (§r, 2r) = (yr =y, 2r — 2;) and gr = g1(r, yr, 20) — 927, Y, 27)
—dj, = gpdr — 2,.dB,, G:=Y =Y.

Condition (50) implies g2 (7, §r, £r) > §r. It follows from Comparison Theorem

that
Ju <Yy, Yu €0,t], a.s

By the definition of £9[] it follows that (51) holds. O

Example: Black—Scholes Evaluations

Consider a financial market consisting of d + 1 assets: a bond and d stocks.
We denote by Py(t) the price of the bond and by P;(¢) the price of i-th stock
at time ¢. We assume that Py(-) is the solution of the ordinary differential
equation

dPy(t) = r(t)Po(t)dt, Po(0) =1,
{P;(-)}¢_, is the solution of the following SDE

dP;(t) t)dt + Z L0t t)dBl],
PZ(O):p’L> /L:]w >

Here r is the interest rate of the bond; {b;}&, is the rate of the expected
return, {Uij}ﬁjzl the volatility of the stocks. We assume that r, b, o and 0!
are all F;—adapted and uniformly bounded processes on [0, 00). The problem
is how a market evaluates an European type of derivative ¢ € L?(Fr) with
maturity 7'?7 To solve this problem we consider an investor who has, at a time
t < T, no(t) bonds and n;(t) i-stocks, i = 1,--- ,d, i.e., he invests ng(t)Py(t)
in bond and m;(t) = n;(t)P;(t) in the i-th stock. w(t) = (w1 (t),- - ,7a(t)),
0 <t < T is an R? valued, square-integrable and adapted process. We define
by y(t) the investor’s wealth invested in the market at time ¢:

y(t) = mo(®)Po(t) + 3, i)

We make the so called self-financing assumption: in the period [0,T], the
investor does not withdraw his money from, or put some other person’s money
into his account y;. Under this condition, his wealth y evolves according to
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dy(t) = no(t)dPy(t) + ijlni(t)dPi(t).

ay(®) = Oy + 30 0i0) = rO)mOldt + 3" o (Om(0)dB]
We denote
oty 2) = =ty = 32 0i(t) = 1)o7 (0.

Then, by the change of variable z;(t) = E?:ﬂfij (t)m;(t), the above equation
becomes
—dy(t) = g(t,y(t), 2(t))dt — =(t)dB;.

We observe that the function g satisfies (i) and (ii) of (34). It follows from
the existence and uniqueness theorem of BSDE (Theorem 3.1) that for
each derivative §& € L?(Fr), there exists a unique solution (y(-),2(-)) €
LQF(O,T;RHd) with the terminal condition yr = &. This meaning is sig-
nificant: in order to replicate the derivative £, the investor needs and only
needs to invest y(t) at the present time ¢ and then, during the time interval
[t,T], to perform the strategy m;(s) = O';jl(S)Zj(S). Furthermore, by Compar-
ison Theorem of BSDE, if he wants to replicate a & which is bigger than &,
(e, & > ¢, as., P( > &) > 0), then he must pay more. This means that no
arbitrage—free strategy exists. This y(¢) is called the Black—Scholes price, or
Black—Scholes evaluation, of £ at the time t. We define, as in (46) &/ 1 [¢] = .
We observe that the function g satisfies (i)—(iii) of condition (34). It follows
from Theorem 3.4 that &[] satisfies (A1)-(A4) of F;—consistent evaluation.

g—Expectations

In this subsection we will consider a particularly interesting situation of the
above stochastic semigroups: when g satisfies g(s,y, z)|.=0 = 0, i.e., it satisfy
(i), (ii) and (iii’) in (34). In this situation £7,[Y] satisfies (A2’):

Proposition 3.5. For each 0 < s <t < T, and Y € L*(Fy), we have
ELY=Y. (52)

Proof. We consider the solution (y, z) of (45) with the same terminal condition
Y, but defined on s, t]:

¢ ¢
Yu =Y —l—/ (T, Y, 2 )dr —/ zrdBy, u € [s,t]. (53)

u

We have y, = &7 ,[Y]. But by Assumption (34)-(iii’), it is easy to check
(Yu, zu) = (Y,0). We thus have (52). O

Thus we can define F;—consistent nonlinear expectation £,[Y|F;]:
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Definition 3.2. We define
EglY] = EJpY], &Y IF] = ElY], Y € L3 (Fr). (54)

&Y is called g—expectation of Y. In particular, if g = p|z| then we denote

Y] = 1Y)

g—expectations is nonlinear but it satisfies all other properties of a classical
linear expectation.

Proposition 3.6. We assume that g satisfies (i), (ii) and (iii’) in (34).
Then the g—expectation E4[-] defined in (54) is an Fy—consistent nonlinear
expectation defined on L*(Fr). That is, it satisfies (A1), (A2°), (A3) and
(A4) listed in Definition 2.2. Moreover, 4[] is dominated by EM[-] and 9]
in the following sense:

—EF =Y |F) < &Y |F] < EFY|F), VY € L3(Fr). (55)

and
&R -V SEMIFI - EMIA S EF M- g
VYhYQ S L2(.7:T).

Proof. Since £7,[] satisfies (A1), (A2’), (A3) and (A4), by Proposition 2.1,
Eq[|F] defined in (54) satisfies (A1), (A2’), (A3) and (A4) of F;—expectations.

(56) is directly by (47). (55) is proved from the comparison theorem of
BSDE since E1[] = &y, [-], with g.(2) = ulz| > g(t,y, 2). O

Definition 3.3. Let 7 < T be a stopping time. We also define
&Y IFr] = &l p[Y].

Definition 3.4. (g-martingales) A process (Y;)o<i<r with E[Y?] < oo for
all t is called a g-martingale (resp. g-supermartingale, g-submartingale) if, for
each s <t < T, we have

E,Vi|F) =Ye, (resp. <Y, >Y.).

The importance of this special setting follows from the following econom-
ically meaningful property.

Lemma 3.2. Let the function g satisfies (i), (ii) and (iii”) of (34). Then
5@[Y+77|-7:t] :Sq[y|ft]+n7 VnELz(Q>-7:t7P)' (57)
Proof. Consider the BSDE

_dys = 9(57 Zs)ds —25dBs, t < s < T,
yr =Y.
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We have by the definition £;[Y|F;] = . On the other hand, it is easy to
check that (y%, z.) := (ys + 1, 2s), s € [t,T] solve the above equation with the
terminal condition y7. =Y + . It then follows that

EY +n|lF) =y =y +n=E[Y|F]+n.
0

Remark 8.6. Economically, (57) means that the nonlinearity of &[Y + n] is
only due to the risky part of Y + n.

We will always write in the sequel EF[Y] = & Y] for ¢ = plz| and
ETHY] == &,Y] for g = —p|z|. Note that

Ve >0, EPR[EY|F] = cEMY|F (58)

and
Ve <0, EFICY|F] = —cEH[-Y|F.

An important feature of £#[ ] is

Proposition 3.7. Let g satisfy (i), (i) and (iii’) of Assumption (34), then
Eql'] is dominated by E*[-] in the following sense, for each t >0,

EY|F) = &IY'|FR]) <& [Y =Y, WY’ € L*(Fr). (59)
If g is independent of y, i.e., (111”) satisfies, then we have

EY|F] = &Y'|F] < MY = Y'|FR], VYY" € L*(Fr). (60)
In particular, EF[] is dominated by itself:

EMY|F] — EMY!|F] < EMY = Y'|F), VY, Y € L*(Fr). (61)

Proof. We observe that 55*}0 [Y] = &MY |F]. Thus (59) as well as (61) are
directly derived by (A5) of Theorem 3.4. O
The self-domination property (61) of £#[] permit us to defined a norm

Definition 3.5. We define
Yl = XY, Y € L*(Fr).
Proposition 3.8. |||, forms a norm in L*(Fr).

Proof. The triangle inequality |[Y|, + [|Z]|, < Y + Z||, follows from (61)
with ¢ = 0. By (58) we also have |[cY|[, = c[|Y]],, ¢ > 0. O

Proposition 3.9. Under ||| ,, &[] is a contraction mapping:

1€ [Y 1] = E Y| RN, < YV = Y7l -
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Proof. Tt is an easy consequence of (59). O

Proposition 3.10. For each pn > 0, and T > 0, there exist a constant ¢, T
such that
E[|Y|] < e"[Y) < e, (E[Y DY (62)

Proof. By definition,

T T
eYIF =1¥]+ [ uzlas— [ zds. (63)
t t

T T
= Y| —|—/ b#(s)sts—/ ZsdBs,
t t
where b, (s) = Né_2|1{lzs\>0}' Let Q" be the solution of SDE

dQ} = bu(t)QrdBy, Qf = 1.
Using It6’s formula to QY'E[|Y||F], we have
EMIY ] = EX(IY[1Fo] = EQEIY]) < {BIQ) Y/? - {ElY I}

But since |b,| < p, there exists a constant ¢, r depending only on p and T,
such that E[(Q4)?]'/? < ¢, r. We thus have the second inequality of (62).
The first inequality is derived by taking ¢ = 0 on both sides of (63) and then
taking expectation. O

We then have
Corollary 3.1. Let T' be fized. Then the extension L, (Fr) of L*(Fr) under
the norm ||| , is a Banach space.
Lemma 3.3. We have for all p > 0 and Y € L*(Fr),
E[ErY|F)) < e TDE[Y?).

Proof. By definition,

T T
8“[Y|}}]:Y+/ M\Zs|ds—/ Z,dB,.
t

t
Ito’s formula gives

T T T
EMY| R =Y? +/ QUEFY | F4)| Zs|ds — 2/ EMY|Fs]Zsd B —/ Z2ds.
i t i

Taking expectations, we deduce that

T T
E[£"[Y |72 = E[Y?] + / E[2ueH (Y| F.]| Z]lds / E[22]ds

< E[Y?) +p? / TE[S“[Y | F]?)ds

(because of 2ab < a? + b?). The claim follows then immediately from Gron-
wall’s inequality. O
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Upcrossing Inequality of £9-Supermartingales and Optional
Sampling Inequality

We begin with an easy upcrossing inequality which reveals the main idea to
prove such kind of inequalities in nonlinear situation.

Proposition 3.11. Let g satisfy (i), (i), (iii’) of (34) and let (Y;) be a g -
supermartin—gale on [0,T]. Let 0 =tg <t1 < --- <t, =T, and a < b be two
constants. Then there exists a constant ¢ > 0 such that the number U[Y,n]
of upcrossings of [a,b] by {Y:, Yo<j<n satisfies

B (Ve — a)]
& [US[Y, n|] < — b_a

Sketch of Proof. We only prove the case d = 1. For j = 1,2,---n, we
consider the following BSDE

) 3] o t
yi = }/tj +/ g(say§7zg)ds _/ zdBs, t € [tj*htj}'
t t
Then we define, for s € [t;_1,t;],

ol = (Zg)ilg(&yézg)’ if Zﬁ # 0;
s 0, otherwise.

and then as := 7" all(,_, +;)(s). Since g is Lipschitz in z and g(t,y,0) = 0,
it is clear that |as| < p. We also have, for each j,

9(s,yl,2]) = aszl, s € (tj_1,t5].

dQ /T 1t
—| =exp{/| asdBs;— —/ las|*ds}.

We set

By Girsanov Theorem, @ is a probability measure and
EQD/I‘,] ‘ftjfl] - gg[yvtj|]:tj,1] S thj71> J = 1727 ceen,

for Y is a g - supermartingale. This implies that {Y;;}7_,; is a (discrete) Q -
supermartingale. We then can apply the classical up crossing theorem ((see

e.g., [HWY1992], Theorem 2.14 and 2.42))

BolUly,n]] < 20T =]

This with |as| < p, we then can apply the comparison theorem to prove (64).
O
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We now consider a more general situation. Let (Y3);c[o,r] be an adapted
process. For a given time sequence tg,t1,t2--- in [0,T] with 0 < t5 < t; <
to -, we denote 7_1 := tg and

T0 - = inf{ti Z to;Y},i S (l}

7 =inf{t; > m;Y;, > b}

To; + = inf{t; > mi_1;Y;, < a}
Toiv1 © = inf{t; > 1o,41;Ys, > b}

If 79;_1 < T, sequence (Y, --Y;,, ,) upcrosses the interval [a,b] i times.
We denote by UP(Y,k) the number of upcrossing [a,b] of the sequence
(Yag, -+, Yy, ). It is clear that

{UL(Y k) =i} = {mic1 < ti < T2it1}
We now fix an integer n. We have the following upcrossing inequality

Theorem 3.5. Let g satisfy (i) and (i) of (34) and let (Y:)ico,m be a g
supermartingale. Then we have

1 b
UAYm)) < G0, )+ £ gl + antt —t0)
- t
“ (65)
where g¥ := g(s,0,0).
Proof. We set 1]* :=1; Aty, for each ¢ = 0,1,---, and consider the following

BSDE:
—dy; = g(t,y;, z)dt — zdBy, t € [0,75;,,],
yi;i«{»l =Y, .
As in the proof of Comparison Theorem, we can write
9ty 21) = oy, + By - 2 +g(t,0,0), t € [0,75,,],

with |ad| < u, |8i] < p. For t € [0,T], we define

n

Qe - = Z 1("'5277'2?i+1)(t)ai’
i=0
n

Bii=> lpap (8.

=0

We then introduce a new probability Q by
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dQ 1 T ) T
— = —= B sdBs).
= el [1afass [ paby

Since Y is an £9—supermartingale, we have, for each ¢ = 0,1,---, by Lemma
7.8,

Yo > &

T35 TR 41 [YT;Hl]
T3ig1 T3ig1 S
= EqlYrp exp(/ ads) —|—/ exp(/ o dr)g2ds)| Frp ] (66)

n n n
24 24 24

We now estimate the term w; := EQ[eXp(fOT;Jr1 asds)lyr,, . <t,}]. Since
(Yin —a)>b—aon {m1 <t} and {1 < tn} = {m2it1 < tn}+{m: <

2141
t, < Tai+1}, we have

1

T’?i+1
u; < h_ aEQ[(YTﬁJrl - a‘) exp(/o anS)I{T2i+1Stn}]

1 T3ig1
< b_ aEQ[(YT{;H —a) eXp(/O ovsds)Iiry;<t,y]

1 7 b
+mEQ[(}/’tn - a’) eXp(/O anS)I{T2i<tn<T2i+1}]

With {r; < t,} € Fr,;, we apply (66) to the first term of the right side:

n
T2i41

u; <

1 5
T FollVg — ey + [ e labldsyeso( [ ands)

- n
T2i

a T3 T;H»l
+—Eql exp(/ asds) — eXp(/ ayds)|]
b—a 0 0

eﬂtn EQ [(Y';'n - a)_I{72i<tn<T2i+l}}

L1
b
Since I{T2i<tn}(YT2ni - a) = I{Tzi<tn}(y‘f‘2¢ - a) < O, and

T3 Tt
\exp(/ asds) — exp(/ asds)|
0 0

T ) (tn—to0)

— n n

= | s exp( apdr)ds| < pe! TN (T — T ),
T3 T3

we thus have

u; < et Eglap(rgi — 5 _4)

+ f:;%ij;l 6#5‘g2|ds + ()/tn - a)7[{7'27;<tn<7'27;+1}]
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We observe that I, <t <m.,,} < I{us(vn)=i} and, in the expression of
wi, {Toi01 < tn} = {Ub(Y,n) >i}. Thus

e—M(tn_tO)EQ [I{Ug(Y,n)>i}} <

- aeu(t”_to){EQ[(Ytn —a)” Lo (yn)=iy)
T;Jrl s1..0 n n
+Eq [/ e"*lgglds] + apEqre; 1 — Tai-1]}-

n
2i—1

Summering both sides for all ¢ yields

1
e M BQ UG (Y, n)] < et T Eo[(Yy,, — )]

1

tn
+——Eq [/ e"*|gdds] + ap(tn — to)}.
b—a to

This with £7#[.] < Eg[] < £M]-] derives the upcrossing inequality. O

Remark 3.7. Since, EH[-] =0 = EF[]u=0 = E[], thus in the case where =0
and ¢ = 0, the about upcrossing inequality becomes a classical one:

(b—a)E[UYY,n)] < E[(Y:, —a)”].

To extend the above upcrossing inequality to denumerable sets, following
(Peng, 1997 [Peng1997b]), we now extend the domain of 9] from L?(Fr) to
a larger space . We consider

LY(Fr):={X*t e L%(Fr), X~ € L*(Fr)}.
We need the following result:

Lemma 3.4. Let X € L3(Fr) and let {X;}3°, and {X/}°, be two non de-
creasing sequences in L?(Fr) such that X; /' X, a.s X! /X a.s.. Then we
have

lim &,[X;] = lim &,[X]].
Proof. We only need to consider the case where X; > X/, a.s., for all i =
1,2,---. In this case

lim &;[X;] > lim &[X]].

1—00 1—00

On the other hand, for each fixed integer i, we have X;, A X!  X;, in
L2(Fr). It follows from the continuity of &[] in L? that lim; . &,[X]] >
O

K2

Definition 3.6. For each X € LY(Fr), we define
& X] = lim &;[X;],

i—00

where {X;}3°, is a non decreasing sequence in L*(Fr) such that X; /* X,
a.s.
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From the above lemma, the functional &[] : LY(Fr) — R U {+oo} is
clearly defined. We are interested in the situation where g = g_,(2) = —p|z|.

Lemma 3.5. For each nonnegative X € LY(Fr), if EH[X] = &_,[X] <
400, then X < 400, dP-a.s.

Proof. We set A :={w € 2: X(w) = +oo}. It is clear that \14 < X, a.s, for
each A € [0,00). Thus, by comparison theorem,

E7MALL] < E7MX], YA € [0, 00).

But we have £ #[Al4] = A& #[l4] and, by strict comparison theorem,
EH[14] > 0 & P(A) > 0. Tt follows that A must be a P—zero subset. The
proof is complete. O

Let Y = (Yi)iepo,r) be an Fi-adapted process, u = {ti,t2, - ,tn} C
[0,7] with t; < -+ < t,. We denote by US(Y,u) the upcrossing number of
{Y4,, -, Y, }. For any subset D of [0,T], define

U(Y, D) := sup{U2(Y,u): u is a finite subset of D}.

If D is a denumerable dense subset of [0,7T]. Let {u,}32, be a sequence of
finite subsets in D such that wu,, C u,41for each n with U,u,, = D. It is clear
that

U(lz)(Y7 D) = nhngo Utlz)(}/a Up).
Theorem 3.6. We assume that g satisfies (i) and (ii) of (34). Let Y =
(Yi)iejo, 1) be a E9—supermartingale, D be a denumerable dense subset of [0, T).
Then for each a,b € R, r,s € [0,T] such that a <b and r < s, we have

e2u(s—r)

ETMUL(Y,DNr, s]) <

—a

{5“[(Ys—a)f]+5#[/s elgfldt] +ap(s—r)},

(67)
where p is the Lipschitz constant of g and g) = ¢(s,0,0). In particular

2uT

T
EHULY. D) < f A&V —a) ]+ & lafld + T (68)

-a
Moreover, Ub(Y, D) < oo, a.s.

Proof. Let u,, = {to,t1,t2, - ,t,} be defined as the above with to = r and
tn = s. Since {UY(Y, u,,)}22, is an increasing and positive sequence such that
Ub(Y,u,) € L}(Fr) for each n, it follows that

ETMUL(Y,DN[r,s])] = lim EH[UL(Y, D Nuy,).

n—oo

The sequence {£#[UL(Y, D Nu,)]}2; is increasing and uniformly bounded
by the left hand of (65). It follows that £~#[Ub(Y, DN|[r, s])] and E~+[U2(Y, D))
are well-defined and bounded. By Lemma 3.5, U(Y, D) < oo, a.s. . O
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Remark 3.8. From the above upcrossing inequality we can deduce a down-
crossing inequality of a £9-submartingale Y. In fact, from the relation
Db (Y,n) = U—{(-Y,n), one can directly obtain the downcrossing inequal-
ity of DE(Y,n) of a £9-submartingale Y from the corresponding upcross-
ing inequality of U_;/(=Y,n) of £9—supermartingale —Y, where g(s,y,z) :=
_9(57 Y _Z)'

From the above result, and combine the condition E[sup;c(o 7 |Y:|*] < o0,
we have the following classical result.

Theorem 3.7. We assume that g satisfies (i) and (it) of (34). Let Y =
(Yi)iejo, 1) be a E9—supermartingale, D be a denumerable dense subset of [0, T].
Then for almost all w and for any t € [0,T], limsep s\ ¢ Ys and limgep s ¢ Vs
exist and are finite. Furthermore the process (Y;)iepo,r) defined by
Y;:= lim Y, te[0,T)
seD,s\t

is an Fy—adapted process with Elsupg<,<r |Y:|?] < oo. If g also satisfies (iii)
of (34), then'Y is an E9—supermartingale.

Proof. We only need to prove that Y is an £9-supermartingale. The rest of
the proofs can be find in, e.g., [HWY1992|. Let s < ¢, s,t € [0,T] and s,, € D,
Sp <t,splls th €D, t,|]tands, <t,. Then, for m > n,

&t Y] < Y5

Smytn m*

We fix n and let m — co. We have Y, — Y, and, by €7, [V;,])sep0,t,] €
5%.(0,t,), we also have €2 [V} ] — &7, [V;,], we derive

€1, Y] <o, as.
Now let 7 — co. We have Y;, — Y;, in L?(Fr). It follows that
&80, 2] = EL N < €2, Ve, ] = €2, [Vl + €L, V2] — €4, Vi)l

We then can apply a technique used in the estimate of (141) to prove that
£2,,1¥,,] — £0,[%.]] — 0. Thus

S,tn
ELIV] <Y
(]

Remark 3.9. By this proposition we can prove that, in many typical cases a g
- supermartingale Y admits a RCLL modification. More details on this topic
will be given in Lemma 4.8, for a more general situation. We will always take
its RCLL version.

Lemma 3.6. Let Y be an RCLL g—supermartingale on [0,T| and let o and T
be two F;—stopping times. Then we have

gg[YT|-7:0'] g YT/\O"
Proof. See Theorem 7.4.
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3.3 A Monotonic Limit Theorem of BSDE

For a given stopping time 7 < T < oo, we consider a process (y;) the solution
of the following BSDE

T

y =& +/ 9(Ys, 25, 8)ds + (Ar — Aiar) — / z4dBg (69)
t

AT tAT

where £ € L?(F,), A is a given RCLL increasing process with E[(A,)?] < ooc.
The following terms will be frequently used.

Definition 3.7. If (y,z) is a solution of BSDE (69) then we call (y:) a g-
supersolution on [0,7]. If Ay = 0 on [0,7], then we call y a g-solution on
[0,7].

We recall that a g-solution y on [0, 7] is uniquely determined if its terminal
condition y, = £ is given, a g-supersolution y on [0, 7] is uniquely determined
if y, and (At)o<i<r are given. If y is a g-solution and y’ is a g-supersolution
on [0, 7] such that y, <yl a.s., then for all stopping time o < 7 we have also
Yo < Yo

Proposition 3.12. Let y be a g-supersolution defined on an interval [0, 7].
Then there is a unique z € L*(0,7; R?) and a unique increasing RCLL process
A on [0, 7] with E[(A;)?] < oo such that the triple (yi, zt, As) satisfies (69).

Proof. If both (y, z, A) and (y, 2, A’) satisfy (69), then we apply Itd’s formula
to (y: — y¢)?(= 0) on [0, 7] and take expectation:

E/ 2a— 2L2ds + B[ S (A(A, — AD)? = 0.
0 te(0,7]
Thus z; = z;. From this it follows that A, = Aj. O
Thus we can define

Definition 3.8. Let y be a g—supersolution on [0, 7] and let (y, A, z) be the re-
lated unique triple in the sense of BSDE (69). Then we call (A, z) the (unique)
decomposition of (yt).

Let us now consider the following sequence of g-supersolution {y*}$2; on

[0,T], i.e.,

T T
Yi = Yp +/ g(ys, 25, 8)ds + (A% — A}) —/ z.dBs, 1=1,2,---. (70)
t t

Here A" are RCLL increasing processes with A) = 0 and E[(A%)?] < co.
The following theorem shows that the limit of {y?}2°; is still a g-
supersolution.
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Theorem 3.8. We assume that g satisfies (i) and (ii) of Assumptions (34).
For each i = 1,2,---, let A* be a continuous and increasing processes with
Al = 0 and E[(A})?] < oo and (y',2") be the solution of BSDE (70).
If, as i — oo, {y'}°, converges monotonically up to a process y with
E[esssupg<;<r [yt|?] < oo. Then this limit y is still a g-supersolution, i.e.,
there exists z € L%(0,T;R?) and an RCLL increasing process A with
E[(Ar)?] < 0o such that

T T
Yt = yr +/ 9(Ys, 2s, s)ds + (AT — Ay) —/ zsdBs, te[0,T]. (71)
t t

To prove this theorem, we need the following lemma. This lemma says that
both {z%} and {(A%)?} are uniformly bounded in L?:

Lemma 3.7. Under the assumptions of Theorem 3.8, there exists a constant
C that is independent of i such that

(i) B [ |2}Pds < C,

(i) E[(AF)*] < C. (72)

Proof. From BSDE (70), we have
=i [ olhssds+ [ i,
0 0
<+ okl + [ ol + ] + 19000, 9)llds + | [ tapl
0 0

We observe that |y;| is dominated by |y}| + |y:|. Thus there exists a constant,
independent of 7, such that

E[ sup |yi]’] <C. (73)

0<t<T
It follows that, there exists a constant C, independent of i, such that
E|AL? <Oy +2(1 + uzT)E/ |28 2ds. (74)
0

On the other hand, we use 1t6’s formula applied to |yi|*:

T T T
P+ B [ [aiPds =Bl + 2B | yigluls)ds + 2B [ yidal
0 0 0
The last two terms are bounded by

2ytg(yls 28, s) < 2yl (vlyll + plzi| + 19(0,0, s)])
<20+ )yl + §\Zs|2 +19(0,0,s)]
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and 2B [ [yi|dAL < 2[E supge,cp [y ]/ [B[A7[2]/2. Thus

T
E [ [sPds < CHalB sup |yl EIAL 2
0 0<s<T

< C+16(1+ pu’T)E P+ = ElAL?

<C+16(1+p )[Ozgngys\}+4(1+ )\ ]
1 )

=C + ———=E|A} ),

4(1 + p2T)

where, from (73), the constants C' and C are all independent of 4. This with
(74) it follows that (72)—(i) and then (72)—(ii) holds true. The proof is com-
plete. O

Combining this Lemma with Theorem 7.2 in Appendix, we can easily prove
Theorem 3.8.

Proof of Theorem 3.8. In (70), we set gi := —g(yi, 2i,t); Since {z'} is
bounded in LZ(0,T; R%), thanks to the monotonic limit theorem of Ité pro-
cesses (see Appendix: Theorem 7.2), there exists a z € L%(0,7;R%) such
that, for each p € [0,2), {z*}2° <, strongly converges to z in Lp L(0,T;RY).
As result, {g'} = {— g(y z*,-)} also strongly converges in Lp 2(0,T;RY) to
¢° and
°(s) = —g(ys, zs,5), as., a.e.

From this it follows immediately that (y, z) is the solution of the BSDE (71).
The proof is complete. O

3.4 g—Martingales and (Nonlinear) g—Supermartingale
Decomposition Theorem

More general than the martingales under g—expectations, we now introduce
the notion of g—martingales under g—evaluations. Under this general frame-
work, we will prove a general g—supermartingale decomposition theorem of
Doob—Meyer’s type.

Definition 3.9. An F;-progressively measurable real-valued process Y with

Eless sup |Y;|?] < oo, VT < o0
0<t<T

is called a g-martingale (resp. g—supermartingale, g—submartingale) on [0,T]
if for each 0 < s <t<T,

5397)&[)/;] = }/37 (Tesp' S )/s; Z YS) a.s.

In this subsection we will consider g—supermartingales. By Comparison
Theorem of BSDE, it is easy to prove the following result
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Proposition 3.13. We assume that g satisfies (i) and (i) of (34). Let
(At)o<t<oo be an RCLL increasing (resp. decreasing) process with E[(Ar)?] <
oo for each T > 0. Let (y, z) be the solution of the following BSDE, for each
T>0,

T T
Yi = YT +/ 9(Ys, zs, 8)ds + (Ap — Ay) — / zsdBs, t€[0,T], (75)
t t

Then (yr)o<i<T 1S @ g—supermartingale (resp. g—submartingale).

In this section we are concerned with the inverse problem: can we say
that a right-continuous £9-supermartingale is also a £9-supersolution? This
problem is more difficult since it is in fact a nonlinear version of Doob-Meyer
Decomposition Theorem. We claim

Theorem 3.9. We assume that g satisfies (i) and (i) of (34). Let (V) be a
right-continuous g—supermartingale on [0, T|. Then (Y:) is an g-supersolution:
there exists a unique RCLL increasing process (A;) with E[(Ar)?] < oo, for
each T > 0, such that (Y;) coincides with the unique solution (y) of the
BSDE. For each T > 0,

T T
Y =Yr —|—/ 9(ys, 25, 8)ds + (Ar — Ay) — / zsdBs, te€[0,T], (76)
t t

In order to prove this theorem, we consider the following family of BSDE
parameterized by i = 1,2, --.

) T ) ) T ) T )
=Y+ [ ghsiods i [ (Vo-yds— [ sds. @)
t t t

An important observation is that, for each 4, y} is always bounded from above
by Y;. Thus y® is a g-supersolution on [0, T':

Lemma 3.8. We have, for eachi=1,2,---,
Y, > yi, V¥t €[0,T], a.s..
Proof. For a § > 0 and a given integer ¢ > 0, we define
ot =inf{t; y! >V, + 6} AT.

If P(6"® < T) =0, for all i and §, then the proof is done. If it is not the case,
then there exist § > 0 and a positive integer i such that P(¢%% < T') > 0. We
can then define the following stopping times

Ti=inf{t > ¢"%; y! <Y}

It is clear that 0% < 7 < T . Since Y. — y* is RCLL, we have
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yl < Y.
But since (Y (s) — %*(s)) < 0 on [¢%%, 7], by monotonicity of £9[],

y;i,a < 5§i,53[yi\7:aiﬁ]
< 5§ri,67.,-[y‘r"~7:o“i’5]
<Y,is.as.

The last step is due to Theorem 7.3. But on the other hand, we have P(c%® <
T) > 0 and, by the definition of 6™, y’. ; > Y,is + 6 on {c*° < T'}. This
induces a contradiction. The proof is complete. O

Remark 3.10. From the above result, the term i(Y; — %) in (77) equals to
i(Ys — yi)*. By Comparison Theorem y} are pushed up to be above the su-
permartingale Y;. But in fact they can never surpass Y;. We will see that this
effect will force 3/ to converge to the supermartingale Y itself. Thus, by Limit
Theorem 3.8 Y itself is also a form of (76). Specifically, we have:

Proof of Theorem 3.9. The uniqueness is due to the uniqueness of g-
supersolution i.e. Proposition 3.12. We now prove the existence. We rewrite
BSDE (77) as

T T
yz :YT—I—/ g(yé,zi,s)ds—i—AQ—Ai—/ zist,
t t
where we denote .
A= [ = ais.
0

From Lemma 3.8, Y; —y! = |Y; —yi|. It follows from the Comparison Theorem
that y! < yi™'. Thus {y’} is a sequence of continuous £9-supersolutions that
is monotonically converges up to a process (y;). Moreover (y;) is bounded
from above by Y;. It is then easy to check that all conditions in Theorem 3.8
are satisfied. (y;) is a £9-supersolution on [0, T] of the following form.

T T
im :YT+/ 9(Ys, 25, 8)ds + (Ar — As) —/ zsdBs, te€[0,T],
t t

where (A;) is a RCLL increasing process. It then remains to prove that y = Y.
From Lemma 3.7—(ii) we have
T .
JRL
0

It then follows that Y; = y;. The proof is complete O.

2

E[|4}]?] = B <c
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4 Finding the Mechanism: Is an F—Expectation a
g—Expectation?

4.1 £#-Dominated F-Expectations

Now we will study F-expectations dominated by E# = €9+, with g,,(z) := u|z|,
for some large enough p > 0, according to the following

Definition 4.1. (£#-domination) Given p > 0, we say that an F - expec-
tation & is dominated by E* if

E[X +Y] - E[X] < EMY), VX,Y € L*(Fr) (78)

By Proposition 3.6, for any g satisfying (i), (ii) (iii”) of (34), the associated
g-expectation is dominated by £#, where p is the Lipschitz constant in (34).

Lemma 4.1. If £ is dominated by E* for some p > 0, then
ETHY)<EX +Y]-E[X] <EHY). (79)
Proof. Tt is a simple consequence of
ETHY|F] = —=EH[-Y|F].

O

Lemma 4.2. If € is dominated by E* for some p > 0, then £[-] is a continuous
operator on L?(Fr) in the following sense:

3C >0, [EG]-E&]l <COlé —&ll, VY&, & € L2 (Fr). (80)

Proof. The claim follows easily from Lemma 4.1 above and Lemma 3.3. [

From now on we will deal with F-expectations £[-] also satisfying the
following condition:

EIX+Y|FR]=EX|F]+Y, VX e€L*(Fr) and Y € L*(F)  (81)
Recall that, when £]-] is a g-expectation, (81) means that g satisfies (34)—(iii”)
(see (57)). We observe that an expectation Eg[-] under a Girsanov transfor-

. d . : .
mation ap satisfies this assumption.

We need to introduce a new notation: for a given ¢ € L?(Fr), we consider
the mapping &[] defined by

EclX] = EX +() - €[] : L*(Fr) — R. (82)



Nonlinear Expectations, Nonlinear Evaluations and Risk Measures 205

Lemma 4.3. If £[-] is an F-expectation satisfying (78) and (81), then the
mapping &[] is also an F-expectation satisfying (78) and (81). Its conditional
expectation under Fy is

EX|F] = EIX + (| = E[CIF. (83)

Proof. Tt is easily seen that &[] is a nonlinear expectation.

We now prove that the notion £:[X|F;] defined in (83) is actually the
conditional expectation induced by &[] under F;.

Indeed, put G(X, (, Fi) = E[X + (| F:] — E[(|F:]. We want to show that,
for all A € Fi, E(G(X, ¢, Fi)la) = E(X14). Computations give:

EG(X, ¢, F)] = E[E[X + ¢|F] = E[CIF] + ¢ = €[¢] (by (9))
= E[E[X + (| F] = E[C|F] + E[¢IFR]] = €[¢] (by (81))
= E[E[X + (| F]] - €[d]
= E[X + (] - €[C]
Thus we have
EG(X, (R = Ec[X], VX (84)

Now for each A € F;, we have,
G(X1a,(,Fr) = E[XTa+ (la + (Lac|F] = E[C|F]
= E[(X +)la + Qe |F] = E[C|F]
= E[X + (| FJ1a + E[C|1F]Lac — E[CIF]
= (E[X + (|F] = €¢I Fe))1a
G(X,(, Fi)la.

From this with (84) it follows that £:[X|F;] satisfies (7):
EG(X, ¢, F)la] = E[G(X1a, C, Fo)] = E[X1a], VA€ F

Thus &[] is an F-expectation with E:[-|F;] given by (83).

We now check that (78) is satisfied. For each X,Y € L?(Fr),

£IX + Y]~ E[X] = (E1X +Y +] — £[0]) ~ (E1X +¢] - £L)
=EX +Y + (] - EX + (.
Since &[] satisfies (78), &[] satisfies
EX +Y] - & X <EMY).
Finally, let Y € L?(F;); since &[] satisfies property (81), thus

EX +Y|F] = EX + (| F] - ECIF] +Y
= 5<[X‘ft] +Y.

Thus &¢[-] also satisfies property (81). The proof is complete. O



206 Shige Peng

Lemma 4.4. Let £[-] be an F-expectation satisfying (78) and (81). Then, for
each t < T, we have a.s.

ETMX|F] < E[X|F] < EM[X|F), VX, ¢ € L (Fr).
This lemma is a simple consequence of the following one, whose proof is
inspired by [BCHMP2000].

Lemma 4.5. Let &1[-] and &[] be two F-expectations satisfying (78) and
(81). If
&[X] < &[X], VX e L*(Fr),

then a.s. and for all t,
E[X|F] < &[X|FR], VX € L (Fr).
Proof. Indeed, for all Y € L?(Fr), we have by (81)

GIY = &[Y|FR]] = &[EY = &Y |F|F]
=&&[Y | t] — &Y | F]]
— 0] =

On the other hand,

SiY = &Y |F] < &Y - &Y |F])

= &[6[Y - &[Y|F]IF].

Thus
E[&Y|F] - E[Y|F] >0, VY € L*(Fr).

Now, for a fixed X € L?(Fr), we set n = E[X|F;] — E1[X|F). Since
<oy = <oy &2[X|F] — 1< E1[X|F
= &E[X1 <oy F] — E1[X 1p<oy | Fs

we have then
Ea[nln<oy] = 0.

But since nly,<op < 0, it follows from the strict monotonicity of &[-] that
Nliy<oy = 0 a.s.. Thus

EX|F] - E[X|F] >0 as.

The proof is complete. O

Lemma 4.6. If £ meets (78) and (81), there exists a positive constant C' such
that, for all X andY in L*(Fr), and for all t > 0,

EEIX +Y|F] - EIX|F)) < ONY | Le-
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Proof. Indeed, Lemmas 4.3 and 4.4 above imply that

EEX +Y|R] - EX|F]] = ElEx Y|
< E[EMY|F]
< EMEMY IR = EMY] < ClIY || 2.

The last inequality is from Lemma 4.2.

4.2 F;-Consistent Martingales

In this subsection we assume that £ is an F-expectation satisfying (78) for
some £ > 0, and (81) as well.

Definition 4.2. A process (Xi)icpo,r) € L5(0,T) is called an E-martingale
(resp. E-supermartingale, -submartingale) if for each 0 < s <t < T

Xs = E[X|Fs], (resp. > E[X4|Fs], < E[Xe|Fs])-

Lemma 4.7. An EF-supermartingale (&) is both an & - supermartingale and
ETH - supermartingale. An E7* - submartingale (&) is both an € - and E*
- submartingale. An € - martingale (§;) is an £ - supermartingale and an
EH -submartingale.

Proof. It comes simply from the fact that, for each 0 < s <t < T,
g*u[gtu:s} < g[ft‘]:s} < g#[&‘]—'s].
g

The next result is the first step in a procedure that will eventually prove
that every £-martingale admits continuous paths.

Lemma 4.8. For each X € L*(Fr) the process E[X|F:], t € [0,T] admits a
unique modification with a.s. RCLL paths.

Proof. We can deduce from Lemma 4.7 that the process E[X|F], t € [0,T],
is an £ #-supermartingale. Hence we can apply the downcrossing inequality
of Proposition 3.11.

This downcrossing inequality tells us that E[X|F], t € [0,T] has P-a.s.
finitely many downcrossings of every interval [a,b] with rational a < b. By
classical methods, this imply the almost sure existence of left and right limits
for the paths of E[X|F.].

We thus can define Y; = lslirtl E[X|Fs]. For each A € F;, we have that

seQn[o0,T]
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Yila= lim E[X|F]l, in L*(Fr).

s€QN[0,T]

From Lemma 4.2, it follows that

ENilal = lim  E[E[X|F]1a].

s€QN[0,T]

But
EE[X|F1a] = ELAEIX|F]].

It follows that a.s. Y; = E[X|F).

Now it’s again classical to prove, using the existence of left and right limits,
that the process Y defined above is a RCLL modification of E[X|F], t € [0,T],
and the lemma is proved. O

Henceforth, and without needing to recall it, we will always consider the
RCLL modifications of the £-martingales we have to deal with.

Lemma 4.8 has an immediate consequence as follows :

Lemma 4.9. Let £[-] be an F-expectation satisfying (78) and (81). Then for
each X € L*(Fr) and g € L%(0,T) the process E[X + ftT gsds|Fi], t € [0,T)
is RCLL a.s.

Proof. Indeed, we can write
T T t
EX —|—/ gsds|F] = E[X —|—/ gsds —/ gsds|F]
t 0 0

T ¢
=¢&[X +/ gsds|Fi] —/ gsds
0 0

because of (81). The claim follows then easily from Lemma 4.8. O

Lemma 4.10. For each X € L*(Fr), let
Then there exists a pair (g(-),z(:)) € L%(0,T; R x R?) with
9] < ] (85)
such that
T T
Ui :X—l—/ gsds—/ zsdBs. (86)
¢ ¢

Furthermore, take X' € L*(Fr), put y, = E[X'|F], and let (¢'(-),7'(+)) €
L2(0,T; R x R?) be the corresponding pair. Then we have

|91 — g5l < plz — z{] (87)
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Proof. Since
yt:(s[X|]:t]7 O§t§T>

is an £ - martingale, and since it is RCLL, it is a right-continuous &*-
submartingale (resp. £ # - supermartingale). By the domination £ #[X|F;] <
E[X|Fi] < EM[X|Fi], we also have E[sup,cpo r) |y:[?] < oo. Thus, from the
g - supermartingale decomposition theorem (Theorem 3.9) that there exist
(z#, A#) and (27*, A™*) in L%([0,T); R x R?) with A* and A~* RCLL and
increasing such that A#(0) = 0, A~#(0) = 0 and such that

T T
Yt :yT—l-/ ,u|z§|ds—A‘%—|—Af—/ zl'dBg
t t

and
T

T
yt:yT—/ ,u|zs_“|ds+A;“—At_“—/ 2 *dBs.
t t

Hence, the martingale parts and the bounded variation parts of the above two

processes must coincide:
B =
2y =2,

—p|zt|dt + dAY = pl2l|dt — dATH,
whence
2ulzt|dt = dAY + dA;H.
It follows that A* and A™* are both absolutely continuous and we can write:
dAY = al'dt, dA;" =a;"dt
with
0<adl, 0<a "

We also have
af + ot = 202,

so, if we define
Zt = Z#

gt = plz] — aff,

we get (86) and (85).
Now, we prove (87). We have
ye — Y = EIX|F] — E[X'|F]
=&X - X'+ X'|R] - EX'|F)
=Ex/ X — X'|FA]

Recall (Lemma 4.3) that Ex/[-] is another F-expectation satisfying (78) and
(81). Thus there also exists a pair (§(-), 2(-)) € L%(0,T; R x R?) with
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9] < plZ] (88)

such that the Ex/-martingale y; — y; satisfies

T T
Yr — yg =X-X —|—/ gsds —/ ZsdBs.
t t

On the other hand, we have

T T
vy =X =X+ [ o= gllds = [ e 2.
¢ t
It follows then that
G=gi—g;, and Z =z — 2.

This with (88) yields (87). The proof is complete. O

Remark 4.1. From the above lemma, the result of Lemma 4.9 can be improved
to: for each X € L?(Fr) and g € L%(0,T), the process £[X + ftT gsds| F,
t € [0, 7] is continuous a.s..

4.3 BSDE under F;—Consistent Nonlinear Expectations

Here again, £ denotes an F-expectation satisfying (78) for some p > 0, and
(81) as well. Let a function f be given

flw,t,y): 2x[0,T] x R— R
satisfying, for some constant C; > 0,

{ (i) f(.y) € LF(0,T), for eachy € R; (89)
(i) [f(t,y1) = f(ty2)] < Cilyr —y2|,  Vy1, y2 € R.

For a given terminal data X € L2(Fr), we consider the following type of
equation:

Y =X + /tT f(s,Ys)ds| T (90)

Theorem 4.1. We assume (89). Then there exists a unique process Y () so-
lution of (90). Moreover, Y (-) admits continuous paths.

Proof. Define a mapping A(y(+)) : L%(0,7) — L%(0,T) by

T
Ay()) = EX + / F(s,y2)ds|F).

Using Lemma 78,
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T
Ai(y1 () = Aely2() < 5”[/t (f(s,91(s)) = f(s,2(s)))ds| Fi].

Thus
T
[Ae(y1 (1) — Aly2(+))] < 5“[/t |f(s,91(5)) — f(s,y2(5))|ds|Fi]

T
< Caet( [ (o) - a(s)ldsIFi). by (59).
t
Using Lemma 3.3, it follows that
T
B4 () ~ Ai(ia(DF] < CEEIE [ la(s) = wal)dsi )
t
) T
< R T OB( [ (o) - palo)ldsf
t
T
< CaBl [ (o) - a(o) Pl
t
where Cy := TC2e’ T,

We observe that, for any finite number 3, the following two norms are
equivalent in L%(0,7)

T T
E/\%&kwE/|@&&m
0 0

Thus we multiply e2“2? on both sides of the above inequality and then inte-

grate them on [0, 7). It follows that

T
E/|m@) (N“@%<0E/ ”{/ —yl[2dsdt
0

= CQE/ / 22t 4ty — ' |2ds
o Jo

T
= (202)_102E/ (62028 —1Dys — y;|2ds.
0
‘We then have

T T
1
E/ |4 (y.) — Ae(y))|?e22 dt < 5E/ lye — y)|2e2C2tdt.
0 0

Namely, A is a contraction mapping on L% (0, T'). It follows that this mapping
has a unique fixed point Y:

T
Y, = X + / F(s,Y2)ds| 7.
t
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Finally, Lemma 4.9 and Remark 4.1 proves that the solution of (90) admits
continuous paths, and the proof is complete. O

Theorem 4.2. (Comparison Theorem). Let Y be the solution of (90) and
let Y' be the solution of

T
Y/ = E[X' + / [F(5,Y!) + $u)ds| 7

where X' € L*(Fr) and ¢ € L%(0,T). If
X' >X, ¢>0, dP xdt-a.e., (91)

then we have

Y/ >Y,, dP x dt-a.e. (92)
(92) becomes equality if and only if (91) become equalities.
Proof. We begin with the case ¢ = 0. For each § > 0, we define
W =inf{t>0; Y/ <Y, =6} AT.

It is clear that if, for all 6 > 0, 79 = T a.s., then (92) holds. Now if for some
6 > 0 we have
P(A) >0, with A={r) <T} e F,

we then can define
o = inf{t > 70, Y) > Y;}.

Since Y} = X' > X =Yp, thus o < T and 14Y'(12) = 14Y (72) . It follows
that, for 7 € [r9, 2],

T2

14Y; = E[14Y;, +/ 1af(s, 1aY5)ds|F7],

T
T2

1AYT/ = 5[1AY72 —|—/ lAf(S,lAYS/)dSL}—T}.
By the uniqueness result of Theorem 4.1, the solutions of the above two equa-
tions must coincide with each other. Thus qu sla = YT{sl 4. This contradicts
1
P(A) > 0.
In order to prove the general case when ¢ > 0, we define forn =1,2,3,- -,
Y™(-) to be the solution of

Y =€

ir
n

T T
(X' + | ¢sds] +/ f(&YSn)dSVt] ;
t

T

for t € [t ti' 1), ti =
n

. i=0,1,-,n—1.



Nonlinear Expectations, Nonlinear Evaluations and Risk Measures 213

This equation can be written, piece by piece, as

Y =€

t?+l t?Jrl

[}/;?Jrl +/ gbst] +/ f(S7Y;n)dS|ft I
ty t

tety th,), Yr =Yn =X".

From the first part of the proof. We have, fori =n—1,Y* > Y, t € [t"_,, Tj.
In particular, Y’&il > Yyr . An obvious iteration of this algorithm gives

Y/ > Y, te ), i=0,--,n—2.

Thus Y{* > Y}, t € [0,T7.

In order to prove that ¥} > Y;, It suffices to show the convergence of the
sequence (Y") to Y’. A computation analogous to the proof of Theorem 4.1

shows that, for fixed ¢ € [t}, 1}, ) and an appropriate constant C,

t

Bllvy - ¥, < oB(( |

i

T
|6alds + Cy / Y7 — Y/|ds)?]
t

~

3

Using Schwartz inequality, one has for all ¢ € [0, T
T T T
EYy - Y[ <2008 [ lofds+20CHTE [ - viPds. (93)
noJo t

Gronwall’s Lemma applied to the above inequality shows that
E[lY" - Y/]*] =0,
and finally Y/ > Y.

Finally, we investigate possible equality in (92). From Y] = Y}, one has
T T T
E[X +/ f(s,Ys)ds] = E[X’ —|—/ f(s,Yy)ds +/ Dyds]
0 0 0

Since X’ > X and fOT ®.ds > 0, it follows from the strict monotonicity of £

that X’ = X a.s., and fOT ®d,ds = 0, whence & = 0 dt X dP a.e. and the end
of the proof. O

4.4 Decomposition Theorem for £-Supermartingales

Our next result generalizes the decomposition theorem for g-supermartingales
proved in Theorem. 3.9 to continuous £-supermartingales. The proof is very
similar. It also uses mainly arguments from Theorem 3.9.
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Theorem 4.3. (Decomposition theorem for &-supermartingales) Let
&[] be an F-expectation satisfying (78) and (81), and let Y € S%(0,T) be a
E-supermartingale. Then there exists an A(-) € S%(0,T) with A(0) = 0 such
that Y + A is an E-martingale.

Proof. For n > 1, we define y"(+), solution of the following BSDE:

T
ﬁ:ﬂ%+/vﬂkwbwﬂ]
t

We have then the following
Lemma 4.11. We have, for eacht and n > 1,
Y: >y, a.s.
Proof. For a § > 0 and a given integer n > 0, we define
o™ = inf{t; y? > Y, + 0} AT.

If P(o""s < T) =0, for all n and ¢, then the proof is done. If it is not the case,
then there exist § > 0 and a positive integer n such that P(c™® < T) > 0.
We can then define the following stopping times

7= inf{t > o™ yy <Y}

It is clear that ¢™?% < 7 < T . Because of Theorem 4.1, Y; — y is continuous.
Hence we have
yr <Y, (94)

But since (Yy —y?) < 0 in [0™?, 7], by monotonicity of €[],

T

ww=ﬂw+/ n(Ys — y)ds| Fyos]

n,s
< 5[y¢|-7:0”=5}
S 5[Y7—|f0n,5]

Finally, since Y is an £-supermartingale, by (optional stopping theorem) The-
orem 7.4, we have
Yo-n,é Z ygn,5~

But on the other hand, we have P(c™° < T) > 0 and, by the definition of
o™, Yous = Yons+0 on {a""s < T}. This induces a contradiction. The proof
is complete. O

Lemma 4.11 with Theorem 4.2 above imply that ™ (-) monotonically con-
verges to some Y°(-) < Y (). Indeed, writing ¢, = Y; — yt(nH) > 0 shows that
(y™(+)) is an increasing sequence of functions.
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Observe then that y* + fg n(Ys; — yl)ds is an E-martingale. By Lemma
4.10, there exists (g™, 2") € L%(0,T; R x R?) with

‘g?|§ﬂ|2?‘, n=12---, (95)

such that

t T
yl”r/ n(Ys—y?)dS=y¥+/ n(Ys —y)ds
0 0

T T
—l—/ g?ds—/ z1dBs,
t t

hence, as y7 = Y7,

T T
yp = Yo+ / g7+ n(Ys — y)ds — / 21dB,. (96)
t t

(87) also tells us that

‘g?_g;n‘gng_Z;nL n,m=12,--- (97)
Let us denote, for eachn =1,2,---,

t
A =n/ (Y — y7)ds
0

A™ is a continuous increasing process such that A™(0) = 0.

We are now going to identify the limit of y™(-). To this end, we shall use
the following lemma :

Lemma 4.12. There exists a constant C' which is independent of n such that

T
(i) E / LMds < C; (i) EI(AR)?) < C. (98)

Proof. By ytl <y < yZH_l <Yy, n=12,--- with E[SuptE[O,T] |Yt‘2] < 00, we
have |y?| < |yt| + |Y:|. Thus there exists a constant C, independent of n, such
that
E[ sup [y'’] < C. (99)
0<t<T
We then can apply (28) and (95) to prove (98) step by step as the proof of
Lemma 3.7. 0

With the help of Lemma 4.12 we can now end the proof of the Decompo-
sition Theorem.
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Note first that (98)—(i) with (95) also implies
T
E [ lonfPds < uC
0

(98)—(ii) implies that

y" () /Y ()
From by the monotonic limit Theorem 7.2 (in Appendix), it follows that we
can write Y under the form

T T
Y, =Yr+ / gsds + Ar — Ay — / 2sd By (100)
¢ t

for some (g,2) € L%(0,T; R x RY) and an increasing process A with 49 =0
and E[A2] < oco. Observe that Y(-) and then A(-) is continuous. It follows
from Theorem 7.2 that

2"(-) — z(+), strongly in L%(0,T; R%).
It follows from (97) that
g"(-) — g(), strongly in L%(0,T).
And finally, (28) gives
A — Ay, strongly in L*(Fr).
Thanks to Lemma, 4.6, we can pass to the L2-limit in both sides of
yi' = EYr + Ap — AP |F].

It follows that
Y = 5[YT + A — At‘ft]

Thus Y; + A, = E[Yr + Arp|Fy] is an E-martingale (because of (81)). Since A
is increasing, the Theorem is proved. O

4.5 Representation Theorem
of an F-Expectation by a g-Expectation

In this subsection, we will prove an important result: an F;—consistent nonlin-
ear expectation can be identified as a g-expectation, provided that (78) and
(81) hold.
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Theorem 4.4. We assume that an F-expectation E[-] satisfies (78) and (81)
for some u > 0. Then there exists a function g = g(t,z) : £2 x [0,T] x R?
satisfying (i), (i) and (i) of (34) such that

E[X] =&,[X], VX € L*(Fr).

In particular, every €-martingale is continuous a.s.
Moreover, we have |g(t,z)| < p|z| for all t € [0,T].

Proof. For each given z € R?, we consider the following forward equation

dYy? = —plz|dt + zd By,
Y*(0)=0.

We have Elsup, ¢, 7 |Y;?|?] < 0o. It is also clear that Y* is an £#-martingale,
thus an £[-]-supermartingale. Indeed, we can write Y7 = E*[YF|F;]. From
Theorem 4.3, there exists an increasing process A*(-) with A*(0) = 0 and
E[AZ?] < oo such that

Y[ =&Yy + Ap - A7 Fi].

Or
Y7 + A7 = EYF + A% FR), t€]0,T].

Then, from Lemma 4.10. there exists (g(z,), Z*(+)) € L%(0,T; R x R%) with
lg(z,t)| < p|ZF| such that

T T
Y7+ AP = Y+ Al +/ g(z,s)ds—/ Z2dB,. (101)
t t

We also have ,
lg(z,t) — g(', )| < plZf — Zf |. (102)

But on the other hand, since
T T
Y7 :YTZ+/ ,u|z|ds—/ zdBs,
t ¢

it follows that

t

A = mz\t—/ 9(z, s)ds,
0
Z; = z.
In particular, (102) becomes
l9(z,8) = g(z', )] < plz = 2'). (103)

Moreover,
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t ¢
YP+ A7 =Y*(r) + A%(r) —/ g(z,s)ds—l—/ zdBs, 0<r<t<T,

and Y7 + A7 is an E-martingale. But with the assumption (81) one has, for
each z€ R and r < ¢

5[—/ g(z,s)ds—|—/ B\ = E[VE + AF — (Y2(r) + A% ()| F],

i.e.
t t
8[—/ g(z, 8)ds —|—/ zdBs|F,] =0 0<r<t<T (104)
Now let {A;}Y, be a F,-measurable partition of {2 (i.e., A; are disjoint, F,-

measurable and UA; = £2) and let z; € R%, i = 1,2,---,N. From (11), it
follows that

t N t+ N
8[—/ g(ZzilAi,s)ds—i—/ ZzilAidBSU:T}
™ i=1 T

i=1
N t t
= S[Z 1a, (—/ g(zi,s)ds—i—/ zist> | F+]
i=1 T s
N ¢ ¢
= Z 1Ai5[_/ 9(zi, 8)ds +/ zidBs| F)
i=1 ™ T

(because of (104)). In other words, for each simple function n € L?($2, F,., P),

t t
5[—/ g(n,s)ds—F/ ndBs|F,] = 0.

From this, the continuity of £[-] in L? given by (80) and the fact that g is
Lipschitz in z, it follows that the above equality holds for n(-) € L%(0,T; RY) :

t t
5[_/ g(nsvs)d5+/ 775st|-7:7*] = 0. (105)

We just have to prove now that
&)X = €[X], VX € L*(Fr).
To this end we first solve the following BSDE

—dys = 9(57 Zs)ds — 2,dBs,
yr = X.

Since g is Lipschitz in z, there exists a unique solution (y(-), z(-)) € L% (0, T; Rx
R?). By the definition of g-expectation,
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Eg[X] = y(0).
On the other hand, using (105), one finds

£1X] =5[y(0)—/0T (s, )ds+/0Tzsst]

T T
—y(0)+5[—/0 g(zs, )ds—|—/0 25dBy]
= 4(0) = &(X].

It follows that this g-expectation £4[-] coincides with £[] and we are finished.
O

4.6 How to Test and Find g7

Let g(s,z) be the generator of the investigated agent. An very important
problem is how to find this function g. We will treat this problem for the case
where g is a deterministic function: g(t, 2) : [0,00) x R? — R. We assume

that
|g(t72) _g(t7zl)| < :U’|Z - Zl‘7 vt > 07 VZVZI € Rd7

g(t,0) =0, Vvt >0,. (106)
In this case we can find such g by the following testing method.
Proposition 4.1. We assume (106). Let 2 € R be given, then
T
/t g(s,2)ds = E4[ZBr|F;] — ZB, (107)
In particular
/OT g(s,z)ds = E4[ZBr] (108)

Proof. We denote Y; := E,[ZBr|F], it is the solution of the following BSDE

T T
Y, = zBr —|—/ 9(s, Zs)ds — / Z4d By
t t

Or
T T
Yt—ZBt:/ g(s,ZS—2+2)ds—/ (Zs — Z)dBs.
t t

It follows that (Y, Z;) := (Y; — 2By, Z; — %) solves the BSDE

Y, = / 9(s,Zs + z)ds — / ZdBs.
t t

This BSDE has a unique solution Yt, Zt = ft (s,Z)ds,0). We thus have
(107).
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Remark 4.2. It is meaningful to test the generator g of an agent: at a time
t < T, we let the agent evaluate ZBy and result &,[ZBr|F;]. Then the deter-

ministic data ftT g(s, 2)ds is obtained by Y; = &,[2Br|F:] — 2B;, where By is
a known value at the time ¢.

Ezample 4.1. If ¢ is time—invariant: g = g(z), then we have
92T —t) = E[zBr|F] — 2By

and
g(2)T = &,[ZBr], Z <€ RY

Ezample 4.2. If we already know that g = go(6, z), where g : [a,b)]xR? — R
is a given function but we have to find the parameter 6 € [a, b], assume that
for some z € R%, go(0,2) is a strictly increasing function of 6 in [a, b]. Then
we can only test the agent once at the time, say ¢t = 0. Using the formula

90(0,2)T = &[2Br],

we can uniquely determine 6.

4.7 A General Situation: F;—Evaluation Representation Theorem

Theorem 4.4 is only valid for a part of Fi—consistent nonlinear expectations.
For a general situation we have the following result [Peng2003b]. By the limi-
tation of the size of this lecture, we will only state the result without given the
proof. We are given an J;—consistent nonlinear evaluation defined on L?(Fr) :

Eul]  LP(F) = L*(F), 0<s<t<T.
It satisfies the axiomatic assumptions (A1)—(A4), with the following additional
E9mr—dominated assumption (g, (y, 2) := pu(ly| + |2|)), weaker than (A5):

(A5’) There a sufficiently large number p > 0 such that, for each 0 < s <
t<T,
Eat[X] = Es[ X < EMMIX — X', VX, X' € L*(F).

The g—evaluation representation theorem is as follows:

Theorem 4.5. Let &[] : L*(F:) — L*(Fs), 0 < s <t < T, satisfy (A1)-
(A4) and (A5°). Then there exists a function g(w,t,y,z) satisfying (34)—(i),
(i) and (i), such that, for each 0 < s <t <T,

Esi[X] =4, [X], VX € L*(Fy).

Remark 4.3. In this result we do not need the assumption (81). Thus g may
depend on (y, 2).
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Remark 4.4. In [Peng2003b] we also consider the situation where (A4) is weak-
ened by (A4"): 14&5+[X] = 14&s,4[14X], for each A € F;. In this case the cor-
responding g satisfies only (34)—(i) and (ii) without the condition ¢(s, 0,0) = 0.

Remark 4.5. From the above g—evaluation reprentation theorems, we see that
the dominating term, such as £9+#[] , plays an important role. A general
formulation is:

EsalX] = E o[ X < E1,[X - X7,

where £ ,[X — X'] is a given self-dominated nonlinear evaluation: i.e., it is a
concrete evaluation satisfying (A1)—(A4) and

ELX] = ELIXT] < €0,[X - X'], VX, X' € L*(Fy).

5 Dynamic Risk Measures

Recently Rosazza Gianin [Roazza2003] considered a type of dynamic risk
measures induced from g-expectations. We consider a more general situa-
tion. Let &[] be an F;—consistent nonlinear evaluation defined on L?(Fr).
It satisfies (A1)—(A4). We set, for each 0 < s < ¢t < T, and X € L*(F,),
Ps.t|X] = Est[—X]. {ps,t[]}o<s<i<r is called a dynamic risk measure defined
on L?(Fr). We consider an F-consistent evaluation {&; ¢[-]}o<s<ir satisfying
some of the following axiomatic conditions: for each 0 < s <t < T and X,
Y € L?(F,), it satisfies

(el) subadditivity: & [X + V] < &4 [X] + E+[Y];

(e2) positively homogeneity: & [aX] = a&s [ X];

(e3) constant translability: & +[X + n] = E4[X] +n, Vn € L*(Fs)
(e4) convexity:

EsplaX + (1 —@)Y] <a&s[X]+ (1 — a)&s4[Y], Va € [0,1].

Similar to [ADEH1999] and [FoSc2002] for static situations, we can define
the following type of dynamic risk measures.

Definition 5.1. A dynamic risk measure {ps i[-|}o<s<t<T is said to be coher-
ent if the corresponding nonlinear evaluation {€s [-|}o<s<i<r satisfies (el)—
(e3). It is said to be convex and constant translable if €[] satisfies (e3) and

(e4).

For the situation of £9-evaluation, we have the corresponding p9-risk mea-
sure defined by pf ;[X] := &7,[-X]. A very interesting point is that the con-
crete function g perfectly reflexes the attitude of an investor towards risks. In
fact we have the following properties:
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Proposition 5.1. We assume that g satisfies (34)-(i), (i). Then E9[] is
subadditive (resp. superadditive) if g is subadditive (resp. superadditive) in
(y,2) € R, It is positively homogegeous if g is positively homogegeous in
(y,2) € RY™4. It is convex (resp. concave) if g is convex (resp. concave) in
(y,2) € R*2. It has constant translability if g is independent of y. Moreover,
if, for each (y, z) and P-a.s., g(-,y,2) € D%(0,T), then all the above “if” can
be replaced by “if and only if”.

For the proof of this proposition we refer to [EPQ1997], [BCHMP2000],
[Roazza2003] and [Peng2003c]

6 Numerical Solution of BSDEs: Euler’s Approximation

Let (€!');=1,2,... »n be a Bernouil sequence, i.e., an i.i.d. sequence such that with

1
P{e?:l}:P{e?:—l}:i.

‘We set

k
BZ::\/HZE?, ri=c{B};1<k<n}
i=1
ABjy =B, — By = Vney,

Let ¢ be Fj-measurable. This implies that there exists a function: @ :
{1,-1}* — R, such that

€n = Q)n(é?, e aGZ)'

All processes are assumed to be F}'-adapted. We make the following assump-
tion

(H1) B™ converges to B in S?

(H2) €™ converges to & in L?(P).

fand f™:[0,1] x 2 x R x R — R such that for each (y,z) € R x R,

{f"(ty,2) oci<r (vesp. {f(t,y,2)}g<i<1) are progressively measurable
with respect to F* (resp. to F;) such that

(H3)—(i):

[f" (s 2) = 1y 2 < Clly =o'+ |2 = 2))
[f(ty,2) = fty 2 < Clly =y +12 =)

(ii) For each (y, z) paths { f" (¢, y, 2) }g<;<, have RCLL paths and converges
to {f(t,y,2)}o<s<y In S*(R) with

Vg := {E[ sup |Vi]*]}"/2
0<t<1
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We set
k k+1

—
n n

fn(t7y>z)zglrcl(y>z)> tE[ ),k:0,1,~-~7n.

and
yr = &": a given F)'-measurable random variable. Then we solve back-
wardly

1
— g ABp, k=n—1,---,3,2,1.

Yk = Yi+1 + 9k Yk ZZ)E

Oryr =y, zf =27, t € [£, L) We call (y", 2") the solution to (g,¢).
dyi" = f"(t,yi', 2 )d (B"), — z;'dBy,
yr =€
Theorem 6.1. (Existence and Uniqueness and Comparison) Let

gh(w,y,2) : 2XxRxR—-R, k=1,--- ,n—1

be Fj'-measurable and C-Lipschitz with respect to y with n > C. Then
there exists a unique F}—adapted pair (y*,z"), solution to (g,§). Moreover,
if (y™,z™) is the solution corresponding to (¢',&"), and if

gk (w,y,2) = gg (w,y,2), & = ¢",
then the corresponding solution (y™,z™) satisfies
i > i
Corollary. If A;(-) and Ay(-) satisfies the above conditions with A;(y) >

As(y), for all y € R. Then A7 ' (x) < Ay (), for all x € R.
Proof of the theorem. Assume that y;, , are solved, we then solve (y}!, 21).

Yk = Y T 9 (ks 2) — — 2k ABi (109)
Since y;',; has the form: y;!, | = Dr1(er, -, ept1). We set
yl(:;-)l P= ¢k+1(61a e 71)a
yl(g:-)l P= ¢k+1(61a e 7_1)

y,jﬂ and y,, , are Fj'~measurable. We set ;1 = +1, in (109):

1 ~
Yr =i + R (YR 20) — + =z 12

_ 1 _
Yk = Yr1 +glrcl(ylrclazl?)ﬁ ++2zpn~ 12
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(+) (=)
Yer1 Ye41

z;r can be uniquely solved by z} = 5

. The equation for y;! is

+ —
1 yl(ch)l + ?/l(€+)1

no_ ni,mno n\_ __ 110
Yk gk(yk>zk)n 5 (110)

When n > C, the mapping A(y) = y — g/ (y, 2") = is strictly monotonic

function of y with A(y) — +oo (resp.—o0) as y — +oo (resp. —oo). Thus

the solution yi of (3) exists and is unique. By the Corollary, the comparison

theorem also holds. g
We consider

(a) ys = €+ ftl f(s,ys,25)ds — ftl 2sd By
1 1
(D) y ="+ [, fuls,yl,22)d(B™), — [, 21dB

Theorem 6.2. (Briand, Delyon & Memin, 2001) We assume (H1), (H2)
and (HS3). Let (y™,z™) be the solution of (b), and (y,z) be the solution of (a).
Then, in S% x §?,

(y",/ z;‘dB;l) — (y,/ zsst> ,asn — 0o
0 0

and in S% x §?
([arawn, [1aran,) - ([zawn,. [paw,)an- .
0 0 0 0

7 Appendix

7.1 Martingale Representation Theorem

The existence theorem of BSDE requires the following result: any element
¢ € L3(Fr) can be represent by

T
¢ =Bl + /O 6,dB,.

For notational simplification, we assume that B is 1-dimensional, i.e., d = 1.
We need the following lemma.

Lemma 7.1. Let n € L?(Fr) be given such that

T
E[y(1 + / 6.dB)) = 0, ¥ € L2(0,T).

Then n =0, a.s..
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Proof. For each deterministic u(-) € L>(0,T;C), we denote by X*, the solu-
tion of the following SDE

dXF = u(t) X}'dB,, Xt = 1.
It suffices to prove that if, for each p(-) € L>(0,T;C) we have E[nX}] = 0,
then n =0, a.s.

For each N € Z, x = (x1,--- ,ony) € RNand 0 < t) < --- <ty < T, we
set p(t) = szvzl x51[0,¢;)(t). It is easy to check that

Xt = exp{i [y p(s)dBs — 1 [} |u(s)[?ds}
= R BBy x4 [ u(s)Pds)
Thus the condition E[nXZ%] = 0 implies
D, (x) = E[neizyzl sztJ'] = 0.

Now for an arbitrary g € C§°(RY), let § be its Fourier transform. We then
have

E[g(Btu e 7BtN)77]
ZE[(%)_%/ G,z )et Zim %8 g
RN

— (om)% / i) Bu()dz = 0,
RN
Since the subset

{9(B(t1),-- ,B(tn));0 < t1,-+- ,tn < T, g € C*(RY),N € 7}

is dense in L?(Fr), it follows that n = 0.
We now can prove the representation theorem.

Theorem 7.1. ( Representation theorem of an element of L*(Fr) by Ité’s
integral) For each & € L*(Fr) there exists a unique z € L%(0,T) such that

T
§=EH+/)%ﬂ%a@ (111)
0
Proof. Let ¢ € L?(Fr) be given. We define the following functional
T
1(0) =B [ 0udBll, 6 € L30.T5R).
0

By Schwards inequality |f(¢)] < E[€[?]Y/?- E[fOT\gbs\st]l/z. Thus f is a

bounded linear functional defined on L% (0, 7). It follows from the well-known
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Riesz representation theorem (see for example [Yosidal980] p90) that, there
exists a unique process 2 € L%(0,T), such that

T
f(6) =E[ / buzads), Vo € L3(0,T),
0
or 7 7
E sdBg(€ — sdB)] =0, Vo € L2(0,T).
[/O<z> <s/0z)] b€ L2(0,T)

Thus we have

T T
E[(1 + / 6.dB.) (¢ — BlE] - / 2dB)] = 0, Vo € L3(0,T).

But by Lemma 7.1, this implies (111). O

7.2 A Monotonic Limit Theorem of It6’s Processes

We present a convergence result of a sequence of It6 processes, called “mono-
tonic limit theorem”. In this lecture we use this result to prove nonlinear
supermartingale decomposition theorems. We consider the following sequence
of Itd processes:

t t
0 0

for each i, the adapted process g' € L%—(O7 T) are given, we also assume that,
for each 1,

A" € 8%(0,T) is increasing with Aj) = 0, (113)
and

(i) (gi) and (z}) are bounded in L%(0,T): EfOT[\gi\Q +|24%)ds < C;
(ii) (y{) increasingly converges to (y;) with E[supy<,<r |y:]?] < oo,
o (114)
where the constant C' is independent of ¢. It is clear that

(i) E[SupogtST \?/%‘2] < C;

3 115
(i) B J7 lvi — Pt — 0. ()

where the constant C' is independent of <.

Remark 7.1. Tt is not hard to check that the limit y has the following form

t t
Yt = Yo +/ gods — A, +/ 25dBs, (116)
0 0
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where ¢ and z are respectively the weak limit of {g’}22, and {z%}22; in
L%(0,7), (At)efo,r) is an increasing process. In general, we can not prove

. 1=
[1,2), {2} converges strongly in L.(0,T;R¢). This observation is crucially
important, since we will treat nonlinear cases.

i [
the strong convergence of { fOT z;dBS} . Our new observation is: for each p €

The limit theorem is as follows.

Theorem 7.2. We assume (113) and (114). Then the limit y; of {y*}3°, has
a form (116), where ¢° € L%(0,T) and z € L%(0,T; R?) are respectively the
weak limit of {g°}3°, and {z'}32; in L%(0,T) and L%(0,T;R%). For each

€ [0,T), Ay is a weak limit of {A}}32, in L*(Fr). (At)ejo,r is an RCLL
square—integrable increasing process. Furthermore, for any p € [0,2), {2"}524
strongly converges to z in L%.(0,T, RY), i.e.,

T
lim E/ |28 — 25|Pds = 0, p € ]0,2). (117)
0

11— 00

If moreover (y):ejo,1) s continuous, then we have

T
lim E/ |28 — 2,]%ds = 0. (118)
11— 00 0

Remark 7.2. An interesting open problem is: does (118) hold without the ad-
ditional continuous assumption for y?

In order to prove this theorem, we need the several Lemmas. The following
lemma will be applied to prove that the limit processes y is RCLL.

Lemma 7.2. Let {2(-)}$2; be a sequence of (deterministic) RCLL processes
defined on [0,T] that increasingly converges to xz(-) such that, for each t €
[0,T], andi =1,2,---, ' (t) < 2¥T1(t), with x(t) = b(t)—a(t), where b(-) is an
RCLL process and a(-) is an increasing process with a(0) =0 and o(T') < oo.
Then z(-) and a(-) are also RCLL processes.

Proof. Since b(+), a(-) and thus z(-) have left and right limits, thus we only
need to check that x(-) is right continuous. For each t € [0,T), since a(t+) >
a(t), thus
z(t+) = b(t) — a(t+) < z(t). (119)
On the other hand, for any § > 0, there exists a positive integer j = j(9, )
such that z(t) < 27(t) + 6. Since 27 (-) is RCLL, thus there exists a positive
number €y = €o(j, t,d) such that 27 (t) < 27 (t+¢€)+6, Ve € (0, €g]. These imply
that, for any € € (0, o],

o(t) <azI(t+€)+20 <z (t4€) +26 17 z(t +€) + 26.

Particularly, we have z(t) < x(t+) + 26 and thus z(¢t) < x(t+). This with
(119) implies the right continuity of z(-). O

We need some estimates for the jumps of A. We first have
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Lemma 7.3. Let A be an increasing RCLL process defined on [0, T| with Ag =
0 and E(Ar)? < oo. Then, for any e > 0, there exists a finite number of
stopping times o, k =0,1,2,-- - N+ 1 withog =0<0; <--- <oy <T =
on+1 and with disjoint graphs on (0,T) such that

N
>E Y (A4)<e (120)
k=0

te(ok,06+1)

Proof. For each v > 0, we denote

At(V) = At — Z AAsl{AA5>V}‘

s<t

A.(v) has jumps of A. smaller than v. Thus there is a sufficiently small v > 0

such that , .
B (44,00 < &
s<T
Now let 7%, k = 1,2,--- be the successive times of jumps of A with size bigger

than v; they are stopping times, and there is N such that

Bl Y (44)] <5

s€(rn,T)

We then set oy, := 74 AT for k < N, and o1 = T It is clear that {o}} '
satisfies (120). O

For applying the formula of the integral by part to the limit process y
(with jumps), the above open intervals (o, ok+1) is not so convenient. Thus
we will cut a sufficiently small interval (o, 7 ) and only work on the remaining
subintervals (o, 7). This is possible since our filtration is continuous. In fact
we have:

Lemma 7.4. Let 0 < 0 < T be a stopping time. Then there exists a sequence
of Fi—stopping times {7'} with 0 < 7 < o, a.s. for each i = 1,2,---, such
that T 1 o.

For the continuous filtration F;, this lemma is quite classical. The proof
is omitted.

The following lemma tells that, for any given RCLL increasing process, the
contribution of the jumps of A is mainly concentrated within a finite num-
ber of left-open right—closed intervals with “sufficiently small total length”.
Specifically, we have

Lemma 7.5. Let A be an increasing RCLL process defined on [0, T| with Ag =
0 and EA% < co. Then, for any d,e > 0, there exists a finite number of pairs
of stopping times {og, 7}, k=0,1,2,--- N with 0 < o, < 7, < T, such that
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(i) (0j, 71N (o, 7] =0 for each j # k;
(ii) EZgZO(Tk—Uk) >T —¢
(i) i EY g cren (AA)* <6

Proof. We first apply Lemma 7.3 to construct a sequence of non-decreasing
stopping times {Uk}fcvjol with 09 = 0 and on41 = T such that, o < ogy1
whenever o < T and that

N
ZE Z (AAt)2 < 6.
k=0 t€(ok,0k+1)

Then for each 0 < k < N, we apply Lemma 7.4 to construct a stopping time
0 < 7}, < O+1, such that

N
E E (k41 — Tk
k=0

Finally we set
_ / _ / _ /
TO=Typ, M =01VTy, -+, TN=0NVTpy.

It is clear that 7 € [0k, 0k41) N [T} 1, Ok+1]. We have also 74 < op41 whenever
or < T. Thus (ok, 7k] € (0k,0k+1). It follows that

N
EZ(U/H-l — Tk) <
k=0

or
N
EZ(Tk —op)>T—¢
k=0
and
N
ZE Y (A4 <> E DY (A4’ <.
= te(ok,Tk) k=0 t€(0k,0k+1)
Thus the above conditions (i)-(iii) are satisfied. O

We now give the

Proof of Theorem 7.2. Since (g*) (resp. (z%)) is weakly compact in LZ(0,T)
(resp. LZ(0,T; R?)), there is a subsequence, still denoted by (g%) (resp. (z%))
which converges weakly to (g9) (resp. (2;)).

Thus, for each stopping time 7 < T, the following weak convergence holds

in L2(F,).
/zisté/ zsd By, /gidsé/ gods
0 0 0 0
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Since . .
AL =~y +yp +/ guds +/ zLdB,
0 0

thus we also have the weak convergence

T T
Al AL = —y.,.—|—y0—|-/ ggds+/ 24dBs.
0 0

Obviously, E[A2%] < co. For any two stopping times ¢ < 7 < T, we have
A, < A, since AL < AL, From this it follows that A is an increasing process.
Moreover, from Lemma 7.2, both A and y are RCLL. Thus y has a form of
(116). Since y is given, it is clear that z is uniquely determined. Thus not only
the subsequence of {2°}22, but also the sequence itself converges weakly to z.
Our key point is to show that {2?}22, converges to z in the strong sense of
(117). In order to prove this we use Itd’s formula applied to (yi — y;)? on a
given subinterval (o, 7]. Here 0 < 0 < 7 < T are two stopping times. Observe
that Ay, = AA, and the fact that y* and then A? are continuous. We have

T

E\yz;—ya|2+E/ 21— zds

o

=Elyl —y"-E ) (44, - 2E/ (ys — ys)(gs — 99)ds

-
te(o,7] o

#2B [ (<28 [ -y A,
(o,7] (o,7]

_Bly — 5P +E Y (A4, - 2B / (i — y2)(g} — ¢0)ds

te(o,7] g

+2E/ (y; - ys)dAé - 2E/ (y; - ys—)dAs
(o,7]

(o,7]

Since [, . (y¢ — ys)dAL < 0, we then have

B[ |sh-alds <Eul - P +B Y (A4

te(o,7]

(121)

+2E/ yé—yslgi—gglder?E/( ]Iyi—ys\dAs.

The third term on the right side tends to zero since

(VB

T
E/ v — yallgt — g0lds < C
0

For the last term, we have, P—almost surely,

T .
E/ Iyi—ysl2d81 — 0.
0

(122)
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Yl —ys| > |yl —ys| =0, Vs el[0,T].

Since

T
E/ s — ysldAs < (Blsup(ly; — ys|*))> (B(Ar)?)> < oo.
0 s

It then follows from Lebesgue’s dominated convergence theorem that
E/ lyt — ys|dAs — 0. (123)
(0,71

By convergence of (122) and (123), it is clear from the estimate (121) that,
once A is continuous (thus AA; = 0) on [0, 7], then 2* tends to z strongly in
L2(0,T; R%). Thus the second assertion of the theorem, i.e., (118) follows.
But for the general case, the situation becomes complicated. Thanks to

Lemma 7.5, for any positive d and ¢, there exist a finite number of disjoint
intervals (og,7x], k = 0,1,--- , N, such that o < 7, < T are all stopping
times satisfying

() Bl —onlw) 2T —5;

. N 5 % (124)

(i1) Dk—0 2oy <tcr, B(AA)" <
Now, for each 0 = 0}, and 7 = 73, we apply estimate (121) and then take the
sum. It follows that

N - N N
ZE/ o= Pds < S Bl -y P+ S B Y (A4,
k=0 Tk

k=0 k=0 te(ok,Tk]

T
+2E/ Iyé—yslgé—ngSJr?E/( ]Iyé—ys\dAs.
0

)

By using the convergence results (122) and (123) and taking in consideration
of (124)-(ii), it follows that

lim ZE/ |z —z32ds<ZE Z (AA)? < ;

k=0 te(on.m]

Thus there exists an integer l.s > 0 such that, whenever ¢ > [ .5, we have

N €d
ZE/ |28 — z¢|? ds<5
k=0 %k

Thus, in the product space ([0,T] x £2,B([0,T]) x F,m x P) (here m stands
for the Lebesgue measure on [0,7]), we have

N

m x P {(s,w) € U (op (W), Ti(W)] x 2; |24 (w) — 2zs(W)]* > 6}

k=0

€
2
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This with (124)-(i) implies
mx P{(s,w) € [0,T] x 2; |2h(w) — 25(w)|* >3} <, Vo> es.
From this it follows that, for any § > 0,

lim m x P{(s,w) € [0,T] x £2; |2i(w) — 25(w)|* >} =0.

11— 00

Thus, on [0,T] x (2, the sequence {z°}2°, converges in measure to z. Since
{21}2°, is also bounded in L%(0,T;R%), then for each p € [1,2), it converges
strongly in LL-(0,T; R%). O

7.3 Optional Stopping Theorem for £9-Supermartingale

In this subsection the function g satisfies (i), (ii) of (34). We will discuss £J _[]
for stopping times o, 7 € Sp. A BSDE with a given terminal condition X € F,
at a given terminal time 7 € Sy is formulated as

Y, =X +/ g(r,Y,, Z,)dr —/ Z,dB,, s € [0,7], (125)

or equivalently, on s € [0, 7],

T T
Yo=X —|—/ Lio,r(r)g(r, Yy, Z,)dr —/ Lio,7)(r)ZrdB,. (126)

‘We define
EgJ[X] =Y. (127)

It is clear that, when ¢ = s and 7 = ¢ for deterministic time parameters s < ¢,
then €7 _[] = £J,[-]. We have

Proposition 7.1. The system of operators
4.l LX(Fy) — LX(F,), 0 <7, 0,7 € S,

is an Fi—consistent nonlinear evaluation, i.e., it satisfies (A1)—(A5) in the
following sense: for each X, X' € L*(F,),

(a1) &4 [X] > &I, [X'], as., if X > X', as.

(a2) £17[X] = X

(0’3) gg,a[gg,r[XH = gg,T[XL V0 < p<o<T;

(04) lAgg,T[X] = lAgg,T[lAX], VA € F;;

(a5) for each 0 <o <7<T,

EI[X]—EL X< E[X - X'], VX, X' € L*(F;). (128)
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The proof is similar as in the case where p, 0 and 7 are deterministic. We
omit it.
Another easy property is that £, -[X] has continuous paths:
(Enrr[XDo<i<r € SE(0,T). (129)

By (32) and (33) with 1, ;1(s)g(s, ¥, z) in the place of g, we also have the
following estimates

E(|€7 - [X]]?] < cE[IX]?] + cE /T l9(s,0,0)[*)ds, (130)

and
E[€2,[X — X'][2] < cBJ|X — X'P]. (131)

where the constant ¢ depends only on 7" and the Lipschitz constant C' of the
function g w.r.t. (y,z). As a consequence of
We also have the following estimate:

Lemma 7.6. Let o, 7 € Sr, 0 < 7 and X € L*(F,). If X € L*(F,), then we
have

(€2, 1X] - XP) < Bl [ lo(s. X.0)Pds].
where the constant ¢ depends only on T and the Lipschitz constant C' of g.

Proof. Observe that 7 _[X] = y,, where (y;)ic[o,r) is the solution of the
BSDE

T T
yp =X +/ l[a,r](s)g(s>ys> Zs)ds - / 25dBs.
t t

We set 4+ = y: — X, Zt = 2, on [o,7]. This pair of adapted process is the
solution of the BSDE

T T
Yo = / 1[077](S)g(svgs7zs)ds _/ ZsdBs, t € [O-a T}'
t ¢
With g(t,y,2) := g(t,y + X, 2), we have £J_[X] — X = &7 _[0]. From (130),
E[|£g . [X] - X|*] = E[|€2 . [0]°]
<<l [ lg(s.0,0)Pds

= CE[/T lg(s, X,0)|%ds].

We will prove the following optional stopping theorem:
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Theorem 7.3. We assume that the function g satisfies (i), (ii) of (34). Let
Y € D%(0,T) be an E-supermartingale (resp. €-submartingale). Then for
each o, T € St such that o < 7, we have

&9

o, T

[Y;] <Y, (resp. >Y,), a.s. . (132)
To prove the above theorem, we need several lemmas.

Lemma 7.7. Let 7 € 8% be valued in {to, - ,tn} with 0 =tg <t1 < --- <
ty <tpe1 =1, and let

t; <s<t<tiy1, for somei€ {1,2,--- ,n}. (133)
Then, for each X € Finr,

{ (Z) 5759/\7',75/\7'[X] = Xv (134)
(“) 55/\7-,15/\7-[)(] = 1{tATSS}X + 1{t/\'r:t}gf,t[X]~

Proof. (i) is easy. To prove (ii), we first observe that

(AT <s} ={tAnT=1t} (135)
and {t A7 < s} = {t A7 < t;}. Thus Iya,<n X € Fpy. We also have
Litnr=y X € Fi. We now solve Yin, = 2., 45, [X] by, as in (126),

T T
Yorr = X+/ 1[07tAT](r)g(ra)/7“7ZT)dT_/ Lio,tnr(r)ZrdB,.  (136)

Since ljg,iar] = Lgiar<tiyljo,t] T Ligar=e31jo,¢- By respectively multiplying
Li¢ar<t;y and lggar—4y on both sides of (136), we have, on s € [t;,1),

Yorrliinr<ny = Xlpar<es} (137)

and

T
Yorr Lignr=ty = 1{t/\‘r:t}X+/ Lo, (M) genr=e39(r; Yo, Z,)dr
T
_/ 1[0,t]1{t/\T:t}(r)Z’l‘dBT
’ ¢
= lgpr=3 X +/ 9(r, Lignr=1y Yo, Lignr =1y Zr )dr

t
- / 10,4111 ZrdB,.

We observe that, the last relation implies that, on [t;, t],

Ysnr 1{t/\'r:t} = 1{t/\¢:t}5§,t[1{t/\7:t}X] = 1{t/\r:t}5§,t[X}-
This with (137) and (135), we then have (ii). O

We now treat a simple situation of the above optional stopping theorem.
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Lemma 7.8. Let Y € D%(0,T) be an £9- martingale (respectively 9 - su-
permartingale, £9- submartingale). Then for each o, T € 8% such that o < T,
we have

E Y] =Y,, (resp. <Y, >2Y5) as. (138)

Proof. We only prove the case for £9-supermartingale. It is clear that, once
we have

gtg/\T,T[YT] < Y;f/\ﬂ vt € [0>T]7 (139)

then, (138) hold for each o € S% valued in {s1,--- ,sp,} since

5377[)/7'} = Z I{U:Si}ggi/\‘f'ﬂ'[YT] < Z I{U:Si}YSz‘/\T =Y.
=1

i=1

We will prove (139) by deduction. Let 7 € S% be valued in {to, - ,t,}
with 0 =t9 < t; < -+ < t,, < tpy1 = T. Firstly, when t > ¢,, (139) holds
since Einr V7] = &E;-[Yz] = Yr. Now suppose that for a fixed i € {1,--- ,n},
(139) holds for ¢ > t;. We shall prove that it also holds for ¢ > ¢,_1. We need
to check the case t € [t;—1,t;).

Since 1y, ar=;} is Fy—measurable, by (a4) we have

1{ti/\'r:ti}gzti [Ytz AT] = 1{ti/\‘r:ti}gzti [l{ti/\T:ti}Yti}
= 1{ti/\‘r:ti}giq,ti [Ytl]
< 1{tiAT:ti}Y:f'

It follows from (134)—(ii)

5iq/\7—,ti/\-,-[)/7fi/\r] == 1{ti/\‘r§t}YVti/\‘r + l{ti/\T:ti}ggti [Y;ﬁi/\r]
< gar<yYenr + Lgar=e Y2
= }/t/\‘f"

The last step is from {t; A7 < t} +{t; AT = t;} = 2 and then t AT =
ti ATl ar<ty T t1{s,ar=¢,}- From this result we derive

5iq/\T,T[YT} = 5?/\7'7@/\7'[57.5(]@'/\7'77'[)/7'“
< gf/\‘f'7ti/\7'[}/ti/\7']
S }/t/\‘f"

Thus (139) holds for ¢ > ¢;_;. It follows by deduction that (139) holds for
t € [0,T]. The proof is complete. O

We now give
Proof of Theorem 7.3. We only prove the supermartingale part. For each
n=12 .-, we set
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2" —1

op =T Z 27"kl g-n(k—1)<o<2-nk} + Tl{o=T},
k=1
2" —1

T =T Z 27"kl p-n(k—1)<r<2-nky T Tlr=T}.
k=1

It is clear that o, \, 0, 7, \, 7 and o, < 7,. By the above lemma, for each
m > n we have
g9 Y, <Y, ,as.

Om,Tn

It follows from (129) and Y € D%(0,T) that, for each fixed n, €2 _ [V, ] —

Om,Tn

9, [Yr,]and Y, — Y, in LQ(]-"T) as m — oo. We then have
&4, YV, <Y5, as. (140)
Moreover, we have
€8 7 Vo] = €5 [Y2 < 183 1, Ve, ] = €57 Y21l + €5 7, [Y2] = €3, [Y7 ][ (141)

Since Y;, — Y;, in L?*(Fr), the first term on the right tends to zero in L?(Fr)
because of (131). For the second one,we still use (131):

Y] — €2, 1%,117] = Bl€L, [, [¥:]] - £, 1¥;]P)
< cBllEL, V2] - Y ]

E[|EJ

a',Tn[

But by Lemma 7.6 this term is bounded by ¢?E[ [ [g(s, Y7, 0)[*ds]. It follows
that the term on the left side of (140) tends to £J_[Y;] in L?(Fr) as n — oco.
The proof is complete. 0

We will also prove the following optional stopping theorem:

Theorem 7.4. We assume that an F-expectation E[] satisfies (78) and (81)
for some p > 0. Let Y € D%(0,T) be an E-supermartingale (resp. -
submartingale). Then for each o, T € Sy we have

5[Y‘r|-7:cr] S YT/\O'; (7"65]3- Z }/t/\‘f')f a.s. . (142)
Proof. We only consider the supermartingale case. We first prove that
5[Y7|ft] < Y:tAT (reSp- > Y:f/\T)> a.8. . (143)

Let 7 be a finite valued: 7= 1" | 1, t;, for some 0 < ¢ < -+ <, <T.
If t,, <t, then it is clear that

5[Y‘r|ft] - YT - }/75/\7"

If t € [tp—1,tn], then both {7 < t,_1} and {7 = ¢,} are Fi—measurable. By
(11) we have
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ENVH|F] = EVe L prmt,} + Yorra o Vr<e, 1y 1]
= I{T:tn}g[}/tn|ft] + 1{T§tn,1}g[yﬂ'/\tn71|ft]
Sl Yo+ 1<t 3 Yratn_y = Yinr.

Ift € [tn,Q, tnfl], then we have 5[Y7‘ft} = 5[5[Y7‘ftn71”ft] < 5[}/75,1,1/\T|ft]
< Yirr. We thus can prove an arbitrary case t € [t;,t;+1] by reduction. Thus
(142) holds for all finite valued stopping times.

Now for 7 € Sy, we take 7, as in the proof of Theorem 7.3. Since Y €
D2%(0,T), thus Y,, — Y; in L?(Fr). We have

ETHY,, = Y| R < &Y., |F - EY-F < EXIY., — Y| F.

By Lemma 3.3, the right side tends to zero in L?(Fr). So does the right side
since

ETHIY,, — Y | R = =&Y = Y. |

It follows that E[Y;, |F] — E[Y|F:] in L*(Fr). We then can pass two sides
of the inequality
YTn/\t Z 5[Y7'n‘ft}

to the limit to get (143).
Since both (E[Y-|Fi])ieo,r) € SF(0,T) and (Yiar)ieo.r) € DF(0,T) we can
easily derive from (143) that for each o, 7 € Sy, we have (142). O

Notes

The expectation E[-] on the probability space (£2,F, P) with 7, C F, ¢t > 0 is
clearly Fi—consistent. Another example of linear F;—consistent expectation is
Eg[], the expectation under Girsanov transformation d@Q/dP. But it seems
that the study of F;—consistent nonlinear expectations is still a very new
subject. In 1997, [Peng1997b] (see also [Pengl1997a]) introduced the notion of
g—expectations which is nonlinear and F;—consistent. In the same year, the no-
tion of g-evaluation was introduced in [Peng1997a] under the name “stochas-
tic backward semigroup”. See also [30]. The term “F;—consistent nonlinear
expectation” was named in [CHMP2002].

Linear BSDE was first introduced by Bismut in [Bis1973], [Bis1978]. Ben-
soussan developed this approach in [Ben1981] and [Ben1982]. The existence
and uniqueness theorem of a nonlinear BSDE;, i.e., Theorem 3.1 was obtained
in Pardoux and Peng [PP1990]. The present version of the proof was based on
El Karoui, Peng and Quenez [EPQ1997]. [EPQ1997] is also a good survey of
BSDE and related fields. Comparison Theorem of BSDE i.e., Theorem 3.3 was
obtained in [Peng1992] for the case g is C*! in (y, 2). The present case where
g is Lipschitz in (y,z) was obtained in [EPQ1997]. [EPQ1997] also observed
and investigated a natural relation between BSDE theory and the problem of
pricing financial derivatives. We also refer to Yong and Zhou [YZ1999] for a
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systematic presentation of BSDE theory. Due to the limitation of the size of
this lecture, we can not present many important subjects of BSDE theory.

In 1998, Chen [Chen98] has proved the following interesting property: if
EpX] = E,[X'], for all X € L*(Fr), then the two generators g* and g2 also
coincide: g'(s,y,2) = ¢*(s,y, 2). This result was generalized to an “inverse
comparison theorem” by [BCHMP2000] and then [CHMP2001]: if £, [X] >
Ep2[X'], for all X € L?(Fr), then g' > g%

The well - known Doob - Meyer decomposition theorem can be found
in most standard text books of stochastic analysis e.g., [DM1978-1982],
[HWY1992], [TW1981], [KShr1998] and [RW2000]. Decomposition theorem of
g - supermartingale of Doob - Meyer’s type, i.e., Theorem 3.9 was obtained
by Peng [Pengl1999]. A new method, i.e., penalization method, was applied
to prove this nonlinear decomposition theorem. This method was firstly in-
troduced in BSDE theory by [EKPPQ1997]. The monotonic limit theorem
for It&’s processes (Theorem 7.2) as well as for BSDEs (Theorem 3.8) are
also obtained in [Peng1999]. Using this penalization method, Chen and Peng
[CP1998] to the L' case with the usual filtration, which generalizes the Meyer’s
result to a nonlinear situation. These penalization method and limit theorem
were then applied to prove the nonlinear supermartingale decomposition theo-
rem for an abstract E-expectation, i.e., Theorem 4.3. Theorem 4.3 was proved
in [CHMP2002]. This type of decomposition theorem for a more general situ-
ation, i.e., the case for Fi—evaluation, was recently obtained in [Peng2003b].

The representation theorem of an Fi—expectation by a g - expectation,
i.e., Theorem 4.4 was obtained in [CHMP2002]. The more general case, i.e.,
Theorem 4.5 was obtained in [Peng2003b].
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Preface

In these lectures we give a short introduction to the basic concepts of Math-
ematical Finance, focusing on the notion of “no arbitrage”, and subsequently
apply these notions to the problem of optimizing dynamically a portfolio in
an incomplete financial market with respect to a given utility function U.

In the first part we mainly restrict ourselves to the situation where the un-
derlying probability space (£2, F, P) is finite, in order to reduce the functional-
analytic difficulties to simple linear algebra. In my opinion, this allows — at
least as a first step — for a clearer picture of the Mathematical Finance issues.

We then treat the problem of utility maximisation and, in particluar, its
duality theory for a general semi-martingale models of financial market. Here
we are rather informal and concentrate mainly on explaining the basic ideas,
e.g., the notion of the asymptotic elasticity of a utility function U.

These notes are largely based on the surveys [S03] and [SO0la] and, in
particular, on the notes taken by P. Guasoni during my Cattedra Galileiana
lectures at Scuola Normale Superiore in Pisa [S04a]. We also refer to the
original papers [KS99] and [S01] for more detailed information on the topics
of the present lectures.

1 Problem Setting

We consider a model of a security market which consists of d + 1 assets.
We denote by S = ((S})1<it<7)o<i<a the price process of the d stocks and
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suppose that the price of the asset S, called the “bond” or “cash account”,
is constant, i.e.,SY = 1. The latter assumption does not restrict the generality
of the model as we always may choose the bond as numéraire, i.e., we may
express the values of the other assets in units of the “bond”. In other words,
((SHo<t<T)1<i<d, is an R%valued semi-martingale modeling the discounted
price process of d risky assets.

The process S is assumed to be a semimartingale, based on and adapted
to a filtered probability space (£2, F, (Ft)o<it<T, P) satisfying the usual condi-
tions of saturatedness and right continuity. As usual in mathematical finance,
we consider a finite horizon T', but we remark that our results can also be
extended to the case of an infinite horizon.

In section 2 we shall consider the case of finite {2, in which case the paths
of S are constant except for jumps at a finite number of times. We then can
write S as (S;)I_, = (S0, 51, .., 57), for some T € N.

The assumption that the bond is constant is mainly chosen for notational
convenience as it allows for a compact description of self-financing portfolios:
a self-financing portfolio IT is defined as a pair (z, H), where the constant x
is the initial value of the portfolio and H = (H")1<;<q is a predictable S-
integrable process specifying the amount of each asset held in the portfolio.
The value process X = (X;)o<t<r of such a portfolio IT at time ¢ is given by

t
X = Xo —|—/ H,dS,, 0<t<T, (1)
0

where Xy = x and the integral refers to stochastic integration in R%.

In order to rule out doubling strategies and similar schemes generating
arbitrage-profits (by going deeply into the red) we follow Harrison and Pliska
([HP 81], see also [DS94]), calling a predictable, S-integrable process admis-
sible, if there is a constant C' € R such that, almost surely, we have

t
(H-9); := / H,dS, > —-C, for0<t<T. (2)
0

Let us illustrate these general concepts in the case of an R%-valued process
S = (Sy)L, in finite, discrete time {0,1,...,7} adapted to the filtration
(F1)L,. In this case each R%valued process (H;)L;, which is predictable
(i.e. each H; is F;_1-measurable), is S-integrable, and the stochastic integral
reduces to a finite sum

(H-S), = /O .45, 3)
=Y H,AS, (4)

= ZHU(Su —Su-1), (5)
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where H,AS,, denotes the inner product of the vectors H,, and AS, = S, —
S,—1 in R?, ie.

d
H,AS, =Y H(S,—S,7). (6)
j=1

Of course, each such trading strategy H is admissible if the underlying
probability space (2 is finite.

Passing again to the general setting of an R?valued semi-martingale
S = (St)o<i<r we denote as in [KS99] by Me(S) (resp. M*(S)) the set
of probability measures Q equivalent to P (resp. absolutely continuous with
respect to P) such that for each admissible integrand H, the process H - S is
a local martingale under Q.

We shall assume the following version of the no-arbitrage condition on S:

Assumption 1.1 The set M*(S) is not empty.?

In these notes we shall mainly be interested in the case when M¢(S) is
not reduced to a singleton, i.e., the case of an incomplete financial market.

After having specified the process S modeling the financial market we now
define the function U(x) modeling the utility of an agent’s wealth x at the
terminal time 7.

We make the classical assumptions that U : R — RU {—oo} is increasing
on R, continuous on {U > —oo}, differentiable and strictly concave on the
interior of {U > —oo}, and that marginal utility tends to zero when wealth
tends to infinity, i.e.,

U'() := lim U'(z) =0. (7)
r—00

These assumptions make good sense economically and it is clear that the
requirement (7) of marginal utility decreasing to zero, as z tends to infin-
ity, is necessary, if one is aiming for a general existence theorem for optimal
investment.

2 Tf follows from [DS 94] and [DS 98] that Assumption 1.1 is equivalent to the condi-

tion of “no free lunch with vanishing risk”. This property can also be equivalently
characterised in terms of the existence of a measure Q ~ P such that the process
S itself (rather than the integrals H - S for admissible integrands) is “something
like a martingale”. The precise notion in the general semi-martingale setting is
that S is a sigma-martingale under Q (see [DS98]); in the case when S is locally
bounded (resp. bounded) the term “sigma-martingale” may be replaced by the
more familiar term “local martingale” (resp. “martingale”).
Readers who are not too enthusiastic about the rather subtle distinctions be-
tween martingales, local martingales and sigma-martingales may find some relief
by noting that, in the case of finite {2, or, more generally, for bounded processes
S, these three notions coincide.
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As regards the behavior of the (marginal) utility at the other end of the
wealth scale we shall distinguish two cases.

Case 1 (negative wealth not allowed): in this setting we assume that U
satifies the conditions U(x) = —o0, for z < 0, while U(z) > —oo, for x > 0,
and the so-called Inada condition

U'(0) := il{rb U'(z) = oo. (8)

Case 2 (negative wealth allowed): in this case we assume that U(z) >
—o0, for all x € R, and that

U'(—) := Igrzloo U'(z) = oo. 9)

Typical examples for case 1 are
U(z) =1In(z), x>0, (10)

or
o

U(z) = % a € (—00,1)\ {0}, z>0, (11)
whereas a typical example for case 2 is
Ux)=—e", ~v>0, r €R. (12)

We again note that it is natural from economic considerations to require
that the marginal utility tends to infinity when the wealth x tends to the
infimum of its allowed values.

For later reference we summarize our assumptions on the utility function:

Assumption 1.2 (Usual Regularity Conditions) A wtility function U :
R — R U {—o0} satisfies the usual regularity conditions if it is increasing
on R, continuous on {U > —oo}, differentiable and strictly concave on the
interior of {U > —oo}, and satisfies
U'() := lim U'(z) = 0. (13)
r—0o0
Denoting by dom(U) the interior of {U > —oco}, we assume that we have
one of the two following cases.

Case 1: dom(U) =]0, 00[ in which case U satisfies the condition

U'(0) := al}l{rb U'(z) = . (14)

Case 2: dom(U) =R in which case U satisfies

U'(-=00) := lim U'(z) = oo. (15)

li
N\, —00
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We now can give a precise meaning to the problem of maximizing the
expected utility of terminal wealth. Define the value function

u(z) := sup E[U(zx + (H-S)r)], x¢€ dom(U), (16)
HeH

where H ranges through the family H of admissible S-integrable trading
strategies. To exclude trivial cases we shall assume that the value function
u is not degenerate:

Assumption 1.3

u(z) <supU(§), for some =z € dom(U). (17)
13

Since w is clearly increasing, and U(y) < U(x)+U'(z)(y—=x) for any y > z,
this assumption implies that

u(z) <supU(§), forall z € dom(U). (18)
13

Under appropriate hypotheses (e.g., when (2 is finite) Assumptions 1.1 and
1.2 already imply Assumption 1.3.

2 Models on Finite Probability Spaces

In order to reduce the technical difficulties of the theory of utility maximiza-
tion to a minimum, we assume throughout this section that the probabil-
ity space 2 will be finite, say, 2 = {w1,w2,...,wn}. This assumption im-
plies that all the differences among the spaces L>(§2, F,P), L'(£2, F,P) and
L°(02, F,P) disappear, as all these spaces are simply isomorphic to RY. Hence
all the functional analysis reduces to simple linear algebra in the setting of
the present section.

Nevertheless we shall write L>°(£2, F, P), L'(2, F, P) etc. below (knowing
very well that these spaces are isomorphic in the present setting) to indicate,
what we shall encounter in the setting of the general theory.

Definition 2.1. A model of a finite financial market is an R9+!-valued
stochastic process S = (S)L_o = (S2,S},..., SO, based on and adapted to
the filtered stochastic base (2, F, (F)L_y,P). Without loss of generality we as-
sume that Fy is trivial, that Fr = F is the power set of 2, and that Plw,] > 0,
for all1 < n < N. We assume that the zero coordinate S°, which we call the
cash account, satisfies SY =1, fort =0,1,...,T. The letter AS; denotes the
increment Sy — Si_1.

Definition 2.2. H denotes the set of trading strategies for the financial mar-
ket S.
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An element H € H is an R? - valued process (H,)E_, = (H}, H?, ..., H)E
which is predictable, i.e. each Hy is Fi—1 - measurable.

We then define the stochastic integral (H-S) as the R-valued process ((H -
S))E, given by

t
= (Hi, ASy), t=0,...,T, (19)
k=1

where (., .) denotes the inner product in R?.

Definition 2.3. We call the subspace K of L°(£2, F,P) defined by
K={(H-S)r:HecH} (20)

the set of contingent claims attainable at price 0.

The economic interpretation is the following: the random variables f =
(H-S)r, for some H € H, are precisely those contingent claims, i.e., the pay-
off functions at time 7" depending on w € 2 in an Fr-measurable way, that an
economic agent may replicate with zero initial investment, by pursuing some
predictable trading strategy H.

For a € R, we call the set of contingent claims attainable at price a the
affine space K, obtained by shifting K by the constant function al, in other
words the random variables of the form a+ (H-S)r, for some trading strategy
H. Again the economic interpretation is that these are precisely the contingent
claims that an economic agent may replicate with an initial investment of a
by pursuing some predictable trading strategy H.

Definition 2.4. We call the convex cone C in L>=(£2,F,P) defined by
C={ge L>2,F,P) st thereis f € K,f > g}. (21)
the set of contingent claims super-replicable at price 0.

Economically speaking, a contingent claim g € L% (£2,F,P) is super-
replicable at price 0, if we can achieve it with zero net investment, subsequently
pursuing some predictable trading strategy H — thus arriving at some con-
tingent claim f — and then, possibly, “throwing away money” to arrive at g.
This operation of “throwing away money” may seem awkward at this stage,
but we shall see later that the set C plays an important role in the develop-
ment of the theory. Observe that C is a convex cone containing the negative
orthant L>°(£2, F,P). Again we may define C, as the set of contingent claims
super-replicable at price a obtained by shifting C' by the constant function al.

Definition 2.5. A financial market S satifies the no-arbitrage condition
(NA) if
KnLY (R F,P)={0} (22)
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or, equivalently,
CNLE (2, F,P)={0} (23)

where 0 denotes the function identically equal to zero.

In other words we now have formalized the concept of an arbitrage possi-
bility: it consists of the existence of a trading strategy H such that — starting
from an initial investment zero — the resulting contingent claim f = (H-S)p
is non-negative and not identically equal to zero. If a financial market does
not allow for arbitrage we say it satisfies the no-arbitrage condition (NA).

Definition 2.6. A probability measure Q on (£2,F) is called an equivalent
martingale measure for S, if Q ~ P and S is a martingale under Q.

We denote by M¢(.S) the set of equivalent martingale probability measures
and by M?(S) the set of all (not necessarily equivalent) martingale proba-
bility measures. The letter a stands for “absolutely continuous with respect
to P” which in the present setting (finite {2 and P having full support) au-
tomatically holds true, but which will be of relevance for general probability
spaces (12, F,P) later. We shall often identify a measure Q on (£2,F) with
its Radon-Nikodym derivative % € LY(2,F,P).

Lemma 2.1. For a probability measure Q on (£2,F) the following are equiv-
alent:

(1) Q € M(S5),
(i) EQ[f] =0, forall f € K,
(iii) Eglg] <0, for all g € C.

Proof The equivalences are rather trivial, as (ii) is tantamount to the very
definition of S being a martingale under Q, and the equivalence of (ii) and
(iii) is straightforward. O

After having fixed these formalities we may formulate and prove the central
result of the theory of pricing and hedging by no-arbitrage, sometimes called
the “fundamental theorem of asset pricing”, which in its present form (i.e.,
finite (2) is due to Harrison and Pliska [HP 81].

Theorem 2.1 (Fundamental Theorem of Asset Pricing). For a finan-
cial market S modeled on a finite stochastic base (2, F,(F)i_o, P) the fol-
lowing are equivalent:

(i) S satisfies (NA).
(1) Me(S) # 0.



262 Walter Schachermayer

Proof (ii) = (i): This is the obvious implication. If there is some Q € M*(.5)
then by lemma 2.1 we have that

EQ[Q] <0, forgecC. (24)

On the other hand, if there were g € CNLS, g # 0, then, using the assumption
that Q is equivalent to P, we would have

Eglgl > 0, (25)

a contradiction.

(i) = (ii) This implication is the important message of the theorem which
will allow us to link the no-arbitrage arguments with martingale theory. We
give a functional analytic existence proof, which will be generalizable — in
spirit — to more general situations.

By assumption the space K intersects LS° only at 0. We want to separate
the disjoint convex sets L3°\{0} and K by a hyperplane induced by a linear
functional Q € L'(£2, F,P) which is strictly positive on LF\{0}. Unfortu-
nately this is a situation, where the usual versions of the separation theorem
(i.e., the Hahn-Banach Theorem) do not apply (even in finite dimensions!).
Indeed, one usually assumes that one of the convex sets is compact in order
to obtain a strict separation.

One way to overcome this difficulty (in finite dimension) is to consider the
convex hull of the unit vectors (1¢,,y)A_; in L>=(£2, F,P) ie.

N N
n=1 n=1

This is a convex, compact subset of L’ (£2,F,P) and, by the (NA) as-
sumption, disjoint from K. Hence we may strictly separate the sets P and K
by a linear functional Q € L*(£2, F,P)* = L'(£2, F,P), i.e., find a < 3 such
that

Eqlf] = (Q,f)<a for feK, (27)
Eg[h] =(Q,h) >3 for heP

As K is a linear space, we have a > 0 and may, in fact, replace a by
0. Hence 8 > 0. Therefore (Q,1) > 0, and we may normalize Q such that
(Q,1) = 1. As Q is strictly positive on each 1y, 3, we therefore have found
a probability measure Q on (§2,F) equivalent to P such that condition (ii)
of lemma 2.1 holds true. In other words, we found an equivalent martingale
measure Q for the process S. 0

Corollary 2.1. Let S satisfy (NA) and f € L*°(§2,F,P) be an attainable
contingent claim so that
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f=a+(H-S)r, (28)

for some a € R and some trading strateqy H .
Then the constant a and the process (H -S) are uniquely determined by
(28) and satisfy, for every Q € Me(S),

a:EQ[ﬂ, and a—l—(H-S)t:EQ[f\]:t] for 0<t<T. (29)

Proof As regards the uniqueness of the constant a € R, suppose that there
are two representations f = a' +(H'-S)r and f = a®+(H?-S)r with a' # a?.
Assuming w.l.o.g. that a' > a? we find an obvious arbitrage possibility: we
have a' — a? = (H* — H?)-S)r, i.e. the trading strategy H* — H? produces
a strictly positive result at time T, a contradiction to (NA).

As regards the uniqueness or the process H-S we simply apply a conditional
version of the previous argument: assume that f = a + (H'-S)r and f =
a+ (H?-S)r such that the processes H'-S amd H?-S are not identical. Then
there is 0 < t < T such that (H'-S); # (H%-8); wlg. A:= {(H!-S); >
(H?-8S);} is a non-empty event, which clearly is in F;. Hence, using the fact
that (H'-S)p = (H?-S)7, the trading strategy H := (H* — H')xa-Xj,17 is a
predictable process producing an arbitrage, as (H -S)pr = 0 outside A, while
(H-S)r = (H'-S); — (H?-S); > 0 on A, which again contradicts (NA).

Finally, the equations in (29) result from the fact that, for every predictable
process H and every Q € M?(S), the process H-S is a Q-martingale. Noting
that, for a measure Q ~ P, the conditional expectation EQ[f\]-}] is P-a.s.
well-defined we thus obtain (29) for each Q € M¢(S). O

Denote by cone(M¢(S)) and cone(M?(S)) the cones generated by the
convex sets M°(S) and M?(S) respectively. The subsequent result clarifies
the polar relation between these cones and the cone C. Recall (see, e.g., [S 66])
that, for a pair (E, E’) of vector spaces in separating duality via the scalar
product {.,.), the polar C° of a set C'in E is defined as

CO'={geE :{fg)<1, forall feC}. (30)

In the case when C' is closed under multiplication with positive scalars
(e.g., if C is a convex cone) the polar CY may equivalently be defined by

C'={geE :{fg)<0, forall fcC}. (31)

The bipolar theorem (see, e.g., [S66]) states that the bipolar C% := (C?)°
of aset C in E is the o(FE, E’)-closed convex hull of C.

After these general considerations we pass to the concrete setting of the
cone C' C L (2, F,P) of contingent claims super-replicable at price 0. Note
that in our finite-dimensional setting this convex cone is closed as it is the
algebraic sum of the closed linear space K (a linear space in RY is always
closed) and the closed polyhedral cone L>(£2,F,P) (the verification, that
the algebraic sum of a space and a polyhedral cone in RY is closed, is an
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easy, but not completely trivial exercise). Hence we deduce from the bipolar
theorem, that C equals its bipolar C?.

Proposition 2.1. Suppose that S satisfies (NA). Then the polar of C is equal
to cone(M(S)) and M*(S) is dense in M*(S). Hence the following asser-
tions are equivalent for an element g € L (02, F,P)

(i)g €C,
(1)) Eglg] < 0, for all g € M*(S),
(i) EQ[g] <0, for all g € M*(8S),

Proof The fact that the polar C° and cone(M%(S)) coincide, follows
from lemma 2.1 and the observation that C O L% (£2, F,P) implies C° C
L°(£2, F,P). Hence the equivalence of (i) and (ii) follows from the bipolar
theorem.

As regards the density of M¢(S) in M*(S) we first deduce from theorem
2.1 that there is at least one Q* € M*®(S). For any Q € M%(S)and 0 < <1
we have that pQ* + (1 — u)Q € M¢*(S), which clearly implies the density of
Me(S) in M*(S). The equivalence of (ii) and (iii) now is obvious. O

The subsequent theorem tells us precisely what the principle of no arbi-
trage can tell us about the possible prices for a contingent claim f. It goes
back to the work of D. Kreps [K 81] and was subsequently extended by several
authors.

For given f € L*®(£2,F,P), we call a € R an arbitrage-free price, if in
addition to the financial market S, the introduction of the contingent claim,
which pays the random amount f at time ¢ =T and can be bought or sold at
price a at time ¢ = 0, does not create an arbitrage possibility. Mathematically
speaking, this can be formalized as follows. Let Cf'® denote the cone spanned

by C and the linear space spanned by f — a; then a is an arbitrage-free price
for f if C/an Le(2,F,P) = {0}.

Theorem 2.2 (Pricing by No-Arbitrage). Assume that S satisfies (NA)
and let f € L>=°(£2, F,P). Define

7(f) = sup {Bqlf] : Q € M*(5) } (32)
x(f) = inf {Eglf]: Q € M*(5)}. (33)

FEither w(f) =7 (f), in which case f is attainable at price w(f) = nw(f) =
7(f), i.e. f=m(f)+ (H-S)r for some H € H; therefore w(f) is the unique
arbitrage-free price for f.

Or n(f) < ®(f), in which case {EQ[f] 1 Q € Me(S)} equals the open
interval 1o (f),T(f)[, which in turn equals the set of arbitrage-free prices for
the contingent claim f.
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Proof First observe that the set {EQ[f] : Q € Me(S)} forms a bounded
non-empty interval in R, which we denote by I.

We claim that a number a is in I, iff a is an arbitrage-free price for f.
Indeed, supposing that a € I we may find Q € M*(S) s.t. EQ[f —a] =0 and
therefore C/:% N LP (2, F,P) = {0}.

Conversely suppose that C¢ N Le(2, F,P) = {0}. Note that C/* is a
closed convex cone (it is the albegraic sum of the linear space span(K, f — a)
and the closed, polyhedral cone L>(£2, F,P)). Hence by the same argument
as in the proof of theorem 2.1 there exists a probability measure Q ~ P such
that Q|cs.« < 0. This implies that EQ[f —a]l=0,ie,a€l

Now we deal with the boundary case: suppose that a equals the right
boundary of I, i.e., a = 7(f) € I, and consider the contingent claim f —7(f);
by definition we have EQ[f —7(f)] <0, for all Q € M¢(S), and therefore
by proposition 2.1, that f — 7(f) € C. We may find ¢ € K such that g >
f—=m(f). If the sup in (32) is attained, i.e., if there is Q* € M*®(S) such
that Eq«[f] = 7(f), then we have 0 = Eq-[g] > Eq-+[f — 7(f)] = 0 which in
view of Q* ~ P implies that f — 7(f) = g; in other words f is attainable at
price 7(f). This in turn implies that EQ[f] =7(f), for all Q € M*(S), and
therefore I is reduced to the singleton {7(f)}.

Hence, if w(f) < T(f), T(f) connot belong to the interval I, which is there-
fore open on the right hand side. Passing from f to —f, we obtain the analo-
gous result for the left hand side of I, which therefore equals T =]z (f),7(f)[.
O

Corollary 2.2 (complete financial markets). For a financial market S
satisfying the no-arbitrage condition (NA) the following are equivalent:

(i) Me(S) consists of a single element Q.
(i) Each f € L (82, F,P) may be represented as

f=a+(H-S)r, forsomea€eR, and H € H. (34)

In this case a = Egy [f], the stochastic integral (H -S) is unique and we
have that
EQlfIF] = Bglf] + (H-S), t=0,....T. (35)

Proof The implication (i) = (ii) immediately follows from the preceding
theorem; for the implication (ii) = (i), note that, (34) implies that, for el-
ements Qq, Q2 € M*(S), we have Eq,[f] = a = Eq,[f]; hence it suffices
to note that if M*(S) contains two different elements Q1, Q2, we may find
f € L™(2, F,P) s.t. Eq,[f] # Ea,lf). O
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2.1 Utility Maximization

We are now ready to study utility maximization problems with the convex
duality approach.

The complete Case (Arrow)

As a first case we analyze the situation of a complete financial market (Corol-
lary 2.2 above), i.e., the set M¢(S) of equivalent probability measures under
which S is a martingale is reduced to a singleton {Q}. In this setting consider
the Arrow assets 1y}, which pay 1 unit of the numéraire at time 7', when
wy, turns out to be the true state of the world, and 0 otherwise. In view of
our normalization of the numéraire SY = 1, we get for the price of the Arrow
assets at time ¢t = 0 the relation

EQ [1w.}] = Qlwn] = an, (36)

and by 2.2 each Arrow asset 1y,, 1 may be represented as 1,3 = Qlw,] +
(H-S)r, for some predictable trading strategy H € H.

Hence, for fixed initial endowment € dom(U), the utility maximization
problem (16) above may simply be written as

N

Ep [U(X7)] =Y palU(&n) — max! (37)
n=1

EqglX7] = Z Wén < (38)

To verify that (37) and (38) indeed are equivalent to the original problem
(16) above (in the present finite, complete case), note that by Theorem 2.2
a random variable (X1 (w,))Y_; = (£,)Y_; can be dominated by a random
variable of the form o+ (H-S)r = a+3,_y HiAS, ift Eg[Xr] = ¥, guén <
z. This basic relation has a particularly evident interpretation in the present
setting, as ¢y, is simply the price of the Arrow asset 1y, 3.

We have written &, for Xr(w,) to stress that (37) simply is a concave
maximization problem in R with one linear constraint. To solve it, we form
the Lagrangian

L(fh"wﬁNa

(Z Gnn — x) (39)

( —yle fn) + yz. (40)

"L
S
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We have used the letter y > 0 instead of the usual A > 0 for the Lagrange
multiplier; the reason is the dual relation between x and y which will become
apparent in a moment.

Write
¢(§1> .. 7£N) = ;r;%L(fh e 7£N7y)> fn S dOHl(U), (41)
and
U(y) = sup L(&1,---,8n,y), y>0. (42)
&1,-8N
Note that we have
N
sup P(&1,...,¢éN) = sup anU(ﬁn) = u(z). (43)
51;-<<7€N 517'”’51\] n=1

SN nén<z

Indeed, if (&1,...,&y) is in the admissible region Zﬁ;l Gnén < x then

(1, .. En) = L&, .., En,0) = SN p,U(€,). On the other hand, if
(&1,...,&N) satisfies Zgzl Gn&n > x, then by letting y — oo in (41) we note
that (p(fl, e 751\1) = —0OQ.

As regards the function ¥(y) we make the following pleasant observation
which is the basic reason for the efficiency of the duality approach: using
the form (40) of the Lagrangian and fixing y > 0, the optimization problem
appearing in (42) splits into N independent optimization problems over R

U(én) —ylr&n — max!, & €R. (44)

In fact, these one-dimensional optimization problems are of a very conve-
nient form: recall (see, e.g., [R70], [ET 76] or [KLSX91]) that, for a concave
function U : R — R U {—o0}, the conjugate function V (which is just the
Legendre-transform of  +— —U(—x)) is defined by

Vi(n) =sup[U() —n€], n>0. (45)
£eR

Definition 2.7. We say that the function V : Ry — R, conjugate to the
function U, satisfies the usual regularity assumptions, if V' is finitely valued,

differentiable, strictly convex on ]0,1[, and satisfies
V/(0) := lim V'(y) = —. 46
(0) = lim V'(y) (16)
As regards the behavior of V' at infinity, we have to distinguish between case 1

and case 2 in Assumption 1.2 above:

case 1: limV(y) = lim U(x) and limV'(y)=0 (47)
y—1 r— y—1
case 2: lm V(y) =1 and lim V'(y) =1 (48)

Yy—1 Yy—1
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We have the following wellknown fact (see [R70] or [ET 76]).

Proposition 2.2. If U satisfies Assumption 1.2, then its conjugate function
V' satisfies the the inversion formula

U(§) =mf [V(n) +n¢], € € dom(U) (49)

and satisfies the regularity assumptions in Definition 2.7. In addition, =V (y)

is the inverse function of U'(x). Conversely, if V satisfies the regulatory as-

sumptions of Definition 2.7, then U defined by (49) satisfies Assumption 1.2.
Following [KLS 87] we denote —V' =1 (for “inverse” function).

Proof It follows from Assumption 1.2 that V is finitely valued on |0, col.
Note that we have that

U(x) <a+yx Vzedom(U) = Viy) <a (50)

which implies the inversion formula above. In turn, this formula shows that V'
is the supremum of affine functions, and therefore convex. Since U is strictly
concave and differentiable, the maximizer £ = £{(p) in (45) solves the first-
order condition U’(£(n)) = n. Also, we have that U’ is a continuous bijection
between {U > —oo} and 4. This observation and the inversion formula show
that V is both strictly convex, differentiable, and that —V” is the inverse of
U'. O

Remark 2.1. Of course, U’ has a good economic interpretation as the marginal
utility of an economic agent modeled by the utility function U.

Here are some concrete examples of pairs of conjugate functions:

U(z) =In(z), >0, V(y)=-In(y)—1
U)=-<", zeR, V(y):%(ln(y)—l), ~v>0
U(a:):%, x>0, V(y) = 1;‘111/%, a € (—o0,1)\ {0}.

We now apply these general facts about the Legendre transformation to
calculate ¥(y). Using definition (45) of the conjugate function V' and (40),
formula (42) becomes

V) =3 v (ve) +ye (51)
n=1
=Ep [V (y%)} + yx. (52)

Denoting by v(y) the dual value function
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o) =Ep [V (y5R)] = an (v&). v>o. (53)

the function v has the same qualitative properties as the function V listed
in Definition 2.7, since it is a convex combination of V' calculated on linearly
scaled arguments.

Hence by (46), (47), and (48) we find, for fixed z € dom(U), a unique

y = y(x) > 0such that v'(y(z)) = —=z, which therefore is the unique minimizer
to the dual problem
w(y) = Ep |V (y42) ] + yo = min! (54)
Fixing the critical value y(x), the concave function
(617"'751\7)HL(§1>‘-‘7£N>@\(x)) (55)
defined in (40) assumes its unique maximum at the point (fAl, "3 N) satis-
fying
U'(€) = (@)% or, equivalently, &, =1 ((x)2) (56)
so that we have
inf ¥(y) = inf (v(y) + zy) (57)
y>0 y>
=v(yl= ))+$y( ) (58)

Note that fAn are in dom(U), for 1 <n < N, so that L is continuously differ-
entiable at (&1,...,&n, §(x)), which implies that the gradient of L vanishes at

(&1,...,&n,7(x)) and, in particular, that a L&, 88 W@ an gy = O
Hence we infer from (39) and the fact that y(x) > 0 that the constraint (38)
is binding, i.e.,

N ~
Z nén = x, (60)
n=1
and that

In particular, we obtaln that

N
z) = pal(&). (62)
n=1

Indeed, the inequality u(x) > 25:1 an(fAn) follows from (60) and (43), while
the reverse inequality follows from (61) and the fact that for all &,...,&xN
verifying the constraint (38)
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N
S paU(&n) < L&, .. €8, (@) < L&, ... En, (@) (63)

n=1

We shall write )A(T(x) € C(xz) for the optimizer X’T(x)(wn) =&.n=1,...,N.
Combining (57), (61) and (62) we note that the value functions v and v
are conjugate:
inf (o(y) + 2y) = v(§()) +2(x) = u(a), @€ dom(lU), (64
y
which, by Proposition 32 the remarks after equation (53), implies that « inher-

its the properties of U listed in Assumption 1.2. The relation v'(y(z)) = —x
which was used to define y(z), therefore translates into

u'(z) =y(x), for z € dom(U). (65)
Let us summarize what we have proved:

Theorem 2.3 (finite 2, complete market). Let the financial market S =
(S1)E, be defined over the finite filtered probability space (2, F,(F)L,,P)
and satisfy M¢(S) = {Q}, and let the utility function U satisfy Assumption
1.2.

Denote by u(z) and v(y) the value functions

u(z) = sup E[UXr)], z € dom(U), (66)
Xrel(x)
o) =E [V (y4R)]. v >o0. (67)

We then have:

(i) The value functions u(x) and v(y) are conjugate and u inherits the qual-
itative properties of U listed in Assumption 1.2.
(i) The optimizer Xr(x) in (66) exists, is unique and satisfies

)A(T(:L’) = I(y%)7 or, equivalently, y% = U’()?T(a:))7 (68)

where x € dom(U) and y > 0 are related via u'(z) = y or, equivalently,

o= —u'(y).
(#ii) The following formulae for u' and v' hold true:

W(2) = BplU'(Xr(@)), v'(y) =Eq V' (v42)]  (69)

w(z) = Bp [R0(@)U' (Xr(@)], y'(y) = Ee 22V (y53)] .(70)

Proof Items (i) and (ii) have been shown in the preceding discussion, hence
we only have to show (iii). The formulae for v'(y) in (69) and (70) immediately
follow by differentiating the relation
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oly) =Ep [V (442)] = S bV (i) (71)
n=1

Of course, the formula for v in (70) is an obvious reformulation of the one
n (69). But we write both of them to stress their symmetry with the formulae
for u'(x).

The formula for «’ in (69) translates via the relations exhibited in (ii) into
the identity

y=Ep [y%] ) (72)

while the formula for v/(z) in (70) translates into
V(w)y =Ee [V (v53) v4R] (73)
which we just have seen to hold true. 0

Remark 2.2. Firstly, let us recall the economic interpretation of (68)

U’ ()?T(x)(wn)) =y n=1,...,N. (74)
Pn

This equality means that, in every possible state of the world wy,, the marginal
utility U' (X (z)(wy)) of the wealth of an optimally investing agent at time T
is proportional to the ratio of the price q, of the corresponding Arrow security
14,,} and the probability of its success p, = Plwy]. This basic relation was
analyzed in the fundamental work of K. Arrow and allows for a convincing
economic interpretation: considering for a moment the situation where this
proportionality relation fails to hold true, one immediately deduces from a
marginal variation argument that the investment of the agent cannot be opti-
mal. Indeed, by investing a little more in the more favorable asset and a little
less in the less favorable the economic agent can strictly increase expected
utility under the same budget constraint. Hence for the optimal investment
the proportionality must hold true. The above result also identifies the propor-
tionality factor as y = v/(z), where x is the initial endowment of the investor.
This also allows for an economic interpretation.

Theorem 2.3 indicates an easy way to solve the utility maximization at
hand: calculate v(y) by (67), which reduces to a simple one-dimensional com-
putation; once we know v(y), the theorem provides easy formulae to calculate
all the other quantities of interest, e.g., X7 (), u(xz), u/(z) etc.

Another message of the above theorem is that the value function z —
u(x) may be viewed as a utility function as well, sharing all the qualitative
features of the original utility function U. This makes sense economically, as
the “indirect utility” function u(x) denotes the expected utility at time T
of an agent with initial endowment z, after having optimally invested in the
financial market S.
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Let us also give an economic interpretation of the formulae for u'(z) in
item (iii) along these lines: suppose the initial endowment z is varied to =+ h,
for some small real number h. The economic agent may use the additional
endowment h to finance, in addition to the optimal pay-off function Xr(z), h
units of the cash account, thus ending up with the pay-off function Xr (z)+h at
time 7. Comparing this investment strategy to the optimal one corresponding
to the initial endowment x + h, which is Xp(z + h), we obtain

w(x + h) — u(z) E[U(X7(z+ h)) — U(Xr(2))]

e R h &
EBlU(Xr(x) + h) - UXr(2))]

e

= E[U'(Xr(2)))- (77)

Using the fact that u is differentiable, and that h may be positive as well
as negative, we must have equality in (76) and therefore have found another
proof of formula (69) for v'(z); the economic interpretation of this proof is
that the economic agent, who is optimally investing, is indifferent of first order
towards a (small) additional investment into the cash account.

Playing the same game as above, but using the additional endowment
h € R to finance an additional investment into the optimal portfolio X (x)
(assuming, for simplicity, x # 0), we arrive at the pay-off function %)A(T (z).
Comparing this investment with X7(z + h), an analogous calculation as in
(75) leads to the formula for u'(x) displayed in (70). The interpretation now
is, that the optimally investing economic agent is indifferent of first order
towards a marginal variation of the investment into the optimal portfolio.

It now becomes clear that formulae (69) and (70) for u/(z) are just special
cases of a more general principle: for each f € L™ (2, F,P) we have

(78)

o EplUXr(2) + hf) - U(Xr(2))]
Eqlflu(z) = Jim === .

The proof of this formula again is along the lines of (75) and the inter-
pretation is the following: by investing an additional endowment hEQ [f] to
finance the contingent claim hf, the increase in expected utility is of first
order equal to hEQ [f]u'(z); hence again the economic agent is of first order
indifferent towards an additional investment into the contingent claim f.

The Incomplete Case

We now drop the assumption that the set M¢(S) of equivalent martingale
measures is reduced to a singleton (but we still remain in the framework of
a finite probability space 2) and replace it by Assumption 1.1 requiring that
Me(S) # 0.
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In this setting it follows from Theorem 2.2 that a random variable
X7 (wn) = &, may be dominated by a random variable of the form z+ (H-S)r
iff EQ[XT] = 25:1 gnén < x, for each Q = (g1 ...,qn) € M*(S) (or equiva-
lently, for every Q € M©(S5)).

In order to reduce the infinitely many constraints, where Q runs through
M?(S), to a finite number, make the easy observation that M?%(S) is a
bounded, closed, convex polytope in RN and therefore the convex hull of
its finitely many extreme points {Q*,..., QM }. Indeed, M*(S) is given by
finitely many linear constraints. For 1 < m < M, we identify Q™ with the
probabilites (¢, ..., qR}).

Fixing the initial endowment x € dom(U ), we therefore may write the util-
ity maximization problem (16) similarly as in (37) as a concave optimization
problem over RY with finitely many linear constraints:

N

Ep [U(X7)] = > pnU(&) — max! (79)
n=1

Eqn[X7] = Zq;"gn < oz, for m=1,..., M. (80)

Writing again
C(z) = {Xr € L°(2, F,P) : EgXz] < v, forall Qe M(S)}  (81)
we define the value function, for z € dom(U),

u(w) = sup E[U (x+ (H-S)r)] = sup E[U(X7)]. (82)
HEH XreC(z)

The Lagrangian now is given by

L(£17"'7£N7771a"'a77]v1) (83)

N M N

= ZPnU(fn) - Z Mm (Z antén — x) (84)
n;/vl N

= an (U(fn) _ 77an ) Z (85)
n=1 m=

where (51,...,§N)€dom uv, ,...717M)€RJ_V{. (86)

Writingy:n1+"'+77]V[7 Hm = %7”’:(”17‘-‘7”]\/[) and

M
Q' => Q" (87)

m=1

note that, when (11,...,7) runs trough RY, the pairs (y, Q*) run through
R x M?%(S). Hence we may write the Lagrangian as
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L(§1>7£N>y7 Q) == EP[U(XT)] —y(EQ[XT—LU])

_an< n) _& n)—FyI, (88)
Pn
where &, € dom(U), y >0, Q = (q1,-..,qn) € M*(S).
This expression is entirely analogous to (40), the only difference now be-
ing that Q runs through the set M“(S) instead of being a fixed probability
measure. Defining again

D(&1,. . 6n) = inf L&, &N, 9, Q), (89)

y>0,QeM(S)

and

g’(y7Q):€SuI; L(£17"'7£N7yaQ)7 (90)

we obtain, just as in the complete case,

. supE D(&,...,&N) = u(z), x € dom(U), (91)

and

an (yq> Fyr y>0, QEMYUS),  (92)
where (¢1, ..., gn) denotes the probabilities of Q € M?(S). The minimization
of ¥ will be done in two steps: first we fix y > 0 and minimize over M*(S5),
i.e.,

U(y):= inf ¥(y,Q), y>0. 93
) qeif ) ».Q), vy (93)

For fixed y > 0, the continuous function Q — ¥(y, Q) attains its minimum
on the compact set M*(S), and the minimizer Q(y) is unique by the strict
convexity of V. Writing Q(y) = (¢1(y), . . . , g (v)) for the minimizer, it follows
from V'(0) = —oo that g, (y) > 0, for each n = 1,..., N; Indeed, suppose that
Gn(y) = 0, for some 1 < n < N and fix any equivalent martingale measure
Q € M®(S). Letting Q° = €Q + (1 — €)Q we have that Q° € Me(S), for
0<e<1,and ¥(y, Q) < ¥(y, Q) for € > 0 sufficiently small, a contradiction.
In other words, Q(y) is an equivalent martingale measure for S.

Defining the dual value function v(y) by

o) = int an (—) (94)

n

- ;pnv (y%) (95)

we find ourselves in an analogous situation as in the complete case above:
defining again y(z) by v'(y(x)) = —z and
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& =1 (70 =2} (96)

Pn

similar arguments as above apply to show that (51, . ,EN, y(x), Q(y)) is the
unique saddle-point of the Lagrangian (88) and that the value functions u and
v are conjugate.

Let us summarize what we have found in the incomplete case:

Theorem 2.4 (finite (2, incomplete market). Let the financial market

S = (Sy)L, defined over the finite filtered probability space (2, F,(F)L,,P)

and let M¢(S) # 0, and the utility function U satisfies Assumptions 1.2.
Denote by u(z) and v(y) the value functions

u(z) = SUP X, c(a) E[U(Xr)], x € dom(U), (97)
oy) = infqeme(s) B [V (y52)]. w>0. (98)
We then have:

(i) The value functions u(x) and v(y) are conjugate and u shares the quali-
tative properties of U listed in Assumption 1.2. R

(it) The optimizers Xr(x) and Q(y) in (97) and (98) exist, are unique, Q(y) €
Me(S), and satisfy

Ro(e) =1 <de(y)> LS ) S ot )

dp

where x € dom(U) and y > 0 are related via u'(x) = y or, equivalently,
5= —/(y).
(#ii) The following formulae for u' and v' hold true:

W(@) =BplU'(Xr(a)]l, V) =Eq [V (y22)] (100
vl (z) = Ep[Xp (@)U (Zr ()], yv/(y) = Bp [y 32V (499 Yho1)

Remark 2.3. Let us again interpret the formulae (100), (101) for «'(x) similarly
as in Remark 2.2 above. In fact, the interpretations of these formulae as well
as their derivations remain in the incomplete case exactly the same.

But a new and interesting phenomenon arises when we pass to the variation
of the optimal pay-off function Xz (z) by a small unit of an arbitrary pay-off
function f € L*°(£2,F,P). Similarly as in (78) we have the formula

B [/1(2) = lim 2Rl Xr@) £17) = Uz (z))

102
h—0 h ’ (102)

the only difference being that Q has been replaced by Q(y) (recall that = and
y are related via u/(z) = y).
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The remarkable feature of this formula is that it does not only pertain to
variations of the form f =z + (H - S)r, i.e, contingent claims attainable at
price x, but to arbitrary contingent claims f, for which — in general — we
cannot derive the price from no arbitrage considerations.

The economic interpretation of formula (102) is the following: the pricing
rule f — EQ(y)[ f] vields precisely those prices, at which an economic agent
with initial endowment x, utility function U and investing optimally, is indif-
ferent of first order towards adding a (small) unit of the contingent claim f
to her portfolio X1 ().

In fact, one may turn the view around, and this was done by M. Davis
[D97] (compare also the work of L. Foldes [F90]): one may define Q(y) by
(102), verify that this indeed is an equivalent martingale measure for S, and
interpret this pricing rule as “pricing by marginal utility”, which is, of course,
a classical and basic paradigm in economics.

Let us give a proof for (102) (under the hypotheses of Theorem 2.4). One
possible strategy of proof, which also has the advantage of a nice economic
interpretation, is the idea of introducing “fictitious securities” as developed
in [KLSX91]: fix z € dom(U) and y = «/(z) and let (f1,..., f¥) be finitely
many elements of L ((2, F,P) such that the space K = {(H-S5)r : H € H},
the constant function 1, and (f',..., f*) linearly span L>(2, F,P). Define
the k processes

ST =By IR, G=1,...k t=0,...,T. (103)

Now extend the R¥*!-valued process S = (5%, S%,...,5%) to the RI+F+1.
valued process S = (S°,81,..., 99 84+ Stk by adding these new co-
ordinates. By (103) we still have that § is a martingale under Q(y), which
now is the unique probability under which S is a martingale, by our choice of
(f',..., f¥) and Corollary 2.2.

Hence we find ourselves in the situation of Theorem 2.3. By comparing
(68) and (99) we observe that the optimal pay-off function Xr(x) has not
changed. Economically speaking this means that in the “completed” market
S the optimal investment may still be achieved by trading only in the first
d + 1 assets and without touching the “fictitious” securities Si‘*‘l, ..., Sdtk,

In particular, we now may apply formula (78) to Q = Q(y) to obtain
(102).

Finally we remark that the pricing rule induced by Q(y) is precisely such
that the interpretation of the optimal investment X7 (z) defined in (99) (given
in Remark 2.2 in terms of marginal utility and the ratio of Arrow prices @, (y)
and probabilities p,, ) carries over to the present incomplete setting. The above
completion of the market by introducing “fictitious securities” allows for an
economic interpretation of this fact.
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3 The General Case

In the previous section we have analyzed the duality theory of the utility
maximization problem in detail and with full proofs, for the case when the
underlying probability space is finite.

We now pass to the question under which conditions the crucial features
of the above Theorem 2.4 carry over to the general setting. In particular one
is naturally led to ask: under which conditions

e are the optimizers X7 (z) and Q(y) of the value functions u(z) and v(y)
attained?
e does the basic duality formula

U (Rr()) = me (104)

or, equivalently R
Rr(r) = (amw) (105)

hold true?
are the value functions u(x) and v(y) conjugate?
does the value function u(x) still inherit the qualitative properties of U
listed in Assumption 1.27
e do the formulae for «/(z) and v'(y) still hold true?

We shall see that we get affirmative answers to these questions under
two provisos: firstly, one has to make an appropriate choice of the sets in
which X7 and Q are allowed to vary. This choice will be different for case 1,
where dom(U) = R, and case 2, where dom(U) = R. Secondly, the utility
function U has to satisfy — in addition to Assumption 1.2 — a mild regularity
condition, namely the property of “reasonable asymptotic elasticity”.

3.1 The Reasonable Asymptotic Elasticity Condition

The essential message of the theorems below is that, assuming that U has
“reasonable asymptotic elasticity”, the duality theory works just as well as in
the case of finite 2. On the other hand, we shall see that we do not have
to impose any regularity conditions on the underlying stochastic process S,
except for its arbitrage-freeness in the sense made precise by Assumption
1.1. We shall also see that the assumption of reasonable asymptotic elasticity
on the utility function U cannot be relaxed, even if we impose very strong
assumptions on the process S (e.g., having continuous paths and defining a
complete financial market), as we shall see below.

Before passing to the positive results we first analyze the notion of “rea-
sonable asymptotic elasticity” and sketch the announced counterexample.
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Definition 3.1. A utility function U satisfying Assumption 1.2 is said to have
“reasonable asymptotic elasticity” if

. xU' (x
AE,(U) = hin_igp U(:(l:)) <1, (106)

and, in case 2 of Assumption 1.2, we also have

!
AE- oo (U) = liminf ‘”g @ o1 (107)

2 T(a)

We recall the following lemma from [KS99, Lemma 6.1], from which it
follows that, for any concave function U such that the right hand side makes
sense, we always have that AE, . (U) < 1. Note that, the asymptotic elasticity
assumption requires that the strict inequality holds.

Lemma 3.1. For a strictly concave, increasing, real-valued differentiable func-
tion U the asymptotic elasticity AE(U) is well-defined and, depending on
U(oo) = limg 00 U(x), takes its values in the following sets:
(i) For U(o0) = 0o we have AE(U) € [0,1],
(i) For 0 < U(o0) < 0o we have AE(U) =0,
(i1i) For —oo < U(o0) <0 we have AE(U) € [—0,0].

Proof (i) Using the monotonicity and positivity of U’ we may estimate

0<2U' ()= (z—1)U'(z) +U'(x)
<[U(z)-UQ)]+U'(1)

hence, in the case U(oo) = oo,

U/
0 < limsup xU((a)c) < lim sup 0 x)
T—00 xr T—00 €T

(ii) For each x¢ > 0 we have

limsupzU’(z) = limsup,_, . (z — z)U’(x)

xr—00

< limsup, ., (U(x) — U(xo)).

If U(oo) < oo we may choose g such that the right hand side becomes
arbitrary small.

(iii) We infer from U(o0) < 0 that U(z) < 0, for z € Ry, so that xg(/g) <0,
for all z € Ry. O

FEzample 3.1.
e For U(z) =Inzx, we have AE, (U) = 0.
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e For U(z) = %, we have AE,(U) = o, for @ € (—00,1) \ {0}.
e For U(z) = £ for z > g, we have AE, (U) = 1.

Inz

The asymptotic elasticity compares as follows with other conditions used
in the literature [KLSX 91]:

Lemma 3.2. Let U be a utility function, and consider the following condi-
tions:

i) There exists xo > 0, a < 1, 8 > 1 such that U'(Bx) < aU’(x) for all
xr > xg.

i) AE+(U) <1

i11) There exist k1, ko and v < 1 such that U(z) < k1 + kox? for all x > 0.

Then we have that i) = ii) = iii). The reverse implications do not hold

true in general.

Proof (i) = (ii) Assume (i) and let a = o and b = 1 > 1 and estimate,
for x > axg:

Ulbz) = U(Bro) + [47 U'(t)dt
U(Bwo) + 8 [/ U (5t)dt

U(Bo) + o [/ U (t)dt
= U(Bxo) + aU(%) — aU (o).

IN

It follows that criterion (ii) of corollary 6.1 in [KS99] is satisfied, hence
AE[U) < 1.

(#3) = (4i%) is immediate from assertion (i) of lemma 6.3 in [KS99).

(ii) # (i): For n € N, let x,, = 22" and define the function U(z) by letting
U(zn,) =1— L and to be linear on the intervals [z,_1,2,]; (for 0 < z < 24
continue U(z) in an arbitrary way, so that U satisfies (2.4)).

Clearly U(z) fails (i) as for any § > 1 there are arbitrary large x € R with

U'(Bz) = U'(x). On the other hand, we have U(c0) = 1 so that AE(U) = 0 by
Lemma 3.1. Finally, note that in this counterexample the limit lim,_, ., zg(’g)
exists and equals zero.

The attentive reader might object that U(z) is neither strictly concave nor
differentiable. But it is obvious that one can slightly change the function to
“smooth out” the kinks and to “strictly concavify” the straight lines so that
the above conclusion still holds true. _

(iii) # (ii): Let again 2, = 22" and consider the utility function U(z) =
21/2. Define U () by letting U (zy,) = U(xy), for n = 0,1,2... and to be linear
on the intervals [z, Tp4+1]; (for 0 < 2 < x; again continue U(x) in an arbitrary
way, so that U satisfies (2.4)).

1/2

Clearly U(z) satisfies condition (iii) as U is dominated by U (z) = /2.
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To show that AE(U) = 1 let # €|xn_1,x,[ and calculate the marginal
utility U’ at x:

Uxn) —U(xp-1) 92"t _g2n?
Ty — Tp—1 To92m _g2nt
2271,71(1 . 2_271,72)

=0 2 =277 (14 o(1)).

U'(z) =

On the other hand we calculate the average utility at x = x,:

U(zn) 92"

s _ 2727171.
T 22"
Hence U
AE,(U) = hin—igp xU(:(z::? =
As regards the lack of smoothness and strict concavity of U a similar
remark applies as in (i7) # (i) above. O

Let us discuss the economic meaning of the notion of reasonable asymp-

totic elasticity: as H.-U. Gerber ponted out to us, the quantity zg(/g(f):) is the
elasticity of the function U at x. We are interested in its asymptotic behaviour.
It easily follows from Assumption 1.2 that the limits in (106) and (107) are
less (resp. bigger) than or equal to one (compare Lemma 3.1). What does it
mean that xg(/x) tends to one, for x — co? It means that the ratio between
U(z)

the marginal utility U'(z) and the average utility —= tends to one. A typ-
ical example is a function U(z) which equals %, for = large enough; note
however, that in this example Assumption 1.2 is not violated insofar as the
marginal utility still decreases to zero for  — oo, i.e., lim,_,o, U'(z) = 0.

If the marginal utility U’(z) is approximately equal to the average utility
@ for large x, this means that for an economic agent, modeled by the utility
function U, the increase in utility by varying wealth from x to x + 1, when
x is large, is approximately equal to the average of the increase of utility by
changing wealth from n to n + 1, where n runs through 1,2,...,2 — 1 (we
assume in this argument that x is a large natural number and, w.l.o.g., that
U(1) ~ 0). We feel that the economic intuition behind decreasing marginal

utility suggests that, for large x, the marginal utility U’(x) should be sub-
@. Therefore we have denoted a
utility function, where the ratio of U’(z) and @ becomes arbitrarily close

to one if x tends either to 400 or —oo, as being “unreasonable”.

P. Guasoni observed, that there is a close connection between the asymp-
totic behaviour of the elasticity of U, and the asymptotic behaviour of the rel-
ative risk aversion associated to U. Recall (see, e.g., [HL88]) that the relative
risk aversion of an agent with endowment x, whose preferences are described
by the utility function U, equals

stantially smaller than the average utility
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~aU"(2)

RRAWU)(@) = =05

(108)

A formal application of de I'Hopital’s rule yields

. aU'(x) im U’(x)—|—xU”(x): ~ lim ~zU"(2)
i g = i S = () o)

which insinuates that the asymptotic elasticity of U is less than one iff the
“asymptotic relative risk aversion” is strictly positive.

Turning the above formal argument into a precise statement, one easily
proves the following result: if limw_,oo(—wg,/gg)) exists, then limg_ o xg(/x)
exists too, and the former is strictly positive iff the latter is less than one (for
details see [S04a]). Hence “essentially” these two concepts coincide.

On the other hand, in general (i.e. without assuming that the above limit
exists), there is no way to characterize the condition limsup,_, . zg(’ J(:);) <1

in terms of the asymptotic behaviour of — wg,lgg), as T — 00.

3.2 Existence Theorems

Let us now move to the positive results in the spirit of Theorem 2.3 and
Theorem 2.4 above. We first consider the case where U satisfies case 1 of
Assumption 1.2, which was studied in [KS99].

Case 1: dom(U) =R.

The heart of the argument in the proof of Theorem 2.4 (which we now want
to extend to the general case) is to find a saddlepoint for the Lagrangian. In
more general situations we have to apply the minimax theorem, which is cru-
cial in the theory of Lagrange multipliers. We want to extend the applicability
of the minimax theorem to the present situation. The infinite-dimensional ver-
sions of the minimax theorem available in the literature (see, e.g, [ET 76] or
[St 85]) are along the following lines: Let (E, F') be a pair of locally convex
vector spaces in separating duality, C C E, D C F' a pair of convex subsets,
and L(z,y) a function defined on C x D, concave in the first and convex in
the second variable, having some (semi-)continuity property compatible with
the topologies of E' and F' (which in turn should be compatible with the du-
ality between E and F). If (at least) one of the sets C' and D is compact and
the other is complete, then one may assert the existence of a saddle point
(&,1) € C x D such that

L(£,7) = sup inf L(&,n) = inf sup L(&,n). 110
(&) sup fnf (&) Jnf sup (&mn) (110)

We try to apply this theorem to the analogue of the Lagrangian encoun-
tered in the proof of Theorem 2.4 above. Fixing > 0 and y > 0 let us
formally write the Lagrangian (88) in the infinite-dimensional setting,
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L*Y(X7,Q) = Ep[U(Xr)] — y(Eg[Xr — 2]) (111)
= Ep [U(Xr) - y2R Xz + o, (112)

where Xp runs through “all” non-negative Fp-measurable functions and Q
through the set M?%(S) of absolutely continuous local martingale measures.

To restrict the set of “all” nonnegative functions to a more amenable one,
note that infy>0,QeMa(S) LY (X7, Q) > —oco iff

Eg[Xr] <z, forall Qe M*(S). (113)

Using the basic result on the super-replicability of the contingent claim
X7 (see [KQ95], [J92], [AS94], [DS94], and [DS98]), we have — as encoun-
tered in Theorem 2.2 for the finite dimensional case — that a non-negative
Fr-measurable random variable X satisfies (113) iff there is an admissible
trading strategy H such that

Hence let

C(z) = {Xr € LY(2,Fr,P) :

Xr <ax+ (H-S)r, for some admissible H} (115)
={Xr € LY.(2,Fr,P):
Eq[X7] < z, forall Q € M“(S)} (116)

and simply write C' for C(1) (observe that C(z) = zC).

We thus have found a natural set C(x) in which X7 should vary when
we are mini-maxing the Lagrangian LY. Dually, the set M?(S) seems to
be the natural domain where the measure Q is allowed to vary (in fact, we
shall see later, that this set still has to be slightly enlarged). But what are
the locally convex vector spaces F and F' in separating duality into which C
and M?(S) are naturally embedded? As regards M?(S) the natural choice
seems to be L'(P) (by identifying a measure Q € M?%(S) with its Radon-
Nikodym derivative %); note that M?(S) is a closed subset of L'(P), which
is good news. On the other hand, there is no reason for C' to be contained
in L*°(P), or even in LP(P), for any p > 0; the natural space in which C
is embedded is just LO(£2, Fr,P), the space of all real-valued Fr-measurable
functions endowed with the topology of convergence in probability.

The situation now seems hopeless (if we don’t want to impose artificial
P-integrability assumptions on Xt and/or %), as L°(P) and L'(P) are not
in any reasonable duality; in fact, L°(P) is not even a locally convex space,
hence there seems to be no hope for a good duality theory, which could serve
as a basis for the application of the minimax theorem. But the good news is
that the sets C' and M?(S) are in the positive orthant of L°(P) and L'(P)
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respectively; the crucial observation is, that for f € L (P) and g € LY (P), it
is possible to well-define

(f,9) = Ep[fg] € [0,00]. (117)

The spirit here is similar as in the very foundation of Lebesgue integration
theory: For positive measurable functions the integral is always well-defined,
but possibly +o00. This does not cause any logical inconsistency.

Similarly the bracket (.,.) defined in (117) shares many of the usual
properties of a scalar product. The difference is that (f,g) now may assume
the value +00 and that the map (f, g) — (f, g) is not continuous on LY (P) x
L% (P), but only lower semi-continuous (this immediately follows from Fatou’s
lemma).

At this stage it becomes clear that the role of L1 (P) is somewhat artificial,
and it is more natural to define (117) in the general setting where f and g are
both allowed to vary in L% (P). The pleasant feature of the space L°(P) in the
context of Mathematical Finance is, that it is invariant under the passage to
an equivalent measure Q, a property only shared by L>°(P), but by no other
LP(P), for 0 < p < 0.

We now can turn to the polar relation between the sets C' and M*(S). By
(114) we have, for an element X € LY (2, F,P),

Xr € C += Eg[Xr] = Ep[Xr3B] < 1, for Q€ M“(S). (118)

Denote by D the closed, convex, solid hull of M?(S) in L9 (P). It is easy
to show (using, e.g., Lemma 3.3 below), that D equals

D ={Yr € LY.(2,Fr,P) : there is
(Qu)oZy € M?(S) st Yr < lim Gy (119)

where the lim,, % is understood in the sense of almost sure convergence.
We have used the letter Y7 for the elements of D to stress the dual relation
to the elements X in C. In further analogy we write, for y > 0, D(y) for
yD, so that D = D(1). By (119) and Fatou’s lemma we again find that, for
Xr e Lg(Q,F,P)

Xr el «— EP[XTYT} <1, for Yr € D. (120)

Why did we pass to this enlargement D of the set M?(S)? The reason is
that we now obtain a more symmetric relation between C' and D: for Y €
LY (02, F,P) we have

YreD < EP[XTYT} <1, for XpreC. (121)

The proof of (121) relies on an adaption of the “bipolar theorem” from
the theory of locally convex spaces (see, e.g., [S66]) to the present duality
(LY. (P), LY. (P)), which was worked out in [BS99].
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Why is it important to define the enlargement D of M%(S) in such a
way that (121) holds true? After all, M%(S) is a nice, convex, closed (w.r.t.
the norm of L'(P)) set and one may prove that, for ¢ € L'(P) such that
Eplg] =1,

g e MQ(S) <~ EP[XTg] <1, for XpeC. (122)

The reason is that, in general, the saddle point ()?T, Q) of the Lagrangian
will not be such that Q is a probability measure; it will only satisfy E {%} <

1, the inequality possibly being strict. But it will turn out that Q, which we

identify with %, is always in D. In fact, the passage from M*(S) to D is
the crucial feature in order to make the duality work in the present setting:
even for nice utility functions U, such as the logarithm, and for nice processes,
such as a continuous process (S;)o<i<7 based on the filtration of two Brownian
motions, the above described phenomenon can occur: the saddle point of the
Lagrangian leads out of M*(S).

The set D can be characterized in several equivalent manners. We have
defined D above in the abstract way as the convex, closed, solid hull of M*(S)
and mentioned the description (119). Equivalently, one may define D as the set
of random variables Y € LY (£2, F,P) such that there is a process (Y;)o<¢<r
starting at Yo = 1 with (Y;X¢)o<t<r a P-supermartingale, for every non-
negative process (Xi)o<i<r = (v + (H - S)t)o<t<T, where > 0 and H is
predictable and S-integrable. This definition was used in [KS99]. Another
equivalent characterization was used in [CSW 01]: Consider the convex, solid
hull of M?(S), and embed this subset of L!(P) into the bidual L!(P)** =
L>°(P)*; denote by M?2(S) the weak-star closure of the convex solid hull
of M*(S) in L*>°(P)*. Each element of M?(S) may be decomposed into its
regular part u” € L*(P) and its purely singular part u® € L>(P)*. It turns
out that D equals the set {u” € LY(P) : u € M>(S)}, i.e. consists of the
regular parts of the elements of M@(S). This description has the advantage
that we may associate to the elements p” € D a singular part p°, and it is
this extra information which is crucial when extending the present results to
the case of random endowment as in [CSW 01]. Compare also [HK 02], where
the case of random endowment is analyzed in full generality without using the
space L>°(P)*.

Why are the sets C' and D hopeful candidates for the minimax theorem to
work out properly for a function L defined on C' x D? Both are closed, convex
and bounded subsets of LY (P). But recall that we still need some compactness
property to be able to localize the mini-maximizers (resp. maxi-minimizers)
on C (resp. D). In general, neither C' nor D is compact (w.r.t. the topology
of convergence in measure), i.e., for a sequence (f,)5%; in C' (resp. (gn)o2,
in D) we cannot pass to a subsequence converging in measure. But C' and D
have a property which is close to compactness and in many applications turns
out to serve just as well.
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Lemma 3.3. Let A be a closed, convez, bounded subset of Lg((),]—',P). Then
for each sequence (hy)oe, € A there exists a sequence of conver combinations
kn € conv(hy,, hpy1,...) which converges almost surely to a function k € A.

This easy lemma (see, e.g., [DS94, Lemma A.1.1], for a proof) is in
the spirit of the celebrated theorem of Komlos [Kom 67], stating that for
a bounded sequence (h,)°; in L'(P) there is a subsequence converging in
Cesaro-mean almost surely. The methodology of finding pointwise limits by
using convex combinations has turned out to be extremely useful as a surro-
gate for compactness. For an extensive discussion of more refined versions of
the above lemma and their applications to Mathematical Finance we refer to
[DS99].

The application of the above lemma is the following: by passing to convex
combinations of optimizing sequences (f,)52; in C (resp. (g,)5%; in D), we
can always find limits f € C (resp. g € D) w.r.t. almost sure convergence.
Note that the passage to convex combinations does not cost more than passing
to a subsequence in the application to convex optimization.

We have now given sufficient motivation to state the central result of
[KS99], which is the generalization of Theorem 2.4 to the semi-martingale
setting under Assumption 1.2, case 1, and having reasonable asymptotic elas-
ticity.

Theorem 3.1 ([KS 99], Theorem 2.2).

Let the semi-martingale S = (St)o<t<r and the utility function U satisfy
Assumptions 1.1, 1.2 case 1 and 1.3; suppose in addition that U has reasonable
asymptotic elasticity. Define

u(z) = XTS;Cp(z) EU(X7)], vy = YTieng(y) E[V(YT)]. (123)

Then we have:

(i) The value functions u(z) and v(y) are conjugate; they are continuously
differentiable, strictly concave (resp. convex) on ]0,00[ and satisfy

u'(0) = —v'(0) =00, u/(c0) =12"(00) =0. (124)

(ii) The optimizers Xp(z) and Yr(y) in (123) exist, are unique and satisfy

Xr(@) = 1(Vr(y),  Vrly) =U'Xr(2)), (125)
where © > 0, y > 0 are related via u'(x) =y or equivalently x = —v'(y).

(iii) We have the following relations between u', v’ and Xrp,Yr respectively:

W(z) =E [)?T(r)U;()?T(E)) ,2>0, v(y)=E ?T(y)Vl;(f’T(y))} .y >0.
(126)
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For the full proof of the theorem we refer to [KS 99].

How severe is the fact that the dual optimizer Y7(1) may fail to be the den-
sity of a probability measure (or that E[Y7(y)] < y, for y > 0, which amounts
to the same thing)? In fact, in many respects it does not bother us at all: we
still have the basic duality relation between the primal and the dual optimizer
displayed in Theorem 3.1 (ii). Even more is true: using the terminology from
[KS99] the product (Xt(x)f/t(y))ogtg;r, where x and y satisfy u/(z) =y, is a
uniformly integrable martingale. This fact can be interpreted in the following
way: by taking the optimal portfolio (X (x))o<¢<r as numéraire instead of the
original cash account, the pricing rule obtained from the dual optimizer }A/T (y)
then is induced by an equivalent martingale measure. We refer to ([KS 99],
p. 912) for a thorough discussion of this argument.

Finally we want to draw the attention of the reader to the fact that —
comparing item (iii) of Theorem 3.1 to the corresponding item of Theorem 2.4
— we only asserted one pair of formulas for v’(z) and v’(y). The reason is that,
in general, the formulae (100) do not hold true any more, the reason again
being precisely that for the dual optimizer ?T(y) we may have E[}A/T(y)] <.
Indeed, the validity of v/(z) = E[U’(Xr(z))] is tantamount to the validity of
y = E[Yr(y)].

Case 2: dom(U) =R

We now pass to the case of a utility function U satisfying Assumption
1.2 case 2 which is defined and finitely valued on all of R. The reader should
have in mind the exponential utility U(x) = —e™7*, for v > 0, as the typical
example.

We want to obtain a result analogous to Theorem 3.1 also in this setting.
Roughly speaking, we get the same theorem, but the sets C and D considered
above have to be chosen in a somewhat different way, as the optimal portfolio
X7 now may assume negative values too.

Firstly, we have to assume throughout the rest of this section that the semi-
martingale S is locally bounded. The case of non locally bounded processes is
not yet understood and waiting for future research.

Next we turn to the question; what is the proper definition of the set C(x)
of terminal values X7 dominated by a random variable « + (H-S)r, where H
is an “allowed” trading strategy? On the one hand we cannot be too liberal
in the choice of “allowed” trading strategies as we have to exclude doubling
strategies and similar schemes. We therefore maintain the definition of the
value function u(x) unchanged

u(x) =sup E[U (z + (H-S)7r)], z€R, (127)
HeH
where we still confine H to run through the set H of admissible trading strate-
gies, i.e., such that the process ((H-S):)o<i¢<7 is uniformly bounded from be-
low. This notion makes good sense economically as it describes the strategies
possible for an agent having a finite credit line.
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R On the other hand, in general, we have no chance to find the minimizer
H in (127) within the set of admissible strategies: already in the classical
cases studied by Merton ([M 69] and [M 71] where, in particular, the case of
exponential utility is solved for the Black-Scholes model) the optimal solution
2+ (H-S)7 to (127) is not uniformly bounded from below; this random variable
typically assumes low values with very small probability, but its essential
infimum typically is minus infinity.

In [S01] the following approach was used to cope with this difficulty: fix
the utility function U : R — R and first define the set C% (z) to consist of all
random variables Gp dominated by = + (H -S)r, for some admissible trading
strategy H and such that E[U(Gr)] makes sense:

CY(z) = {Gr € L°(2, Fr,P) : there is H admissible s.t. (128)

Next we define Cy(x) as the set of R U {4+o0}-valued random variables
X7 such that U(Xr) can be approximated by U(Gr) in the norm of L(P),
when Gr runs through C% (z):

Cu(z) = {Xr € L°(02, Fr,P;R U {+00}) : U(X7) is in (130)
LY(P)-closure of {U(Gr) : Gr € Cy(x)}}. (131)

The optimization problem (127) now reads

u(r)= sup E[UX7)], zeR. (132)
XTECU(I)

The set Cy(z) was chosen in such a way that the value functions u(x)
defined in (127) and (132) coincide; but now we have much better chances to
find the maximizer to (132) in the set Cy(z).

Two features of the definition of Cy(x) merit some comment: firstly, we
have allowed X7 € Cy(x) to attain the value +o0; indeed, in the case when
U(o0) < oo (e.g., the case of exponential utility), this is natural, as the set
{U(X7) : X7 € Cy(x)} should equal the L!(P)-closure of the set {U(Gr) :
Gr € C¥(z)}. But we shall see that — under appropriate assumptions —
the optimizer X7, which we are going to find in Cys (z), will almost surely be
finite.

Secondly, the elements Xp of Cy(x) are only random wvariables and, at
this stage, they are not related to a process of the form x + (H-S). Of course,
we finally want to find for each X1 € Cy(z), or at least for the optimizer )A(T,
a predictable, S-integrable process H having “allowable” properties (in order
to exclude doubling strategies) and such that X7 < z + (H - S)r. We shall
prove later that — under appropriate assumptions — this is possible and give
a precise meaning to the word “allowable”.

After having specified the proper domain Cy(z) for the primal optimiza-
tion problem (132), we now pass to the question of finding the proper domain
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for the dual optimization problem. Here we find a pleasant surprise: contrary

to case 1 above, where we had to pass from the set M?(S) to its closed, solid

hull D, it turns out that, in the present case 2, the dual optimizer always lies

in M*(S). This fact was first proved by F. Bellini and M. Frittelli ([BF 02]).
We now can state the main result of [S01]:

Theorem 3.2. [S01, Theorem 2.2] Let the locally bounded semi - martingale
S = (St)o<i<r and the utility function U satisfy Assumptions 1.1, 1.2 case 2
and 1.3; suppose in addition that U has reasonable asymptotic elasticity. De-

fine

ule) = XTZ%I[)J(QZ) FUXol, - vly) = Qei\r}lE(S) " {V (y%)} ' (133)

Then we have:

(i) The value functions u(z) and v(y) are conjugate; they are continuously
differentiable, strictly concave (resp. convex) on R (resp. on |0,00[) and
satisfy

u'(—o0) = —v'(0) = v'(00) =00, u/(c0) =0. (134)

(ii) The optimizers Xr(z) and Q(y) in (133) exist, are unique and satisfy

XT<x>=I<de(y)>, yOW _ g %i@y), (ss)

dp dp

where © € R and y > 0 are related via v'(z) = y or equivalently © =
o (y). o
(#ii) We have the following relations between u',v' and X, Q respectively:

W(@) = BplU'(R2(@), V) =Eq [V’ (v95)] (136)

wl(2) = Ep[Xr (@)U (Zr(@))], vv'(y) = Bp [y 3LV (y992)] . (137)

(iv) If Q(y) € ME(S) and x = —'(y), then Xp(z) equals the terminal value
of a process of the form Xi(x) =x + (H-S):, where H is predictable and

S-integrable, and such that X is a uniformly integrable martingale under

Q(y).

We refer to [S01] for a proof of this theorem and further related results.
We cannot go into the technicalities here, but a few comments on the proof
of the above theorem are in order: the technique is to reduce case 2 to case 1
by approximating the utility function U : R — R by a sequence (U(™)22

n=1
of utility functions U™ : R — R U {—o0} such that U™ coincides with U
on [—n, 0o[ and equals —oo on | — 0o, —(n + 1)]. For fixed initial endowment

x € R, we then apply Theorem 3.1 to find for each U™ the saddle-point
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()?r}n) (x), ?jgn) (Un)) € CE(z) x D(y,); finally we show that this sequence con-
verges to some (Xr7(z),yQr) € Cy(x) x gM*(S), which then is shown to be
the saddle-point for the present problem. The details of this construction are

rather technical and lengthy (see [S01]).

We have assumed in item (iv) that Q(y) is equivalent to P and left open
the case when Q(y) is only absolutely continuous to P. F. Bellini and M. Frit-
telli have observed ([BF 02]) that, in the case U(oo) = oo (or, equivalently,
V(0) = o0), it follows from (133) that Q(y) is equivalent to P. But there
are also other important cases where we can assert that Q(y) is equivalent
to P: for example, for the case of the exponential utility U(xz) = —e™ 7%, in
which case the dual optimization becomes the problem of finding Q € Ma(S)
minimizing the relative entropy with respect P, it follows from the work of
Csiszar [C75] (compare also [R84], [F00], [GRO01]) that the dual optimizer
Q(y) is equivalent to P, provided only that there is at least one Q € M¢(S)
with finite relative entropy.

Under the condition Q(y) € M¢(S), item (iv) tells us that the optimizer
XT € Cy(x) is almost surely finite and equals the terminal value of a process
x+(H-S), which is a uniformly integrable martingale under Q(y), this property
qualifies H to be a “allowable”, as it certainly excludes doubling strategies and
related schemes. One may turn the point of view around and take this as the
definition of the “allowable” trading strategies; this was done in [DGRSSS 02]
for the case of exponential utility, where this approach is thoroughly studied
and some other definitions of “allowable” trading strategies, over which the
primal problem may be optimized, are also investigated. Further results on
these lines were obtained in [KS02] for the case of exponential utility, and in
[S03a] for general utility functions.
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LIST OF C.I.M.E. SEMINARS

1954 . Analisi funzionale
. Quadratura delle superficie e questioni connesse

. Equazioni differenziali non lineari

1955 . Teorema di Riemann-Roch e questioni connesse

. Teoria dei numeri

. Topologia

. Teorie non linearizzate in elasticita,
idrodinamica, aerodinamic

N OOt W N

oo

. Geometria proiettivo-differenziale
. Equazioni alle derivate parziali a caratteristiche
reali

©

1956

10. Propagazione delle onde elettromagnetiche
11. Teoria della funzioni di piu variabili complesse e
delle funzioni automorfe
1957  12. Geometria aritmetica e algebrica (2 vol.)
13. Integrali singolari e questioni connesse
14. Teoria della turbolenza (2 vol.)

1958 15. Vedute e problemi attuali in relativita generale
16. Problemi di geometria differenziale in grande
17. 11 principio di minimo e le sue applicazioni alle
equazioni funzionali
1959 18. Induzione e statistica
19. Teoria algebrica dei meccanismi automatici (2 vol.)
20. Gruppi, anelli di Lie e teoria della coomologia

1960  21. Sistemi dinamici e teoremi ergodici
22. Forme differenziali e loro integrali

1961  23. Geometria del calcolo delle variazioni (2 vol.)
24. Teoria delle distribuzioni
25. Onde superficiali

1962  26. Topologia differenziale
27. Autovalori e autosoluzioni
28. Magnetofluidodinamica

1963  29. Equazioni differenziali astratte
30. Funzioni e varietd complesse
31. Proprieta di media e teoremi di confronto in
Fisica Matematica
1964  32. Relativita generale
33. Dinamica dei gas rarefatti
34. Alcune questioni di analisi numerica
35. Equazioni differenziali non lineari
1965  36. Non-linear continuum theories
37. Some aspects of ring theory
38. Mathematical optimization in economics
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1966

1967

1968

1969

1970

1971

1972

1973

1974

1975

1976

1977

1978

1979

1980

LIST OF C.ILM.E. SEMINARS

39.
40.
41.
42.
43.
44.

45.
46.
47.
48.

49.
50.

51.
52.
53.

54.
55.
56.
57.
58.

59.
60.
61.

62.
63.

64.
65.
66.
67.

68.
69.
70.

71.
72.
73.

74.
75.
76.

7.
78.
79.
80.
81.
82.
83.

Calculus of variations

Economia matematica

Classi caratteristiche e questioni connesse
Some aspects of diffusion theory

Modern questions of celestial mechanics
Numerical analysis of partial differential
equations

Geometry of homogeneous bounded domains
Controllability and observability
Pseudo-differential operators

Aspects of mathematical logic

Potential theory

Non-linear continuum theories in mechanics and
physics and their applications

Questions of algebraic varieties

Relativistic fluid dynamics

Theory of group representations and Fourier
analysis

Functional equations and inequalities

Problems in non-linear analysis

Stereodynamics

Constructive aspects of functional analysis (2vol.)
Categories and commutative algebra

Non-linear mechanics
Finite geometric structures and their applications
Geometric measure theory and minimal surfaces

Complex analysis

New variational techniques in mathematical
physics

Spectral analysis

Stability problems

Singularities of analytic spaces

Eigenvalues of non linear problems

Theoretical computer sciences
Model theory and applications
Differential operators and manifolds

Statistical Mechanics
Hyperbolicity
Differential topology

Materials with memory
Pseudodifferential operators with applications
Algebraic surfaces

Stochastic differential equations

Dynamical systems

Recursion theory and computational complexity
Mathematics of biology

Wave propagation

Harmonic analysis and group representations
Matroid theory and its applications

Ed. Cremonese, Firenze



LIST OF C.I.M.E. SEMINARS 305

1981  84. Kinetic Theories and the Boltzmann Equation (LNM 1048) Springer-Verlag

85. Algebraic Threefolds (LNM 947) "
86. Nonlinear Filtering and Stochastic Control (LNM 972) "
1982  87. Invariant Theory (LNM 996) "
88. Thermodynamics and Constitutive Equations (LN Physics 228) "
89. Fluid Dynamics (LNM 1047) "
1983  90. Complete Intersections (LNM 1092) "
91. Bifurcation Theory and Applications (LNM 1057) "
92. Numerical Methods in Fluid Dynamics (LNM 1127) "
1984  93. Harmonic Mappings and Minimal Immersions (LNM 1161) "
94. Schrédinger Operators (LNM 1159) "
95. Buildings and the Geometry of Diagrams (LNM 1181) "
1985  96. Probability and Analysis (LNM 1206) "
97. Some Problems in Nonlinear Diffusion (LNM 1224) "
98. Theory of Moduli (LNM 1337) "
1986  99. Inverse Problems (LNM 1225) "
100. Mathematical Economics (LNM 1330) "
101. Combinatorial Optimization (LNM 1403) "
1987 102. Relativistic Fluid Dynamics (LNM 1385) "
103. Topics in Calculus of Variations (LNM 1365) "
1988 104. Logic and Computer Science (LNM 1429) "
105. Global Geometry and Mathematical Physics (LNM 1451) "
1989 106. Methods of nonconvex analysis (LNM 1446) "
107. Microlocal Analysis and Applications (LNM 1495) "
1990 108. Geometric Topology: Recent Developments (LNM 1504) "
109. Hoo Control Theory (LNM 1496) "
110. Mathematical Modelling of Industrial Processes (LNM 1521) "
1991 111. Topological Methods for Ordinary Differential (LNM 1537) "
Equations
112. Arithmetic Algebraic Geometry (LNM 1553) "
113. Transition to Chaos in Classical and Quantum  (LNM 1589) "
Mechanics
1992 114. Dirichlet Forms (LNM 1563) "
115. D-Modules, Representation Theory, and (LNM 1565) "
Quantum Groups
116. Nonequilibrium Problems in Many-Particle (LNM 1551) "
Systems
1993 117. Integrable Systems and Quantum Groups (LNM 1620) "
118. Algebraic Cycles and Hodge Theory (LNM 1594) "
119. Phase Transitions and Hysteresis (LNM 1584) "
1994 120. Recent Mathematical Methods in Nonlinear (LNM 1640) "
Wave Propagation

121. Dynamical Systems (LNM 1609)
122. Transcendental Methods in Algebraic Geometry (LNM 1646)
1995 123. Probabilistic Models for Nonlinear PDE’s (LNM 1627) "
124. Viscosity Solutions and Applications (LNM 1660)
125. Vector Bundles on Curves. New Directions (LNM 1649)
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1996 126. Integral Geometry, Radon Transforms and (LNM 1684) Springer-Verlag
Complex Analysis
127. Calculus of Variations and Geometric Evolution (LNM 1713) "

Problems
128. Financial Mathematics (LNM 1656) "
1997 129. Mathematics Inspired by Biology (LNM 1714) "

130. Advanced Numerical Approximation of Nonlinear (LNM 1697) "
Hyperbolic Equations

131. Arithmetic Theory of Elliptic Curves (LNM 1716) "

132. Quantum Cohomology (LNM 1776) "

1998 133. Optimal Shape Design (LNM 1740) "

134. Dynamical Systems and Small Divisors (LNM 1784) "

135. Mathematical Problems in Semiconductor (LNM 1823) "
Physics

136. Stochastic PDE’s and Kolmogorov Equations in  (LNM 1715) "
Infinite Dimension

137. Filtration in Porous Media and Industrial (LNM 1734) "

Applications
1999 138. Computational Mathematics driven by Industrial (LNM 1739) "

Applications

139. Iwahori-Hecke Algebras and Representation (LNM 1804) "
Theory

140. Theory and Applications of Hamiltonian to appear "
Dynamics

141. Global Theory of Minimal Surfaces in Flat Spaces (LNM 1775) "
142. Direct and Inverse Methods in Solving Nonlinear (LNP 632) "
Evolution Equations

2000 143. Dynamical Systems LNM 1822) "

(
144. Diophantine Approximation (LNM 1819) "
145. Mathematical Aspects of Evolving Interfaces (LNM 1812) "
146. Mathematical Methods for Protein Structure (LNCS 2666) "
147. Noncommutative Geometry (LNM 1831) "
2001 148. Topological Fluid Mechanics to appear "
149. Spatial Stochastic Processes (LNM 1802) "
150. Optimal Transportation and Applications (LNM 1813) "
151. Multiscale Problems and Methods in Numerical (LNM 1825) "
Simulations
2002 152. Real Methods in Complex and CR Geometry (LNM 1848) "
153. Analytic Number Theory to appear "
154. Imaging to appear "
2003 155. Stochastic Methods in Finance (LNM 1856) "
156. Hyperbolic Systems of Balance Laws to appear "

157. Symplectic 4-Manifolds and Algebraic Surfaces  to appear "
158. Mathematical Foundation of Turbulent Viscous to appear "

Flows
2004 159. Representation Theory and Complex Analysis announced "
160. Nonlinear and Optimal Control Theory announced "

161. Stochastic Geometry announced "
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2005 COURSES LIST

Enumerative Invariants
in Algebraic Geometry and String Theory

June 6-11, Cetraro

Course Directors:

Prof. Kai Behrend (University of British Columbia, Vancouver, Canada)
Prof. Barbara Mantechi (SISSA, Trieste, Italy)

Calculus of Variations
and Non-linear Partial Differential Equations

June 27-July 2, Cetraro

Course Directors:

Prof. Bernard Dacorogna (EPFL, Lousanne, Switzerland)
Prof. Paolo Marcellini (Universita di Firenze, Italy)

SPDE in Hydrodynamics:
Recent Progress and Prospects

August 29-September 3, Cetraro

Course Directors:

Prof. Giuseppe Da Prato (Scuola Normale Superiore, Pisa, Italy)
Prof. Michael Rockner (Bielefeld University, Germany)





